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Experimental test and theoretical considerations show 
that for the gamma-ray ionization measurements at high 
pressures by Clay and van Tijn at collecting fields of 
5000—400 volt/cm there was no volume recombination. 
These measurements cannot be affected by criticism of 
Bowen and Cox founded on experiments with collecting 
fields of 1009—1.5 volt/cm. The theory advanced by the 
author that for all pressures the volume ionization is 


proportional to the pressure and that the wall ionization 
(produced by electrons ejected from the wall) is for high 
pressures independent of the pressure is verified by experi- 
ments in air and in argon for gamma-rays and for cosmic 
rays. This result removes the doubt expressed by Bowen 
and Cox on this point. For obtaining the saturation values 
at high pressures the Jaffé theory provides the only reliable 
method in existence. 





r om 


I 


HE ionization currents in gases at high 

pressure have been the object of observa- 
tion and discussion by several investigators.':* 
Such investigations became necessary, when high 
pressures were used for getting enough ions from 
radiations of very small intensity, such as the 
cosmic radiations. 

For every future theory it will be of principal 
interest to know the real number of ions produced 
by the radiation, the saturation value of the 
ionization current. To this end one has to 
eliminate the volume recombination and the 
columnar recombination. Now it is easy to 
eliminate the volume recombination by the use 
of even moderate fields. It will be shown in the 
following that we must have had less than 1 per- 
cent volume recombination in air at 95 atmos. 
when we used gamma-rays producing 7 X 10° ions 
per cm* per sec. and applied a collecting field of 
100 volt per cm. (See III.) 


'J. Clay and M. v. Tijn, Physica 2, 825 (1935). 
21. S. Bowen and E. F. Cox, Phys. Rev. 51, 232 (1937). 


While for the volume recombination the in- 
tensity of the radiations is of principal impor- 
tance, the case is quite different for the columnar 
recombination. This kind of recombination is 
independent of the intensity because in this case 
only the processes in each individual column play 
a role. For this reason the weakness of the radia- 
tion is of no help in obtaining saturation. 

Thus both experiment and theory show that it 
is very difficult not to say impossible to avoid the 
influence of columnar recombination at high 
pressures, even when using high fields, excluded 
for argon, and other noble gases. 

For instance, Jongen and I found that cosmic 
radiation® gives 40 ions per cc per sec. in air at 
37 atmos. pressure under a shield of 12 cm Fe at 
sea level and 50° ML but that with a field of 200 
volt per cm only 70 percent of the ions were 
drawn from the columns. Even at 600 volt/cm 
there still remains a columnar recombination of 
20 percent. Volume recombination does not pro- 


’J. Clay and H. F. Jongen, Physica 4, 245 (1937). 
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Fic. 1. Clay and v. Tijn. Measurements of ionization by 
gamma-rays in air between two flat plates at 0.6 cm dis- 
tance at different pressures at different fields. According 
to formula 4 we may expect that the relation between J and 
f(x) is linear for every pressure. 


duce the slightest effect for such fields as we shall 
show further on. 


II 


It is of principal interest therefore to have a 
reliable way of finding the saturation value (that 
is, the ionization current produced by an infinite 
field), from the ionization found at finite fields. 
Now nearly every ionization (including that by 
gamma-rays and x-rays) takes place in columns 
as we see in Wilson photographs. 

The theory of columnar ionization of Jaffé 
gives a good account of these phenomena, which 
have been proved in many cases. We think, 
therefore, the only way of reaching our aim is to 
follow this theory. 

Zanstra,‘ using Erikson’s measurements as an 
illustration, has found a very simple and useful 
way of so formulating Jaffé’s theory, as to give 
the saturation currents. He found a linear rela- 
tion between the inverse ionization and certain 
function of field and pressure, so that a linear 
extrapolation gives the saturation current I. The 


‘H. Zanstra, Physica 2, 817 (1935). 
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n= ef(x)(1) (1a) 
-=-+-f(x)(1)g= la 
iid 

In this equation 

ais the recombination coeff. in the gas, 
D is the diffusion coeff. in the gas, 


No is the number of ions per cm in the column and 


ix 
f(x) = eHo (ix) 


(-~ sin “) 
x= | —————__ }} 
2D 


Further, u is the mobility of the ions, X the 
electric field, b the parameter of the column, and 
g the angle between the axis of the column and X. 
As u and D are related to the pressure in the same 
way, and a@ is inversely proportional to Pp, 
Zanstra found it was possible to take for air 


x=1, 24.10--(X/p)?, 


where (2a) 


(3) 


when X is expressed in volt/cm and p in atmos- 
pheres. As for X= ~, f(x) =0, the value for the 
saturation current is found by taking f(x)=0 
in (1). 

When we measure the time ¢ necessary to col- 
lect a given ionization charge and T represents 
the time for the same charge if we had saturation 
Eq. (1) assumes the form 


t=T+qT7f(x). (4) 


We have indeed shown in different series of 
experiments! *® that at a given pressure the 
values found are in the given linear proportion to 
f(x) and in this way we have determined 7 
(Figs. 1, 2 and 3). The linear relation (4) only 
holds for fairly homogeneous and fairly high 
fields. Needless to say the saturation value 7 can 
only be reliable when determined by an extrapo- 
lation from rather high fields where one is not too 
far from saturation. 


II] 


We now come to the objection recently raised 
by Bowen and Cox? which is based on the work of 
the former. Bowen measured the ionization in air 
by gamma-rays but used a collecting field of 


5 J. Clay and G. v. Kleef, Physica 4, Aug. (1937). 
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1009 ; 367 ; 230; 6.2 and 1.55 volt per cm. Only the 
field of 1009 volt in combination with higher fields 
would have been sufficient to test the formula of 
Jaffé, simplified by Zanstra and could be used to 
compare ‘their values with ours which were at 
5000, 3300, 1700 and 800 volt per cm.°® 

Bowen and Cox think that there was volume 
recombination in our case. There certainly was no 
appreciable volume recombination for the cur- 
rents in the range between 800 and 5000 volt/cm 
which we used in our results, but also at the lower 
fields this recombination was much smaller than 
Bowen and Cox think. We can prove this theo- 
retically and by experiment. 

First we shall give an approximate theoretical 
argument. In the state of equilibrium let the 
number of ions present per cm* be n, the velocity 
v, the area of the electrodes F. Then the ioniza- 
tion current will be 
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_ Fic. 2. Clay and Jongen. Measurement of ionization in 
air by cosmic rays between two coaxial cylinders at 3 cm 
distance at different pressures at different fields. 


® It may be a question of taste that Bowen and Cox call 
the range 400-0 volt cm wide where the linear relation 
breaks down and is of no further use and that we are 
inclined to call the range infinity—400 volt /em wide enough, 
where it holds and can be used successfully to find the 
saturation value. 
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Fic. 3. Clay and v. Kleef. Measurements of ionization 
in argon by gamma-rays between two parallel grids at 
0.5 cm distance. Between grids the deviation caused by 
volume recombination is readily noticed. Measurements 
are to be continued and published in Physica 4, Aug. 1937. 


When g pairs of ions are formed per cm' per sec. 
the saturation current will be 


I=qlFe, 


where / is the distance between the electrodes. 
In our case the current 7 was a fraction a of J 
which was 0.33 at 95 atmos, and 166 volt/cm. 
From the above follows: 


nFve=aqlFe, 
n=aql/v 


if u is the mobility of the ions at atmospheric 
pressure and V the potential 


v=uoV/pl. 


And when a is the recombination coefficient, 
which we suppose to have the same relation to 
pressure as u, we find for the fraction lost by 
volume recombination per sec. 





An ag agl*p 
n Pp uUoV 


1.4 10-* 0.33 X 10° X0.36 0.14 





1.2V V 


so that for V=100 volt we would have a volume 
recombination of less than 1 percent. 

Mr. v. Kleef and I tried also the volume recom- 
bination experimentally in the same way as was 
done by Bowen and Cox. We made two series of 
current measurements in air at 60 atmos. ionized 
by gamma-rays of 0.14 mg Ra at the distances of 
26.7 cm and 10.2 cm. 

The ionization was in the second case 7.2 times 
the ionization in the first case. We put the rela- 
tion in the form 


t/T=1+¢qf(x), g=aNo/4rd. 
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We see that for two sets of measurements the 
same relation will be found if the theory is right 
and the volume recombination is absent. This is 
indeed the case as is seen from Fig. 4, also at 200 














1.8 AIR 60. ATM. 
t J 
T 200 % 
16 ra 
[100 Yen 
14 800 Ven 
Ma Ven 
1.2 “2000 y, 
ra 
10 f (X). 





























| 2 3 4 S 6 7 


Fic. 4. Clay and v. Kleef. Measurements of ionization 
in air of 60 atmos. by two different gamma-radiations at 
different fields. (<J,;=7.9-10* e.s.u.; when possible the 
same sign as is given in the graph @/,=5.7-10° e.s.u.). 


volt/cm in the case of the strongest ionization 
(5.7-10° J). Since, we have found the same evi- 
dence in argon of 100 atmos. In this case we had 
an ionization which was nearly 100 times as 
large, and we found a small volume recombina- 
tion only for collecting fields smaller than 100 
volt/cm. 

We think we have now sufficiently replied to 
the first objections of Bowen and Cox since from 
a series of different experiments, as well as from 
theoretical arguments we have shown that we get 
the saturation values of ionization by the linear 
extrapolation method. Since the copy was sent 
to the Physical Review, Mr. v. Tijn and I found 
still another test by measuring Eve’s constant, 
with a calibrated quantity of 23.16 mg Ra at 
60 cm distance. From the saturation current 
found in air of 147.5 atmos. we found 4.30: 10° J. 
(Physica 4, Aug. (1937).) 


IV 


The second objection of Bowen and Cox is to 
the author's’ theory of ionization as a function of 
pressure, the correctness of which they doubt.* 

In this connection we can now discuss this 
theory of ionization which holds as far as our 

7 J. Clay, Physica 2, 811 (1935). 

* We are at a loss to follow their argument. Our theory 
does not presuppose that the efficiency of ejection of 
particles from the wall is larger than that from the gas, 


but rather that the range of the particles from the wall is 
much larger than of those from the gas. 


and J,=Ap 
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experiments show to pressures of 150 atmos. in 
air and in argon. 

It was supposed by Bowen® and others that 
the ionization in a vessel should be directly pro- 
portional to the gas pressure only. But the ex- 
periments did not confirm this supposition, 
partly on account of lack of saturation. 

Before this the opinion was put forward by 
Broxon” and others that the ionization was 
caused only by electrons projected from the 
atoms of the wall. In this case one has to expect 
that the ionization would be constant for pres- 
sures high enough, so that the whole energy of 
these electrons could be spent in ionization along 
their paths in the gas. 

It was found by Broxon himself that this 
opinion could not explain the phenomena. 

Then Bowen argued that if there were electrons 
that come from the wall, these electrons also 
would give an ionization proportional to the 
pressure so that the saturation ionization could 
only be proportional to the pressure but this 
opinion is not correct, as we will show on the 
basis of experiments. 

The theory of ionization, proposed by the 
author,’ takes into account the electrons of the 
gas and of the wall as principally different, so 
that the result was dependent on the pressure of 
the gas and the volume and the dimensions of the 
vessel. 

The number of electrons ejected from the 
atoms of the gas will be proportional to the 
density of the gas. 

The mean number of ion pairs given by one 
electron will be dependent on that part of the 
range of the electron that is enclosed in the 
ionization vessel, viz. on the dimensions of the 
vessel and the pressure of the gas. Let N, be the 
average number of pairs that can be produced by 
one electron and po the pressure which is neces- 
sary to limit the range in the vessel. Then the 
mean number of ion pairs for pressures below pp 
will be N,p/ po. If n, is the number of electrons 
produced by the rays in one cc per sec. at one 
atmos., the total number of ions produced in the 
vessel of volume vz, will be 


I,=Ap?/p, for p<py 
for p> po. 


I. S. Bowen, Phys. Rev. 41, 24 (1932). 
'° J. W. Broxon, Phys. Rev. 38, 1704 (1931). 


A=n,Nwv. (7a) 
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Now we consider the electrons from the wall. 
Let the number n,. of this kind be produced per 
cm? per sec. by the rays. If po’ be the pressure for 
which the average range is just within the vessel 
and if the mean number of ion pairs for one 
electron is V,, the mean number of pairs pro- 
duced by one electron of the wall will be N,.p/ po’. 

The total number of pairs produced by the 
electrons from the wall, if we suppose that every 
part of the wall is on the same condition and its 
area F cm’, is 


Bus =Bp ‘po’ for p <Ppo’ B = Fn,.Nw. 
and J,=B for p>po’. 


In this simplified picture we have assumed that 
the wall particles ionize the gas in such a way 
that the ionization due to them is constant within 
a certain distance (the range) from the wall, and 
zero beyond this distance, not considering ques- 
tions as to difference of directions and energy of 
the wall electrons. 

The results of the experiments, where a flat 
condensor is used as ionization vessel, show that 
this assumption gives an approximation of the 
facts. 

If the primary rays are photons, these will give 
pairs themselves. If the primary rays are charged 
particles which pass through the whole vessel as 
cosmic rays do, they will give a number of ions 
proportional to the pressure and proportional to 
the volume of the vessel. Adding the contribu- 
tions (7), (8) and C, we find for the total ion- 
ization 

I=Ap’/ pot Bp/po'+Cp for p<po, po’, 


I=Ap+Bp+Cp for po<p<pv’, 
1=Ap+B+Cp for p> Po, Po’, 
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Fic. 5. Clay and v. Tijn. Measurements giving the rela- 
tion between saturation current and pressure in air. 
Ionization by gamma-rays. 


where A and B are given by (7a) and (8a) and C 
is zero if the primaries are photons. For high 
pressures we therefore expect that the relation of 
ionization to pressure is given by a straight line 
which does not pass through the origin, but 
intersects the J axis a distance B above it. This is 
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Fic. 6. Clay and Jongen. Measurements giving the 
relation between saturation current and pressure in air 
ionized by cosmic rays under a shield of 12.5 cm Fe. 


proved by different experiments which we have 
already performed for gamma-rays in air (Fig. 5) 
and argon and for cosmic rays for argon and 
air. & 3 

In order to find the ionization by cosmic rays 
in gas only the way we follow is the only way 
available at present. (Fig. 6.) This in reply to the 
criticism of Bowen and Cox who say that our 
method is not applicable to the problem of 
cosmic-ray ionization. 

We have also realized experiments where the 
influence of the wall is eliminated by taking grid 
electrodes made of fixed wires. These experiments 
show a direct proportionality of the ionization to 
pressure, so that the factor B is negligible, as in 
this case it should be according to our theory 
(Fig. 8). 

By taking grid electrodes and hydrogen we 
could also realize’ the case for low pressures 
where 


I=Ap*,/po (formula (7) for p< po). 


All of these relations are only satisfied when we 
measure the saturation current of ionization and 
we know that it is difficult to get saturation in 
most of the gases when the pressure is high. Only 
in argon can approximate saturation be reached 


"J. Clay, Physica 2, 111 (1935). 
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ELECTROMETER. 





Fic. 7. Ionization vessel with two parallel grids. 


at moderate fields. Therefore the criticism of 
Bowen and Cox about the linear relation 


I=Ap+B 


is shown to be groundless in the most direct way 
by experiments on ionization by cosmic rays in 
argon where we can find the approximate satura- 
tion values directly without the help of the Jaffé 
formula. This result was obtained first" in a 
vessel of the form given in Fig. 7. As long as the 
maximum range of the electrons is shorter than 
the distance, the ionization between the grids is 
directly proportional to the pressure, whereas the 
ionization between the wall and grid is increased 
by the ionization due to the electrons from the 
wall, which is constant above a pressure of 70 
atmos. 

Mr. de Bock and the author are now repeating 
this experiment with all possible precautions and 
have found that the ionization between the grids 
is accurately proportional to the pressure and 
that the ionization by the electrons between the 
wall and the grid is constant. (Fig. 8.) No ob- 
jection can be raised to this result on account of 
eventual doubts regarding the Jaffé theory. Only 
we must have had a small lack of saturation 
which will not change this result. In our case we 
could not find a measurable difference between a 


CLAY 
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Fic. 8. Clay and de Bock. Saturation currents per cc in 
argon by cosmic rays under 16 cm Fe at different pressures. 
I. Between two grids. The ionization is proportional to 
pressure. II. The ionization between wall and grid 
I=Ap+B. The measurements are to be continued for the 
lower pressures and will be published in Physica. 


collecting field of 200 and one of 650 volt/cm and 
we could not go higher. 
V 

It seems perhaps strange that there are such a 
small number of tracks of the electrons coming 
from the wall as seen on photographs of the 
Wilson chamber. To this we remark that the 
number of ion pairs produced by the electrons 
from the wall is for cosmic rays of the order of 100 
per sec. per cm*. When now the energy of one 
electron is 300,000 volt, one electron will make 
10,000 ion pairs. We therefore need to have only 
one electron in 100 sec. per cm® to produce the 
ions. And, since a photograph takes about 1/25 
sec., we have to look for one particle per 2500 cm? 
wall. Particles of this kind are certainly found. 
For particles from the wall ejected by gamma- 
rays we refer to the photographs of D. Skobelzyn.” 
He finds that these particles have generally a 
much greater energy than those ejected from the 
atoms of the gas. We hope to give in the near 
future a series of values of numbers of electrons 
ejected by the cosmic radiation from different 
materials. 


2 [). Skobelzyn, Zeits. f. Physik 28, 278 (1924). 
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Scattering of Neutrons by Deuterons* 


L. I. ScHIFF 
Massachusetts Institute of Technology, Cambridge, Massachusetts 
(Received June 7, 1937) 


The elastic scattering of neutrons by deuterons is considered for energies small enough so 
that only the /=0 part of the incident wave is different from the corresponding part of a plane 
wave. The Breit-Feenberg Hamiltonian is used, assuming the same potential between all pairs 
of particles. Any possible polarization of the deuteron by the neutron is neglected, although the 
individual particles in the deuteron are taken into account by an approximate method. This 
method is capable of including exchange between the two neutrons. When the exchange term 
is included, the theory gives a cross section for thermal neutrons two to three times greater than 
observed; the cross section for 2.5 Mev neutrons is slightly greater than observed. 





N this paper we shall consider the elastic scattering of neutrons by deuterons at energies small 

enough so that only the /=0 part of the incident wave is different from the corresponding part of a 

plane wave. The interaction potential will be assumed to be the same for all pairs of particles' and to 
have the form used in previous researches ;?~* 


V(r) =J(r) [1 —g) P™ + gP4 J=J(r)[1—3g+2g01-0,)P™, 
J (r) =De**"—2De—", €=2/ro. 


(1) 


Here, P” and P# are the Majorana and Heisenberg operators, respectively, and the e’s are the Pauli 
spin matrices of amplitude 3. Using nuclear units of length (8.97 X10-" cm) and of energy (0.506 


Mev), we have r5= 0.3, D=71.2, and g=0.3.5 


GENERAL THEORY 


Taking particle 1 to be the incident neutron and particle 3 to be the proton, we wish to find a 
solution of the wave equation (in nuclear units) 


[- 3(Ai+A2+As) + V(rie) + V(ris) + V(re3) — Wo— W)]¥=0 (2) 
that has the asymptotic form (see Fig. la) as r> 
W—[et*r 08 84 eit (8) }o(ra3)S(123), (3) 


in the rest coordinate system (center of mass at rest). The beam of neutrons is directed along the 
negative z axis. S is a function involving only the spins (to be discussed in the next section), ¢o(7) is 
the wave function for the symmetric normal state of the deuteron with (negative) energy Wo, and W 
is the kinetic energy of the incident deuteron in the laboratory reference system (deuteron initially 


at rest). 


* Preliminary report presented at the Washington meeting of the American Physical Society, April 28, 1937. 

1 Breit and Feenberg, Phys. Rev. 50, 850 (1936). . 

2 Morse, Fisk and Schiff, Phys. Rev. 50, 748 (1936); 51, 706 (1937). See also Ochiai, Phys. Rev. in press. 

3 Fisk, Schiff and Shockley, Phys. Rev. 50, 1090 and 1191 (1936). 

4 Schiff, Phys. Rev. 51, 783 (1937). 

5 The breadth used here (r9>=2.7X10-" cm) is somewhat larger than the breadths used by other workers (Bethe and 
Bacher, Rev. Mod. Phys. 8, 82 (1936), Feenberg and Share, Phys. Rev. 50, 253 (1936), and Rarita and Present, Phys. Rev. 
51, 788 (1937)) even considering the difference in shape of the various potentials. The broader potential agrees (reference 
2) with the older data (Harkins, Kamen, Newson, and Gans, Phys. Rev. 50, 980 (1936), Kurie, Phys. Rev. 44, 461 (1933)) 
on neutron-proton angle scattering. On the other hand, it seems to be incapable of explaining either the more recent data 
on this point (Bartlett, Phys. Rev. 51, 889 (1937)), which is not yet certain, or the binding energy of H:, if the variational 
method of Rarita and Present, Phys. Rev. 51, 788 (1937) is as accurate as it appears to be. The calculations of the present 
paper were completed before the appearance of the paper of Rarita and Present. Since our calculations are essentially 
qualitative, it hardly seems worth while repeating them at this time. It does seem that the assumption of a narrower po- 
tential might bring the computed values closer to the experimental data on neutron-deuteron scattering. 
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try to find a wave function which is the product of 
the normal deuteron function and a function for 
the scattered neutron. The coordinate system 
natural to the problem is that shown in Fig. 1a, in 
which the variables are ro; for the deuteron, and r 
and @ for the incoming neutron. The V’s given by 
(1) involve space permutation operators, and will 
introduce functions of the medians of the (123) 
triangle other than r when they operate on a 
function of such coordinates. If a successive ap- 
proximation method is used, this will make the 
resultant integrals exceedingly difficult to evalu- 
ate. This can be avoided by using the coordinate 
system of Fig. 1b, in which the incoming neutron 
= is referred to the proton 3 rather than to the 
Fic. 1. The coordinate systems used in the theory. Particle center of mass of the deuteron. The wave func- 
Gis goeeen. tion then depends on the coordinates r23 of the 
deuteron and 7,3; and 6, of the incoming neutron; 
It soon becomes evident that in order to treat the space permutation operators introduce only 
the problem in a reasonably simple manner, it is _ the three sides of the (123) triangle into the suc- 
necessary to neglect any possible polarization of cessive approximation integrals. The Laplacian 
the deuteron by the incoming neutron, and to is no longer separable, but has the form 











(a) 














1 a a 1 @ a 1 af. a 
»(Ai+Ae+A3) V(r 23, 713, 81) = — 7 rat) -——-— rt) + anes —(sin “—) 


Lo3" Ore3 Ore; 13° Oris Oris 13° sin A; 00; 00; 





0 COS 02—cos 8; COS 812 oe? 
+cos 612 +( ) 


| res ris, 01). (4) 
0(cos 6) Ori3 


Or 30723 Tis 


Since we have decided to neglect polarization effects, (4) can be averaged over the orientation of the 
deuteron. Then the last two terms vanish, leaving 


3(Ai+As+Az) ¥(re3, Piz, 01) = (Aes’ +Ar’) VW (res, Tis, 1), (S) 


where we adopt the definitions 


1 a a 1 a d 1 af. a 
Aes = — — rt—), A, =— —(ni a ) +— aE eR (sin 6)- -). (5’) 
23" Ores Ore 13" Ori3 Ori3 113" sin 6; 06; 00; 


Equation (3) gives the asymptotic form of the ‘“‘ordinary’’ wave, in which the initially incident 
neutron is observed. There is also the ‘‘exchange’’ wave, in which the incident neutron changes 
places with the neutron initially bound in the deuteron, and the latter is observed. In the coordinate 
system of Fig. 1b, which we shall adopt throughout this paper, the asymptotic forms corresponding 
to the ordinary and exchange waves are 


wens — 1+ 71 3~le*kr13 (91) |bo(7%e3)S(123), aS 713—°@, 
and W—ro371e'* "3g (89) bo0(713)S’(123), as re: ©. 


(6) 


When W is made antisymmetric in the two neutrons (particles 1 and 2) as required by the Pauli 
principle, it has the asymptotic form when r;3 (say) is large 
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W(123) — ¥(213)—>go(re3) fe £98 4S(123) + rise 3[_ f(8,)S(123) — 9(6;).S"(213) ]}. (7) 
The forms (7) and (3) must of course involve the same k. On noting that the kinetic energy in the rest 
coordinate system is 2W/3 and the reduced mass is 3 of the neutron mass, it is readily seen that 


e=8W/9. 


Since we are neglecting polarization and want V to have the asymptotic forms (6), we write it as 
W = o0(%23) F(rie, 0:)S(123) +.0(t12)G(r23, 82).S’(123) +, (8) 


where ® involves a sum over excited and unbound states of the deuteron and will be neglected 
hereafter. \We assume that in the zero-order approximation G vanishes and F is a solution of the 
equation 


[ Ay’ +k? — U(ri3) ]Fo(ris, 6,)=0, (9) 


where U is the average field of the deuteron for the incoming neutron and can be written approxi- 
mately as 


U(r) = Doe?” — 2Doe- °°”. (10) 


It is clear that U must not contain a Majorana operator. 

It has been shown by Morse® that the solution of (9) is given quite closely by a function of the 
form? 

Fo(r, 6) = (kr) e* [sin (kr +6) —e-*" sin 6 cos kr. }+ 30 (21+1)i'Pi(cos 6) 7i(kr) (11) 
i>0 

whenever U has the general shape of a potential hole. For the potential (10), Morse® has found that 
when ¢’ is set equal to eo, and 6 is obtained by setting / Fo(A;’+k?— U) Fodr equal to zero, the /=0 
phase shift 5 obtained in this way is never more than 7° from the phase shift obtained by exact 
solution of (9), and is generally less than 3° off, for a range of values of k, Dy and €9. The depth Dy of U 
depends strongly on spin orientation and on the manner in which the omission of the Majorana 
operator in U is corrected for; the mean breadth (2/e9) of U, however, depends principally on the 
mean breadth (2/e) of the two-body potential (1). We take for the normal state deuteron function the 
normalized variational form*® 


go(r) = (a*/mr)?e-*", a=3.236, (12) 


which gives within five percent of the deuteron binding energy (4.35 nuclear units) obtained from an 
exact solution of the deuteron equation 


[ Aos’+ Wy- V(r23) ]bo(rea) =(). (12’) 


Then we can fix r;3 and average the potential [J(r1:2)+J(ris)_] over re3 and 6:2. The resulting estimate 
€)=5.701 is relatively insensitive to D and g. This €9 is somewhat smaller than the corresponding 
quantity «= 6.667 appearing in (1), as would be expected. 

Morse’s method for finding the /=0 phase shift using the potential (10) would serve to give the 
scattering for energies up to the point where the /=1 phase shift becomes appreciable, if we had some 
knowledge of the depth Dy of the equivalent field U which best accounts for the operator nature of the 
V's. Do can be estimated by writing (2) in a form which can be used to calculate the next approxi- 
mation to F. Neglecting the G and ® terms in (8), we obtain on substitution into (2), using (5) and 
(12’) and subtracting Ug FS from each side 


[A,’+k?— U(ris) lbo(r23) F(ris, 6,)S(123) =[V(ri2)+ V(ris) — U (ris) ]bo(r23) F(ris, 0:)S(123). (13) 


6 Morse, abstract 26 at the Washington meeting, April 28, 1937. 
7 Morse, Vibration and Sound (McGraw-Hill, 1936), p. 246, defines the functions: j,,(s) = (w/2z)4-J,.;(s), and gives 
several of their properties. 
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Multiplying both sides of (13) by $0*(r23)S(123), integrating over r23, and putting the approximate 
form Fy for F on the right side, we obtain 


[Ay’ +k? — U(ris) ]Fi(ris, 41) 


= f o0"(r0)S(123)E V(r) + V(ri3) — U(riz) |bo(r23) Fo(ris, 6;).S(123)d 793. (14) 
Remembering that F) is a solution of (9), the asymptotic form of the solution of (14) is (see Fig. 1c) 


Fy(r, 0) F)(r, 60) —_ (Ann) te f Falrin m —w)ho*(723)S(123)[ V (rie) + V (ris) — U(ris) } 


X b0(1r23) Fo(ris, 6,)S(123)d7123, as 7 ©, (15) 


We now have an expression for the first approximation F, which involves the difference between the 
true potential [V(ri2)+ V(r13)_] and the average potential U(r,3). Then the best approximation to U 
from our point of view is that which makes the integral on the right side of (15) vanish, so that 





F,= Fo. 


A form like (15) for the first approximation to G can be obtained by similar methods. Neglecting the 
® term in (8), we obtain on substitution into (2), using the equations obtained from (5) and (12’) by 


-nterchange of 1 and 2 


[Ae’+k?— V (rie) —_ V (res) }bo(713)G(ris, 62).S’(123) 


= [ V(rie) + V (ris) —A,’— k* |0(re3) F (113,01) “S(123). (16) 


Putting approximately V(712)-+ V(re3) = U(res) on the left side of (16), and Fo for F and 
(Ai’ +?) Fo(ris, 61) = U(ris) Fo(ris, 41) 


on the right side, we obtain 


[ Ao’ +k? —_ U(res) ]bo(713)G (res, 62).S’(123) i [ Vries) oa V (nis) = U(ri3) }bo(r23) Fo(ris, 6,).S(123). (1 7) 


Multiplying both sides of (17) by ¢o*(r13)S’(123) and integrating over ri3, we obtain an equation 
analogous to (14); the asymptotic form of its solution is (see Fig. 1c) 


G,(r, 0) -— (Arr)-te f Falta, Tv —w’ )po*(ris)S’ (123) V(rie) + V(ri3) — U(ris) | 


SPIN FuNCTIONS® 


The spin function 5S(123) must represent a 
neutron (particle 1) and a deuteron (particles 2 
and 3) far apart, when the deuteron is known to 
be in a triplet state; it must also be an eigen- 
function of the operator o;:(e2+e3) in order to 
remove off-diagonal matrix components which 
would prevent convergence of the successive 
approximations. The spin states divide into 
quartets (S,) and doublets (Sz) 


8 The treatment given here is similar to that given in 
reference 4 in the section labeled ‘‘symmetry properties.” 


X ¢0(r23) Fo(ris, 6;)S(123)d7123, as 7 &, (18) 





o=(+++4), 
SP=(1/V73)L(+ + -—)+(4+—-+)+(-—4+4)], 
SP = (1/V3)L(— — +) 
+(-4+-)4(4+~-=)) (8 
S=(~-——), 
Sa! = (1/+/6)[(+ + —)+(+ ri +)-2(- ++)], 
SP = (1//6)[(— — +) +(— + —)—2(+ — —)]. 


Here, a term such as (+ — +) signifies that spin 
state in which particles 1 and 3 have spin 
components whose eigenvalues are +3 along 
some arbitrary axis, and particle 2 has a spin 
component whose eigenvalue is —} along the 


same axis. When neutron 2 is free, and particles 
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1 and 3 are bound in the deuteron (exchange 
wave), the spin states are given by (19) except 
that positions 1 and 2 are interchanged; thus 
S’(123) = $(213). 

If an energy M has the general form 
Avot Boo): o2+ Coo;-03+ Dyes: a3, where Ay ,etc., 
may be permuting functions of the space coordi- 
nates, it is readily shown that all matrix elements 
of this energy of the form SMS or S’MS vanish 
unless the two spin functions correspond both to 
quartet states or both to doublet states. Thus 
only quartet-quartet and doublet-doublet transi- 
tions are possible. Since the final quartet and 
doublet states are orthogonal, we can compute 
the quartet and doublet scattering separately, 
and later combine the cross sections in the ratio 
2 : 1 of their statistical weights. With the help of 
(7), we have the result that the whole differential 
cross section in the rest coordinate system is 


a(0)dw = 3[2|fo(8) —g4(9) | 
+ |fa() —ga() |? Jdw. (20) 


The subscripts refer to the use of quartet and 


doublet spin functions in calculating f from (15) 
and g from (18). 


RESULTS 


The integrals (15) and (18) can be evaluated 
analytically for all energies (Rk values) with the 
help of the relation® 


e7ari2— Bris— 7723 
f dT 123 
1127137 23 


167°v 
~ (a+8)(B+7)(y+a) 


although the computations become exceedingly 
complicated for k>0. When k=0, (11) becomes 


Fo(r, 6) =1+(A/r)(1—-e-*”), (22) 


and the integrations are readily carried through. 
The f and g in (20) are then independent of @, and 
the scattering is spherically symmetric in the rest 
coordinate system. In (22), A= +lim (sin 6/k) as 
k—0, according as 6 approaches an even or odd 
multiple of «. The criterion for determining 
whether 6-0, 7, 27, --- as kR->0 is whether the 
potential hole U contains 0, 1,-2, --- negative 
energy levels;? these levels may not correspond 
to physical reality. It turns out that the U’s 
obtained below for both the quartet and doublet 
cases each contain one level, so that 6 ap- 
proaches 7. 








To determine Do, we set k=0, ¢’=e€9=5.701, 
and find by trial and error a pair of values of Do 
and A that will make the integral on the right 
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Fic. 2. Elastic scattering cross section of deuterons for 
neutrons as a function of incident neutron energy; without 
exchange (solid line), and with exchange (dotted line). 


side of (15) zero and will also satisfy (9) ac- 
cording to Morse’s criterion (vanishing of the 
average H]—k*). This must be done twice, using 
quartet and doublet spin functions. For the 
quartet case, Dop=70.0 and A= —0.564; for the 
doublet case, Dp =62.0 and A= —0.629. We can 
then say that the U’s given by (10) with the 
above D,’s and ¢9=5.701 in both cases are the 
best representations of the average field of a 
deuteron for an incoming neutron, when the 
coordinate system of Fig. 1b is used. For k=0, 
f=A; for k>0, the /=0 phase shift can be found 
by Morse’s method, in which case f=sin 5/k. The 
higher / phase shifts cannot be found by this 
method, so that our calculations are good only up 
to energies where the /=1 phase shift becomes 
appreciable. The total cross section computed in 
this way (neglecting exchange) is plotted as the 
solid line in Fig. 2. The effect of the exchange 
wave can be computed at zero energy by using 
(18) and (22). It is found that g is +0.352 for the 
quartet case, and —0.248 for the doublet 
case. The total elastic cross section at zero 
energy (including exchange) is, from (20), 
(4x /3)[2 X (0.916)?+ (0.381)? ]=7.64 square nu- 
clear units or 6.11 X10~** cm?*. This is plotted as 
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the solid circle in Fig. 2. The evaluation of (18) is 
very difficult for k>0; however, it is reasonable 
to assume that the exchange effect drops off 
fairly rapidly with increasing energy. Although 
further calculations should be made on this point, 
the dotted curve shows roughly the expected 
behavior of the total cross section, including 
exchange. A further improvement in the theory 
could be effected by evaluating (15) as well as 
(18) for k>O instead of using Morse’s more 
approximate method; at the present time the 
increased accuracy does not seem to warrant the 
considerable computational labor that would be 
required. 

It is interesting to note that the cross section 
at zero energy due to the initial quartet spin 
state is almost six times that due to the initial 
doublet spin state, even omitting the effect of the 
different statistical weights (see preceding para- 
graph). It seems likely that this arises principally 
from the short-range repulsion between neutrons 
with parallel spins due to the Pauli principle. 

The only published experimental values for the 
neutron-deuteron collision are those of Dunning 
et al.,° which include capture as well as elastic 
scattering cross section. However there is good 
reason!’ to believe that the capture cross section 
is negligibly small compared to the elastic 
scattering cross section even at thermal energies. 
The experimental cross sections using D,O 
are 4.0X10-*4 cm? for thermal neutrons, and 


® Dunning, Pegram, Fink and Mitchell, Phys. Rev. 48, 
265 (1935). I am indebted to Professor Dunning for con- 
firming these values recently. 

Kikuchi, Aoki and Takeda, Tokyo Inst. Phys. and 
Chem. Research 31, 195 (1937). 
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1.6X10°** cm? for neutrons of about 2.5 Mev 
energy. The effect of chemical binding of the 
deuteron in the D.O molecule is negligible at the 
higher energy, but will serve to reduce the 
experimental value for thermal energy neutrons!! 
by an uncertain factor that is probably between 
1.5 and 2.0. Thus the theoretical value is two to 
three times too large at zero (thermal) energy, 
and about 25 percent too large at 2.5 Mev 
(see Fig. 2). The theory would give worse 
agreement than indicated at the higher energy if 
the /=1 phase shift were appreciable, but it 
seems unlikely that it will be large at this 
energy. , 

In conclusion, we can say that the agreement 
between theory and experiment is at least 
qualitatively satisfactory, and that it seems 
likely that a more accurate theory (taking 
polarization into account, for example) will be 
capable of explaining the experiments quanti- 
tatitely. The assumption of a narrower and 
deeper potential between pairs of particles® would 
probably make the cross sections calculated here 
somewhat smaller, improving the agreement 
with experiment. 

It is a pleasure to thank Professor Philip M. 
Morse for helpful discussions of many points of 
the theory, particularly in connection with the 
positive energy wave function. 


1 Fermi, Ricerca Scient. 2, 13 (1936). The ratio 4: 1 
given by Fermi between the cross sections of slow neutrons 
on rigidly bound protons and on free protons, becomes 
2.25: 1 for the neutron-deuteron collision. The precise 
value of the ratio of the observed cross section to that for a 
free deuteron depends on the molecular energy levels and 
on the neutron energy; it is probably between 1.5 and 2.0 
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On the Ultraviolet Light Theory of Magnetic Storms 
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The three notable solar flares observed in the western hemisphere in 1936 did not produce 
magnetic storms. It is inferred from terrestrial effects accompanying them that intense ultra- 
violet emission occurred at the same time. Study of the effects suggests that, when a flare of 
ultraviolet light increases the conductivity of the lower regions of the atmosphere, increased 
diurnal-variation currents flow. The current-systems necessary to produce magnetic storms are 
of an entirely different type—hence the observed effects do not support the ultraviolet light 


theory of magnetic storms. 





N a series of papers which have appeared in 

this journal E. O. Hulburt and H. B. Maris 
have proposed and developed a promising theory, 
attributing auroral phenomena and magnetic 
storms to flares of ultraviolet light from the sun, 
as a substitute for the earlier corpuscular theory 
which has encountered numerous difficulties. 
The theory, as first proposed by Hulburt,! 
suggested that aurorae are due to ions, formed 
in the upper fringe of the ionosphere in low and 
middle latitudes, which drift along the lines of 
magnetic force to lesser heights in polar regions 
and there excite the auroral light by collision 
with other molecules. Chapman,’ in criticism of 
this preliminary paper, pointed out that the lines 
of magnetic force along which ions must drift 
to fall into polar regions pass many tens of 
thousands of kilometers above the earth’s surface 
in equatorial and middle-latitude regions, at 
which heights the atmospheric density must be 
quite inappreciable. 

Subsequently Maris and Hulburt* and Hul- 
burt met these objections and extended the 
theory to account for magnetic storms as well 
as aurorae, introducing the assumption that 
through collisions of the second kind, involving 
excited atoms, some of the atmospheric atoms 
are projected to the necessary heights. The 
number of atoms above the 450-km level was 
estimated as 10'® in a column one square centi- 
meter in cross section. In this region 2 X 10° atoms 
per second were assumed to acquire velocities as 


'E. O. Hulburt, Phys. Rev. 31, 1038 (1928). 

2S. Chapman, Phys. Rev. 32, 993 (1928). 

7H. B. Maris and E. O. Hulburt, Phys. Rev. 33, 412 
(1929), 

+E. O. Hulburt, Phys. Rev. 34, 344 (1929). 


ws 


great as 10 km per second. A sudden flare of 
ultraviolet light from the sun, persisting for 
about half an hour, was assumed to cause an 
increase in the ionization and in the number of 
high flying atoms, the number of long-free-path 
ions thus produced reaching 10'* in a unit 
column. These ions, through the crossed gravi- 
tational and magnetic fields in equatorial regions, 
would give rise to an eastward electric current 
producing the increase in the earth’s horizontal 
magnetic field observed at the beginning of a 
magnetic storm, while electric currents induced 
in the earth would cause the greater decrease 
in the field observed during the main phase. 
Falling from their great heights into polar 
regions, the high flying ions would cause aurorae 
and produce certain magnetic effects through 
their diamagnetic action. 

Chapman’ in further criticism of the theory 
stated that the explanation offered for the 
second-phase variations of a magnetic storm was 
contrary to electromagnetic theory and called 
attention to the fact that the curves of magnetic 
variation in polar regions, which the theory had 
explained, were incorrectly drawn by the authors. 
Dissatisfaction with the original hypotheses was 
also expressed but not extensively discussed 
since the theory in the form offered appeared 
incapable of accounting for the observed facts. 

Without altering the original hypotheses 
Hulburt® in another paper described other effects 
involved so that the magnetic variations pro- 
duced in accord with the more highly developed 
aspect of the theory agreed closely with the 


6S. Chapman, Mon. Not. R. Astr. Soc., Geophys. Sup. 


2, 296 (1930). 
6 E. O. Hulburt, Phys. Rev. 36, 1560 (1930). 
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observed facts, rejecting the first assumption of 
diamagnetic action in polar regions which did 
not give variations of the correct sign. 

Since all ideas concerning the extreme upper 
ionosphere are highly speculative, a satisfactory 
appraisal of the theory and the underlying 
hypotheses on theoretical grounds is difficult. 
Direct observation of the terrestrial-magnetic 
effects produced by a flare of ultraviolet light 
from the sun should furnish a suitable basis for 
judging the theory. During 1936 three notable 
occurrences of H-alpha brightening in the region 
of sunspots were observed in the western hemi- 
sphere, all of which were attended by marked 
magnetic effects and fade-outs of radio signals 
from the ionosphere. These H-alpha brightenings 
are considered the visible manifestations of solar 
disturbances which emit intense flares of ultra- 
violet light, the latter, through its ionizing effect, 
being responsible for the changes in the earth’s 
magnetism and the radio phenomena.’ 

These solar flares seem to be exactly what are 
called for by the ultraviolet theory of magnetic 
storms. A detailed study of the magnetic effects 
associated with them clearly indicates that they 
do not produce magnetic storms but result in a 
very special type of magnetic effect different in 
nature from those occurring during magnetic 
storms. In a recent review of theories of magnetic 

7J. A. Fleming, Terr. Mag. 41, 404 (1936); A. G. 


MeNish, Nature 139, 244 (1937). Attention was first called 
to these phenomena by J. H. Dellinger, Phys. Rev. 48, 705 
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variations and aurorae Hulburt® states that a 
world-wide magnetic storm began simultaneously 
with the notable outburst on the sun occurring 
at 165 46" GMT on April 8, 1936. He further 
concludes ‘‘the simultaneity of incipience of radio 
fade-out, ionospheric change, magnetic disturb- 
ance, and solar eruption appear to offer detailed 
support of the ultraviolet theory,’’ adding the 
reservation: ‘“‘However, rather than to stress 
the agreement prematurely it is better to await 
the results of future experiment.’’ On the con- 
trary, detailed reports by observers state ‘“‘the 
magnetic traces for the preceding and following 
days, April 7 and 8, Greenwich dates, were quite 
undisturbed’ and ‘‘no magnetic disturbance 
followed.’"'° Most magnetic storms persist for a 
day or more. 

Evidence that a world-wide magnetic storm 
did not begin at the time stated is supplied by 
Fig. 1, showing the magnetic traces at the time 
of the solar eruption at three widely separated 
observatories, Huancayo (Peru), Cheltenham 
(United States), and Watheroo (Australia), and 
Fig. 2, showing the minimum degree of disturb- 
ance which is called a magnetic storm at those 
stations. This demonstrates that no storm ac- 
companied or followed the solar flare. The curves 
in Fig. 1, except for the feature immediately 
associated in time with the solar flare, are 
. §E. O. Hulburt, Rev. Mod. Phys. 9, 44 (1937). 

®O. W. Torreson, W. E. Scott, and H. E. Stanton, Terr. 


Mag. 41, 199 (1936). 
10R.S. Richardson, Terr. Mag. 41, 197 (1936). 
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Fic, 1. Variations in earth’s magnetic field before and after appearance of solar flare from 16" 45™ to 17" 03" GMT, 
April 8, 1936. 
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Fic. 2. Variations in earth’s magnetic field during mild magnetic storm. 


characteristic of what is observed at each 
observatory on an ordinary magnetically quiet 
day. No vestige of this solar-flare disturbance is 
present in the Watheroo record, indicating that 
the effect is not world-wide. 

Careful examination of the records in Fig. 1 
discloses that the earth’s field was fluctuating 
slightly up to the time of occurrence of the flare 
but after its occurrence the earth’s magnetic 
condition was even more quiescent. The records 
from 12 other magnetic observatories, scattered 
over the earth, have been examined. They reveal 
the same conditions. The pronounced but short- 
lived jump in the records, coincident with the 
flare, cannot be regarded as a magnetic storm, 
in the ordinary sense in which the term is used ; 
nor is it world-wide, being confined to a region 
less than 90° from the subsolar point at time of 
occurrence. (Note absence of effect at Watheroo.) 

Thus the statement in Hulburt’s paper that a 
world-wide magnetic storm began at the time of 
fade-out is contradicted by the observed facts. 

Plots of the average intensity of magnetic 
disturbance for each day at the Cheltenham, 
Honolulu, Huancayo, San Juan, Sitka, Tucson, 
and Watheroo magnetic observatories during 
the months of April, August, and ‘November 
1936 (Fig. 3) show that none of the three notable 


solar flares of the past year occurred during or ‘ 


immediately preceding a storm. Each occurred 
during a period of comparative quiescence and 
was immediately followed by fairly quiet days. 
Since all of these were exceptionally strong 


flares, one would have expected the magnetic 
disturbance to attain storm levels for the next 
two or three days in accord with the ultraviolet 
light theory. 

The magnetic effects associated with the solar 
flares are found to be of a special type, distinct 
from the types accompanying magnetic storms. 
They consist of changes in the magnetic force at 
each station closely simulating in direction and 
magnitude the departures obtaining at the time 
of occurrence due to the regular diurnal varia- 
tions of terrestrial magnetism which are strongly 
present even during the most quiet magnetic 
conditions. These ordinary diurnal variations, 
according to the Stewart-Schuster theory, are 
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Fic. 3. Intensity magnetic disturbance, April, August, 
and November, 1936. based on numerical ratings from 
seven American-operated observatories. 
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Fic. 4. Overhead currents necessary to produce magnetic changes observed at time of 
solar flare beginning 16546" GMT, April 8, 1936 (heavy arrows), and normal diurnal- 
variation changes at same time (light arrows). 
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Fic. 5. Overhead currents necessary to produce magnetic changes observed at time of 
solar flare beginning 18" 25" GMT, August 25, 1936 (heavy arrows), and normal diurnal- 
variation changes at same time (light arrows). 
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Fic. 6. Overhead currents necessary to produce magnetic changes observed at time of 
‘‘bay’’-type disturbance at 19 35" GMT, April 16, 1933 (this type frequently occurs during 


magnetic storms). 


caused by currents flowing in the atmosphere 
rendered conducting by solar ultraviolet light. 
A sudden increase in the ionizing radiation from 
the sun would cause an increase in these currents 
through the improved conductivity of the upper 
atmosphere. This view is supported by Figs. 4 
and 5, showing the overhead currents necessary 
to produce the field changes associated with 
solar-flare disturbances (heavy arrows) and those 
necessary to produce the normal diurnal varia- 
tion departures obtaining at the time (light 
arrows).'! This increase of ionization occurs in 
the short-free-path region of the ionosphere and 
thus causes absorption of radio waves. It 
accounts for the observed fact that radio waves 
at frequencies which would ordinarily penetrate 
that region and be reflected back to earth from 
one or the other of the higher layers of ionization 
are not reflected during the disturbed period. 
Later, when the phenomenon has subsided, the 
return of reflections from those upper regions 


4 A detailed study of the magnetic effects produced by 
these solar flares is under way at the Department of Ter- 
restrial Magnetism, the results of which will be published 
shortly in Terrestrial Magnetism and Atmospheric Elec- 
tricity. 


reveals that these layers have experienced no 
noticeable change. 

On the other hand, the field changes occurring 
during a magnetic storm must involve a different 
mechanism. The overhead currents necessary to 
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Fic. 7. World-wide sudden commencement of magnetic 
storm at 13°09" GMT, May 13, 1921, horizontal-intensity 


changes. 
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produce the “‘bay’’-type magnetic disturbance 
which frequently occurs during magnetic storms 
are shown in Fig. 6.2 While the currents neces- 
sary to produce the solar-flare disturbance are 
greatest close to the subsolar point and do not 
flow beyond the twilight zone, those necessary 
to produce the bay-type disturbance are much 
more pronounced near the auroral zone (about 
70° north) and extend over the entire earth. 
The form of the apparent system of circulation 
is obviously different in both cases. 

Actual records of the sudden commencement 
of a magnetic storm at various observatories are 
shown in Fig. 7. This represents another type of 
magnetic disturbance quite different from the 
other two, but one which is characteristic of the 


2A. G. McNish, Trans. Am. Geophys. Union, 17th 
annual meeting, 166 (1936). 
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beginning of a magnetic storm. The outstanding 
characteristic of this disturbance is its wide- 
spread manifestation, in sharp contrast to the 
circumscribed manifestation of a solar-flare dis- 
turbance. Obviously, the mechanism which gives 
rise to the sudden commencement of a magnetic 
storm must be quite different from that which 
operates when a sudden flare of ultraviolet light 
from the sun impinges on the earth’s atmosphere. 

Acknowledgment.—The writer expresses his 
appreciation to various individuals and organi- 
zations which have made available to him the 
special data necessary for this study, and in 
particular to Dr. J. A. Fleming, Director of 
Carnegie Institution’s Department of Terrestrial 
Magnetism, whose recognition of the importance 
of these phenomena has caused him to encourage 
and support the investigation of which this is 
a part. 
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The Far Infrared Spectrum of Water Vapor 
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The rotation spectrum of water vapor has been measured 
with high dispersion from 184 to 75u. The spectrometer 
employed echelette gratings and higher spectral orders were 
successfully removed through the use of filters and selective 
reflection. The positions of single lines were determined 
with an accuracy of about 0.05 cm™ throughout the 
entire region while neighboring lines as close together as 
0.5 cm could be separated and measured. The analysis of 
the spectrum was accomplished in the following manner. 
From the values of the moments of inertia found by Mecke 
the energy levels were calculated from the asymmetric 
rotator equations. However, these computed levels are 
often far from the actual energy levels due to the presence 
of a large correction arising out of the centrifugal force 
stretching of the molecule. An estimate of this correction, 
which amounted in some cases to over 200 cm=!, was made, 
thus furnishing energy levels with which to begin the 
analysis. The intensities of the rotation lines were calcu- 


I. EXPERIMENTAL 


HE present investigation covers the spectral 
region extending from 18u to 75u, thus over- 
lapping somewhat the work of Wright and 
Randall! which began at 60u. This earlier work 


1 Norman Wright and H. M. Randall, Phys. Rev. 44, 39 
(1933). 





lated by using as an approximation the symmetric rotator 
amplitudes. By comparing the expected spectrum with the 
observed spectrum it was then possible to identify the lines 
and through them to determine the actual energy levels of 
the water vapor molecule. Combination relations as well as 
the formation of analytic series from analogous lines, 
served as important checks on the identifications. Through 
these methods the rotational energy levels of the water 
molecule have been found up to and including the group of 
J=11 with an accuracy around 0.1 cm. The highest level 
determined, possesses an energy of over 3200 cm™, while 
all the rotational levels with energies less than 2000 cm 
have been obtained. Finally all the allowed transitions 
together with their intensities are calculated and these are 
plotted directly above the observed spectrum. The agree- 
ment is remarkably good. All the essential features of the 
spectrum and indeed most of the finer details are correctly 
reproduced. 


demonstrated that the equipment used was 
capable of resolving and measuring the rotation 
spectrum of water with a completeness and 
accuracy not hitherto attained in this region of 
the spectrum. It was, however, so responsive to 
outside disturbances that much time was lost 
waiting for favorable conditions, often to be 
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obtained at night only. The spectrograph em- 
ployed was the one designed by Randall? and 
following this first investigation he was able to 
find means of overcoming this defect of un- 
steadiness so that observations are now generally 
possible at any time during the day: only very 
seldom are outside disturbances of sufficient 
magnitude as to interrupt work. In Fig. 1 the 
first set of data taken in this investigation is 
shown. The grating was turned by steps of 1 
minute of arc and a single galvanometer de- 
flection only was taken for each position. The 
definiteness with which each line is determined 
clearly indicates the steadiness of the instrument. 
The seven lines lie between 22.5 and 23.6n, 
covering a frequency range of 20 cm™. This 
very complete freedom from chance effects has 
permitted an amplification of from 150 to 300 
time:, which is somewhat greater than was 
previously used. This makes narrower slits 
possible with a corresponding increase in resolu- 
tion. The measurable limit of 1 cm~ between 
the lines of a narrow doublet established in the 
investigation of Wright and Randall is now 
reduced to 0.5 cm“. 

By using essentially the same technique as in 
the earlier work the accuracy now attained in 
measuring sharp lines which are free from over- 
lapping by adjacent lines is about 0.003, in the 
shorter wave-length region, with less accuracy 
as 70u is approached. The accuracy in terms of 
waves per cm appears to be about 0.05 cm™ 
throughout the spectrum measured. The slit 
width of 0.5 mm at the center of the region 
measured with the 1200 line grating, namely at 
about 23u, covered a spectral range of approxi- 
mately 0.005y. At 34u, using the 900 line grating, 
the slit was 1 mm wide and corresponded to a 
spectral aperture of 0.01u. Between 40 and 75yu 
the slits were 1.5 mm wide which with the 360 
line grating meant a spectral range of 0.05. 
Under these circumstances, lines 1.5 cm~ apart 
are completely resolved, while those but 0.5 cm™' 
apart are clearly double and quite accurately 
measurable. 

The 1200 line grating, having a ruled surface 
of 9X9 inches, was designed to locate the blaze 
or region of maximum energy at 18u. The 900 
line grating, surface 10X20 inches, had its 


2H. M. Randall, Rev. Sci. Inst. 3, 196 (1932). 


blaze at 23.4u while the blaze of the 360 line 
grating, surface 10 X 20 inches, was located at 57. 
In general it is advisable to work to one side or 
the other of the blaze, as the radiation of short 
wave-length concentrated at this place is so 
great that the devices adopted, to purify the 
spectrum elsewhere, are not always effective 
here. The methods of calibration were those 
described in the first paper. 
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Fic. 1. The rotation spectrum of water. 


Echelette gratings may be ruled to conserve 
the radiation in any spectral region but the de- 
sired first-order spectrum is overlaid with higher 
orders of radiation of shorter wave-length. These 
higher orders are removed in large part by 
absorbing screens and by selective reflections. 
The remaining energy of the higher orders is 
neutralized by employing shutters transparent to 
them but opaque to the longer wave-length 
radiation. Since this procedure is generally 
wasteful of the desired first-order spectra, the 
relatively large quantity of energy made avail- 
able by this spectrometer through its large 
aperture and gratings permits not only greater 
dispersion but also greater losses in order to 
obtain the required degree of purity of spectrum. 
In the region between 18 and 30y, a paraffin 
filter 1 mm thick, selective reflection from 
fluorite and a shutter of rocksalt cut out all 
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observable effects of higher orders. Moreover the 
absorption of water vapor in the region between 
9 and 15y is so slight that second-order lines of 
measurable intensity are not likely to occur. 
To work between 25 and 40u the only change 
necessary is that the selective reflection from a 
plate of sodium fluorite replaced that from 
fluorite. From 40 to 70, filters of paraffin and 
of crystal quartz each 1 mm thick together with 
shutters, first of potassium chloride, and then of 
potassium bromide, gave very satisfactory re- 
sults. With a spectrum so rich in lines it is 
inevitable that the higher orders of some of the 
shorter wave-length lines will have values which 
will be in close agreement with the measured 
values of first order lines of longer wave-length. 
A careful study has been made of all such cases 
and it is believed that the results given have 
not been measurably affected by such possible 
overlappings. 

This investigation was begun in April, 1934, 
and continued through the early summer. A sab- 
batical leave interrupted the work and in the 
meantime, June 15, 1935, a paper in this same 
field by Barnes, Benedict and Lewis* was pub- 
lished. From this paper it seemed quite probable 
that the higher resolution given by the spectro- 
graph here used would be necessary if a suc- 
cessful interpretation of the rotation spectrum of 
water vapor in the far infrared was to be made. 
The work was accordingly continued. 


Il. ANALYSIS OF THE WATER SPECTRUM 


In the remaining portion of this paper we shall 
attempt to identify the lines which have been 
found experimentally and thereby to determine 
the rotational energy levels of the water mole- 
cule. The measurements obtained in the present 
investigation will be combined with results 
found by Wright and Randall. The region thus 
included extends from 74 cm~'! to 560 cm™ and 
contains some 173 lines. Since the average 
spacing between the lines is only 2.7 cm™, it is 
evident that the success and completeness of an 
analysis depends upon experimental data of high 
accuracy and resolution such as are now for the 
first time available. 


+R. B. Barnes, W. S. Benedict, and C. M. Lewis, Phys. 
Rev. 47, 918 (1935). 


GINSBURG AND WEBER 


1. Calculation of the energy levels 


The starting point of this work rests upon the 
investigation of the vibration rotation bands of 
water vapor made by Mecke‘* and his collabo- 
rators. They have determined 42 of the rota- 
tional energy levels of the nonvibrating molecule 
including the states from J=0 to J=4 together 
with a few of the higher levels. A preliminary 
study showed that the rotation lines predicted 
from their levels were in most cases in good 
agreement with the positions of certain of the 
lines observed in the far infrared spectrum. It 
was therefore concluded that the moments of 
inertia deduced by them might be taken as 
substantially correct. This is the essential key 
without which the analysis would be impossible, 
for, through the moments of inertia the energy 
levels of the asymmetrical rotator may be calcu- 
lated. The calculated levels then form the guides 
in determining the actual energy levels whose 
differences will give the rotation lines. 

It was found convenient to employ the equa- 
tions obtained by Nielsen’ from the Wang 
secular determinant. In the course of the work 
a number of errors in Nielsen’s equations were 
located. Professor Nielsen has subsequently in- 
formed us that these errors were typographical 
in nature. The list of corrections which he 
kindly sent us agrees with ours and is as follows. 


J=6 
2nd equation 
+4725 in the constant coefficient should be — 47250. 
4th equation 
— 6360? in the coefficient of W? should be — 11760? 
— 341442? in the coefficient of W should be — 536640. 
J=9 
Ist equation 
— 147456 in the constant coefficient should be +147456. 
2nd equation 
+ 70560? in the coefficient pf W* should be — 70560?. 
3rd equation 
+822149b' in the coefficient of W should be +1822149d' 
—450528055' in the constant coefficient should be 
— 1150528055'. 
4th equation 
+822149b' in the coefficient of W should be +18221490' 
— 1893447808? in the constant coefficient should be 
+ 18934479027 
— 450528055! in 
— 1150528050". 


the constant coefficient should be 


4R. Mecke, W. Baumann, and K. Freudenberg, Zeits. f. 


Physik 81, 313, 445, 465 (1933). 
5H. H. Nielsen, Phys. Rev. 38, 1432 (1931). 
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J=10 


Ist equation 
+235318606' in the coefficient of W’ should be +234570606'. 
2nd equation 
— 2353186C5* in the coefficient of W should be — 234570600' 
— 8903025 in the constant coefficient should be — 893025. 
4th equation 
+3177400320? in the coefficient of WW’ should be 
— 31774003206 
— 2697416640b' in the coefficient of W' should be 
+ 26974166405'. 


We have also computed the equations which determine 
the levels of J=11. They are: 


Ws — 220W*+ W( 16368 — 89766*) 
— W*(489280 — 14762880?) 
+ W(5395456 — 706844165? + 106444805") 
— 14745600 + 9564211200? — 739307520b' =0. 


W*—220W*+ W* 16368 — 175560?) 
— W%(489280 — 33295680?) 
+ W*( 5395456 — 2037087368? + 55226160) 
— W(14745600 — 46223462400? + 67410518400") 
— 316293120006? + 1834170624005! — 15437822400b° =0. 


W* — W5(286°F 666) + W*(28743 188106 — 111215*) 
— W3(1234948+ 1878228b — 26607246? +4637 165°) 
+ W?(21967231 796283406 — 206124534? 
+ 1005495485' + 201489755*) — W( 128816766 
F 13702089066 — 59312018766? +-6483676716b* 
+3161391030b'* 33902253065) + 108056025 
F 71316976506 — 510151509456? + 1220775316205' 
+ 1078967 146956'+* 3341458197065 — 2170943775b° =0. 


The numerical values which were chosen for 
the moments of inertia are h/8x*cA =27.8055, 
h/8x*cB = 14.499724, h/8x*cC=9.279276. These 
figures were made to differ slightly from those 
given by Mecke since by so doing the parameter 
of asymmetry 0 which enters the algebraic 
equations becomes the simple number —0.164, 
thus facilitating the numerical work. It must be 
emphasized that the moments of inertia just 
given are not in any way more accurate than 
those found by Mecke. They simply represent a 
definite zeroth order approximation and will 
form a starting point for further calculations. 

Our results appear in Table I in the following 
form. The fourth column gives the actual values 
for the energy levels as obtained from the ob- 
served lines while the first column gives the 
amount by which the observed level is lower 
than the computed level. Thus the energy levels 
as determined from the asymmetrical rotator 
formulae using the above moments of inertia are 
given by the sum of the numbers appearing in 
columns one and four of Table I. 





An inspection of this table reveals that the 
differences recorded in column one are often 
large, ranging as high as 279.19 cm™'! for the 
level 11,; although they are much smaller for 
the lower levels of each J group. While these 
differences are in part due to the fact that the 
moments of inertia chosen are not the true 
moments, they represent principally the change 
in energy caused by the centrifugal forces of the 
rotation. That is, the water molecule is not com- 
pletely rigid but is slightly distorted by its 
rotation. We intend to consider this point more 
exactly in a future paper but for the present we 
would like to calculate the order of magnitude 
of the stretching and its effect upon the levels. 

The water molecule is, of course, an asym- 
metrical rotator and any exact theory of the 
centrifugal distortion must start from this point. 
However, the highest 7 states of any J group 
correspond in fairly good approximation to a 
simple spinning of the molecule about the axis 
of least moment of inertia A as indicated in 
Fig. 2a. The rotational energy in this approxi- 
mation is h®?J*?/8x*A according to which the 
energy of the level 10,9 for example would be 
2781 cm whereas the exact formula gives the 
value 2902 cm~'; an error of 4 percent. It is 
most convenient to specify the positions of the 
nuclei in the rotating molecule by means of the 
displacement coordinates g, x and y where g is 
the change in distance between the two hydrogen 





(a) (b) 


Fic. 2. The water molecule. 


































































164 RANDALL, DENNISON, GINSBURG AND WEBER 
TABLE I. The rotational energy levels of the water molecule. 
sw : Ww sw J; Ww sw a Ww sw J, W 

0 ++! 0o 0 28.46 |— +] 65 | 1045.34 3.00 |— —| 8.6] 883.12 3.00 |+ —| 10_,| 1114.91 
12.83 |— —| 6, 888.89 1.32 |+ —| 8_7| 744.31 3.00 |+ +} 10_10) 1114.91 

0.01 |+ —|} 11 42.30.|| 12.83 |+ —| 63 888.85 1.32 |+ +] 8 _s| 744.24 
.02 |— —| Io 37.06.|| 5.05 |+ +] 6, | 757.84 279.19 |+ —| 11u | 3218.55 
00 |— +] 1 23.78. 4.92|— +] 6 756.90 || 134.90 |-+ —|] 9, | 2226.41 || 279.19 |— —} 11io | 3218.55 
2.29 |— —| 69 | 661.63 || 134.90 |— —| 9, | 2226.41 || 193.68 |— +) 11, | 2974.88 
16 |+ +| 22 | 136.10 1.80 |+ —| 6.:| 649.11 |} 84.29 |— +) 9, | 2010.67 || 193.68 |+ +/ 115 | 2974.88 
19 |— +] 2, | 134.81 2.08 |+ +] 6-2} 602.78 || 84.29 |+ +] 9.6 | 2010.67 || 130.06 |+ —| 117 | 2741.42 
.04 |— —| 20 95.04. 1.30 |— +] 6 3} 553.00|| 49.64 |+ —| 95 | 1811.18 || 130.06 |— —| 11g | 2741.42 
04 |+ —} 2.1] 79.38, 1.50 |— —| 6.4] 542.80|} 49.64 |— —| 9% [1811.18 || 83.77 |— +) 115 | 2523.08 
05 |+ +] 2-2 70.03, -51/+ —!| 6.5} 447.20|} 27.57 |— +] 93 | 1631.95 83.77 |-+ +] 114 | 2523.08 
54 |+ +] 6.6] 446.69 27.57 |+ +] 9% | 1631.81 52.51 |+ —| 113 | 2322.82 
1.38 |+ —| 33 285.45 15.66 |+ —| 9 | 1477.78 || 52.47 |— —|11, | 2322.77 
1.37 |— —| 3, 285.26 || 52.05 |+ —]| 77 | 1395.26 15.47 |— —| 9% |1475.46}} 33.80 |— +] 11, | 2145.17 
AS/— +) 3; 212.07 ||} 52.05 |— —| 7. | 1395.26 11.65 |— +] 9_,/ 1360.85 ||} 33.26 |+ +] 110 | 2144.06 
09 |+ +) 39 | 206.25|} 27.20|— +) 75 | 1216.63 || 10.21 |+ +) 9..| 1340.98 || 25.74 |4+ —| 11_, | 2000.71, 
O01 |+ —} 3.1] 173.33 |) 27.20 |+ +] 74 | 1216.63 || 11.40 |+ —| 9 3} 1283.29 |) 26.65 |— —/ 11_,| 1984.20 
O05 |— —| 3.2} 142.17)| 12.80|+ —] 73 | 1060.07 6.79 |— —| 9.4] 1216.62 || 27.39 |— +) 11_3 | 1898.56 
.06 |— +] 3.3} 136.74 12.80 |— —| 72 | 1059.88 8.48 |— +] 9_,| 1202.28 || 22.39 |4+ +] 11_4} 1840.14 
5.75 |— +] 71 931.50 3.89 |+ +] 9 6] 1080.72 25.36 |+ —| 11-5} 1811.21 
5.21 |+ +] 4 488.24 5.68 |+ +] 7o 927.92 4.20 |+ —| 9_,| 1079.41 14.26 |— —| 11_6| 1694.71 
§.21 |— +] 4; 488.24 4.00 |+ —| 7.1] 842.65 2.06 |— —| 9_s} 920.41 14.64 |— +) 11_7/ 1691.13, 
1.21|-— -—| 4 383.90 3.06 |— —| 7 2| 816.78 2.06 |— +] 9 _9| 920.41 7.68 |+ +] 11-s| 1525.65 
1.29 |+ —| 4, | 382.49 3.76 |— +] 7.3] 782.54 7.80 |-+ —| 11_9| 1525.36 
38 [+ +] 40 | 315.66 1.76 |+ +] 74} 709.54 || 198.44 |+ +/ 10,0 | 2703.28 4.33 |— —| 11-10] 1327.58 
13 |— +) 4.:} 300.33 2.03 |+ —| 7_5| 704.40 |} 198.44 |— +) 10, | 2703.28 4.33 |— +) 11.4)| 1327.58 

52 |— —| 4.2] 275.21 82 |— —]| 7 6| 586.53 || 131.51 |— —| 10, | 2472.44 
12 [+ —| 4.3] 224.74 84 |— +| 7 7| 586.32 || 131.51 |+ —] 10, | 2472.44 — —|12. | 3033.78 
28 |+ +| 4.4] 221.90 83.25 |-+ +/ 10. | 2255.08 + —| 125 | 3033.78 
86.75 |+ +] 8s | 1789.77 || 83.25 |— +] 105 | 2255.08 — +] 12_9| 1775.26, 
13.50 |+ —| 5s | 742.30|| 86.75 |— +] 8, | 1789.77 |) 50.25 |— —| 10,4 | 2055.04 — —| 12 10) 1775.26, 
13.50 |— —| 54 | 742.30}} 50.12 |— —| 8& | 1591.47 |} 50.25 |+ —/ 103; | 2055.04 + —| 12_1| 1558.42 
4.92 |— +] 53 | 610.42|} 50.12 |+ —| 8, | 1591.47 |} 29.79 |+ +] 10, | 1876.16 + +| 12_1.| 1558.42 

4.89 |+ +] 5S. | 610.21 || 27.07 |+ +] 84 | 1411.89|} 29.75 |— +/10, | 1875.68 
1.45 |+ —| 5; | 508.86)| 27.07 |— +] 83 | 1411.89]) 18.87 |— —| 109 | 1726.23 + +) 13_10| 2042.99 
1.45/— —| So | 503.94|} 13.57 |— —| 8 | 1256.24 || 18.56 |+ —| 10_;| 1719.75 + —|} 13_n| 2042.99 
88 |— +] 5.1] 446.52 13.59 |+ —| 8 |1255.45 20.53 |-+ +] 10_2 | 1614.43 — —| 13_12| 1807.36, 
55 [+ +] 5.2} 416.02 7.89 |+- +] 8 | 1132.10 13.75 |— +] 10_3/ 1581.88 — +] 13_13| 1807.36, 

73 |+ —| 5 3| 399.45 7.13 |— +] 8.1} 1123.11 ]| 16.70 |— —} 10_4| 1538.65 
32 |— —| 5.4] 326.49 4.65 |— —| 8 _.| 1052.92 9.67 |+ —/| 10_;| 1446.68 + —| 14_,;) 2074.30 
40 |— +/ 5-5} 325.23 4.52 |+ —| 8 _3| 1006.38 11.22 |-+ +] 10_¢| 1438.50 + +) 14_14) 2074.30 

5.89 |+ +] 84] 983.22 5.57 |— +] 10_7| 1294.07 

28.46 |+ +] 66 | 1045.34 2.56 |— +] 8 _5| 885.84 5.73 |— —| 10_s| 1293.49 






























































atoms. x and y are the displacements of the 
oxygen atom relative to the center of gravity of 
the hydrogens || and | to the A axis, respec- 
tively. Since the centrifugal forces for this 
simple spinning motion are always perpendicular 
to the A axis, it is clear that x will be unin- 
fluenced by them. We may accordingly omit it 
from the calculations. The total energy, rota- 
tional plus potential, has the form, 


W/he =hJ?/8n°cA +3 (ay?+bg?+ 2dqy), 


where a, } and d are potential constants whose 
values will be considered later. A is the moment 
of inertia of the rotating molecule and is equal to 
2mM(yoty)?/(2m+ M), where yo is the distance 
between the oxygen and the line joining the 


hydrogens in the nonrotating molecule. The 
nature of the motion is evidently such that the 
coordinates g and y will possess constant values 
which may be found by setting the derivatives 
of W to zero. 

Thus (1/hc)(@W/dq) =bq+dy=0. 
Let this relation be used to eliminate g from the 
energy W and introduce the notation, 
a=h/8r2pyrc, B=(ab—d?)y?/2b and n=y/yo, 
W/he=aJ*/(1+n)? +n’. 
The value of » is now obtained by differ- 


entiation and is a root of the equation, 


n(1+7)?=aJ?/B. 


then 
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The change in energy due to the rotational 
stretching is the difference between W/hc and 
aJ® and is readily found to be 


6W/he= —Br*(1+3n+7°). 


The change in energy just calculated is a rigorous 
consequence of the assumptions employed, 
namely simple spinning about the A axis and a 
potential energy expression involving only quad- 
ratic terms. If 5W<W, the formula may be 
developed and only first-order terms retained, in 
which case 


(6W)o/hc= —Bn? = —a?J*/B. 


The numerical value of a@ is of course 27.8055 
cm~' and the distance yo is known from Mecke’s 
work to be 0.5845X10-§ cm. The potential 
energy constants a, b, d may be found from 
Bonner’s® analysis of the vibrational bands of 
water. The coordinates used by Bonner are the 
valence coordinates but a transformation from 
his constants to ours may easily be effected, for 
example, through the formulae given by Suther- 
land and Dennison.’ Combining these quantities 
we find B= 37,635 cm~!. The numerical values of 
(6W)o and of 5W may now easily be computed 
and are listed in the second and third columns of 
Table II in the units of cm~!. The fourth column 
represents the difference between the calculated 
energy levels of the asymmetrical rotator and 
the observed levels of the water molecule. It is 
thus apparent that the principal cause of the 
difference between the computed and observed 
levels is due to the centrifugal force stretching. 

It is interesting to note that the first-order 
calculation (6W) > differs considerably from the 
exact calculation 6W particularly for the larger J 
values. This is important since it shows that no 
first-order computation of the stretching effect, 
as for example that proposed by Wilson,® can 
possibly be adequate for values of 5W much 
above 5 cm~!. A second way of showing this is 
to point out that for the higher energies of rota- 
tion the centrifugal forces are so great that the 
distortion of the molecule is no longer small. 
Thus for J=11, the bond angle changes from its 


*L. G. Bonner, Phys. Rev. 46, 458 (1934). 


7G. B. B. M. Sutherland and D. M. Dennison, Proc. 
Roy. Soc. 148, 250 (1935), see page 258. 
*E. B. Wilson, Jr., J. Chem. Phys. 4, 526 (1936). 


equilibrium value of 104° 36’ to 98°52’ while 
the O—H distance changes from 0.9558A to 
0.9640A. 

The differences between 5W and 5Wo», arise 
from two causes, the principal one of which is 
that 5W has been calculated from much too 
simple a model. The system must eventually be 
treated wave mechanically and also the influence 
of anharmonic terms in the potential must be 
considered. The second cause of the difference is 
that the asymmetric rotator energy levels have 
been calculated using what might be called trial 
moments of inertia. If 5W were known exactly, 
then 5W—6W.», would immediately furnish the 
appropriate corrections to the trial moments. 
No significance is to be attributed to the fact 
that (6W)> appears to agree with the observed 
differences better than 6W. 

The values which have just been considered 
apply to the highest levels of each J group. 
Similar calculations may be made on the lowest 
levels of each group where the motion approxi- 
mates to a simple spinning about the greatest 
moment of inertia axis as shown in Fig. 2b. 
Since this moment is larger, the angular velocity 
is lower and the corrections turn out to be 
sufficiently small so that only the first order 
term (6W)» need be considered. This together 
with 5W.», is shown in the fifth and sixth 
columns of Table II. The agreement seems to be 
rather less good than that for the high levels, 
possibly due to the fact that the moments of 


TABLE II. Numerical values of (6W)> and of 6W. 











J (8W)o aw iW obs | (8W’)o 5W obs 
0 0 0 0 0 0 
1 0.02 0.02 0.02 0.00 0.00 
2 0.33 0.33 0.18 0.00 0.04 
3 1.66 1.63 1.38 0.02 0.05 
+ 5.26 5.08 5.21 0.06 0.20 
5 12.84 12.18 13.50 0.14 0.36 
6 26.62 24.72 28.46 0.30 0.52 
7 49.33 44.67 52.05 0.55 0.83 
8 84.15 74.18 86.75 0.95 1.32 
9 134.79 | 115.40 | 134.90 1.52 2.06 

10 205.44 170.52 198.44 2.31 3.00 

11 300.78 241.68 279.19 3.38 4.33 


























inertia of the molecule are such that the low 
levels correspond to simple spinning about a 
principal axis less well than the higher levels. 
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TABLE III. The rotation lines of water vapor. 

Vobs | Veale I | TRANSITION ] Yobs | Veale I | TRANSITION | Vobs Veale | I TRANSITION 
| | oumitl = .| — | a " 
554.97 |555.00| (0.24)?) 7, — 60 || 384.21) || 223. 82 223. 84 | (50) 83-7, 
550.33 | | | 380.45 | 221.74/221.88/ 3 | 106-9, 
548.04 | || 378.60| 378.80) 9? | 8a — Bay (221.78 |(110) | 51-45 
546.65 | 546.65} 0.12 | 11-4 —10_s |} 376.57 | 376.50 | 12 | % — 8 | lo17 36| 02 | (10, — 10, 
545.70 | 545.70} (0.06) | 11 — 10_¢ | 375.54 | 375.57| 3.9 | 9, — & |“ - — | \10; —10, 
536.48 | 536.48 | (0.26)?) 6, — 5; || a. » [8 — 7s 1{(%e -% 
526.23|526.27| 0.79 | 10_5— 9.» || 974-80) 374.84) 22) |) 9 _ 7, ine 74| 03 |) g? = 
519.81 || 370.26 | 370.09} 2.5 7-2 — 6-6 || 215.31/215.23| (1.4)? |} 3, -— 2., 
518.09/518.09| 0.26 | 10..— 9.|| 369.77| 0.6 11. —10,2 || 214. ni be 66! 18 10_.:- 9, 
517.47} (0.1)? | 10_; — 9-5 | 358.90 | 358.90 | (6.2) 10_; — 9.) ! 214.00 214.00 | 23 7. — 6. 
(517.14/517.14) 0.34 | 11.5 —10_; | 3ehey 357.45 | (10) 6, — 5-3 || 212. 68 | 212.77) 6 | 10..— 9, 
11;, —109 || 354.67| 354.67| 18 9, 81 | | (11_—10_, 
515.27) 515.27) 0.06 | 111, —10, | 354.47) 354.47 (15) os Bal 212.67) 250 | 141 -16— 102% 
12, —11 351.88 | 352.01| 9 8. — 72 |) 208.53 | 208.53 |260 | 5 —4 

t 5 5 4 ‘ | i J 
1510.70} 510.70; 0.07 | 449) 114, | 351.82 | 27 Ss; — 7s | 203.12) 202.98 /110 EO ny 
507.10 | 507.07 ? 7; — 6-3 || { 7: — 65 || 202.79| 202.79 |330 4, — 3; 
502.45 | 502.47| (0.7)? | 10-,— 9-7 Sennen 349.92) 44 \ Te - 66 |) 202.55 | 202.59 |(140) ee 8 
(11y —10; || 346.06 | 346.07 ? 4, — 3..|| (10. —10 

502.44 0.10 lite —10, || 343,38] 343.38 | (16) 8. 74) 200.44 | 200.04] 0.05 110, —10. 

492.22| 492.24} (0.4) % — 8. 343.36| 5.5 % — S | 19931! 199.49] 0.1 {9 — 9 
486.34| 486.34! 0.24 | {117 —10s || 335.34/335.34| 6.5 7-3— 6-5/| | 1% — 9 
; ” \11¢ —106 || 335.00| (0.4)? | 5, — 42! 198.301 0.2 |{ 88 — & 
484.18 | 328.34 | 328.32| 13 8: = To | — Ta 1 «S 
481.28 2 ‘ 7, — 63 198.07, 0.3 11, —11_ 
478.05 | $27.78 | 327.77} 74 1) 7, — oy || 197.62/197.74| 0.9 | 11..-11_, 
{10% — 9s |} 323.90) 323.95| 39 & -— vk 197.67 | (0.8) 10.4-— 9, 
UOS7) 67687) 0.58 | 110, — 9 | 323.88 | (6) 6.1 — 5+] 197.60| 12 hae Sy 
472.68 | 472.38| 0.62 9_,— 8s |] 315.32] 315.32] 19 8o — 7-2 || 195.88| 195.90) (9) 9.- 8, 
468.88 ; 314.91| (1.6)? 4; — 3.1]! 194 47/ 1904.50! 50 10..=— ¢%., 
468.041468.04} 0.56 | {11s —10 | 305.00 i | 1110_1— 9- 
, ' - \11, —10, || 303.30| 303.17| 80 73 - 61 || 193.57 | 193.57} 35 | 9y— 8, 

we | f{10, — 9% 66 — 5s || 188.28] 188.28] 68 So — 4 

461.77/461.77) 0.75 | {1° — 9° || 303.00) 303.04 [135 [os — S | issss|inses| ? | Ss, 
458.05|457.97| 1.78 9_,— 8_;|| 302.04| 302.04| 27 72 — 62 || 181.46| 181 44 67 8.- 7, 
457.93| (1.0)? | 10_4— 9 <¢ 301.49} 0.7 11_, —10_, || ‘179.58! o7 |f& — & 

457.86| (0.45) | 9. — 8_« || 298.61/298.59| (6) 10_; — 9-5 || owe 1S ee 

457.10} (0.1)? 72 — 6-2 || 290.91 |} (179.37; O41 9, 9. 

453.96 || 289.65 | 289.65 |140 7.1 — 6.5 ]| 179.36| 0.1 | 10; —10, 
451.88/451.88; 0.30 | 11-3; —10_, || 288.06| (2) 9.— 82 || 1179.23} 03 | 9, — 9, 
447.14/447.14| 0.84 | 11, —10, || 282.45] 282.39 |102 | 7) — 6. i 179.12 179.16; 1.3 | 10.;—10_, 
446.61|446.61| 0.28 | 11, —10, | 282.04 (3) Sy — 4 178.88 0.03 | 10, —10. 
| {106 — 9% || 280.46) 280.46} 42 8.1— 7-1 |] (7; — 7 

443.90/ 443.90] 1.8 | 419° — 9! || 278.55| 278.68 | 47 6 - 5: | 178. ne 178.63) 1 (7 7. 
442.24/ 442.33) (4.0)? | 6; — 5.1 |) 278.43 |142 6 — Ss | 170.38 0.4 | 104-101 
\ = a 6B = = - | } = -§ 

434.98 \ | 267.73 | 267.73 1.5 {13-10 12-10 176.12 176.12 90 i} on go 
431.35 | 431.35 ? 6. — S| bog | {14-14 —13-12|) 173.50] 173.58 | 20 | ‘ B.g— 74 
429.09|429.00| ? m =, | 266.94) 266.94) 15 | 114-1— 13-1] 173.49|(50) | 4, — 3. 
426.42/426.64| (0.1)? | 5, — 40 || 266.29) 266.29| 30 7o — 60 || 170.40} 170.42 |270 | 4 — 3, 
425.42/425.42|} 1.5 11; —10_, | 256.21 256.21) 1.4 | I1- -6 —10_ s | 169.56| 169.06] 0.1 | 11-5 —11-s 
f10, — 9% (5, — 43 || 166.78) 166.74) 35 | Tia 6.4 

423.14 oe 3.4 | 10, — 9, 254.06 | 254.06 |300 \ 54 — 4 | 166.32} 166.44) (7) | 84- 74 
420.10] 420.06) 3.9 | 8.1— 7.1]! 253.90) 57 6. — 50 || 161.90/162.00; ? | 4 — 4, 
1f 9 — 8 || 249.90; 3.2 12-9 —11_» || 160.21| 160.31) 0.9 | 94 — 9s 

wae 82 ie, ~ & 1249.61; 1.1 | 12-1—11-s) 160.18| (3) | 9.— 84 
418.68 418.71 (2.2) | 8_; i Fat | 248 94 4.3 f13_ is 12_ ed | 158.96 159.00 | 2.7 9; = 9, 
417.88/417.83| 0.5 Ilo —100 || (poms 9 | \13_42—12-12|) 158.00 | 157.99 | 107 8.7— 7. 
400.70 7 1.5 10. — % | 248.01 | 248.04 |160 6 — * | 157.70] 157.71 | 36 B.s— 7s 
(9, — & || 245.65) 245.75| (9) 4, — 3.5 156.75| 0.8 74 — 7s 

ves ee 91 119, — & | 245.61| (60) 6 - 5. [9656| 24 | 7%, — % 
397.81 90' 44 | 10, - 9 | 244.46| 244.40| 11 10_;— 9_5| seca '{ 66 — 6, 
397.81| (2.2) | 10-.— ©, || 233.40|233.40| (6.5) | ie 8 | 156.49/156.47/ 4 1/16 - 6; 

397.45) (2.5)? |} 9.3- ' 5 | 232.16| 232.16) 3 | 11-5 —10_s || 156.44; 13 | 8 — & 
396.79 | 396.69} 1.2 84 - | 231. we 29} 8 | 11-9 —10_; || (156.35) 0.2 | % — % 
(8 — S {12 12 Ha} heed rd 0.2 | 10, —10_, 

385.58 | 385.68 ? aes | 229.33 | (0.8) it. —10., (184.17) 0.5 j «€ 
385.17 | 385.25| (1.6) | 109 — 9» || 227.93| 227.93 |250 53 — 4 |) I 153.55] t33°53 |c130) | 6.3— 5.5 
385. 12 (1.8) Jo — 6-4 } 226.38 | 226.31 | 83 5. — 42 || 152.55| 152.61) 0.8 | 10.5 —10-1 

| ! 
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TABLE II[I.—Continued. 
vobs | ¥cale 1 TRANSITION | Yobs Veale I TRANSITION Yobs veak I TRANSITION 
Pi te Rac audi besccaemesciiiasicnaninisll ; ae Se ants 
151.37| 151.40] 88 7.s- 6 /124.36| 0.4 oe Mh | 99.04] 40 , ~ te 
150.62 | 150.64 |290 3, — 2, || 1124.12) 0.7 & — & 98.84 | (6) 6.2 — So 
149.93} 0.1 | 10) —109 || 122.95) 123.01) 3 Tam Fc 96.21| 3 6: — 66 
149.15 | 149.16 95 | 3: — 2 |] }122.87| 1.5 9.,;— 9_,|| 96.12) 96.11 | (17) 6, — 6-5 
144.81 145.01 | 0.3. | 10-6 —10_s || 121.97 | 121.97 |180 6.5— 5..| | 06.11) 4 6.4— 6s 
141.50 | 141.53 5.4 | 8.s-— 8-7] 120.54! 3.7 8..— 8, | 94.42] (0.03) | 109 — 9% 
140.81 | 140.81) 65 | 5.2 — 4.2 || 120.20] 120.20) 69 6.6 — 5.4) 92.51] 92.51 124 2 - | 
139.84 | 139.84 50 7-6 — 6 «|| 118.08) 118.08} 8 7.5 — 7.7 || 89.53} 89.53) 6 5.2— S54 
139.09 | 139.12 |150 7-31- 6.5 || 116.93} 0.7 9, — 9.,|| 88.42] 88.85| 5 ee pe 
| 138.97} (0.1) | 10. — 9 || 116.74) 116.73) 4 8, — 8.3 || 88.00| 88.00 /165 4,-— 3.5 
1138.88} 1.7 8.6— 8s || 111.80} 0.3 109 —10_ 87.92) 9 So — Ss 
138.09 | 137.87 | 0.4 10_,; —10_s |} 111.21)111.21) 51 Be — 2 85.83/ (0.04) |} 10_,;— 9, 
135.90; 06 | 94— 9.¢/| 111.18} 2 7o — 7-2 || 85.62] 85.75] (3) 71 — 6, 
/135.20| 0.4 10_; —10_; | 107.92} 107.79} 13 6 — 6. | 84.75) 0.02 | 9.— & 
/134.48|) 0.3 Y% — 9s || 107.30) 107.24) 2.4 72 — 74 84.51} (0.04) | 94 — Ro 
133.45 | 133.43 | (20) 7-3 - 6.1 || (106.27) 6 5, — 59 || 82.16] 82.16] 30 & = 4, 
132.69 | 132.69 |(150) 3, — 2_, || 105.78| 105.80} 13 6.5 — 6.5 | | 81.01) 0.6 9,- 9, 
132.34; 24 | & — 84 105.75 | 17 4, — 4, || 79.59] 79.73| 45 | 44-'3.s 
132.09; 3.0 | 5, — 5: | 105.40! (0.5) 9,-%& || 79.18} OS | & — 8s 
131.89} 131.96; 1.6 | 7. — 7» || 104.59) 104.59) 60 5.4— 4.4|| 79.02] 79.01} 8 | 3, — 3 
131.95| 7.9 | 6 — 6 104.34) 5 4, ~ 4, 78.26| 78.14] 4 | Faw 85 
131.88} 88 | 5, — 5s || 104.10} 0.07 | 10.5 — 9% 77.56/ 0S | 9,— 95 
130.90} 131.05; 2.6 | 6, — 6 |) 101.46) 101.56) 16 5, — 5 || 75.78| 0.04 | 10. —10_, 
128.64/128.57| 4.6 | 7; — 7 || 100.59/ 100.49 |180 5.,— 4.3|| 75.59) 75.59] 20 | 4,-4.5 
126.96 127.00 |(160) 4..- 3. || /100.15| 0.1 10_4 — 10-6 || 74.88) 0.7 | 83-7; 
126.61 126.78 | 35 6.4 — 5-2 || /100.10) 1 8.4— 8 6|| 74.22) 74.22] 13 S.s- S., 
| $45.00) (1) | S.2— 7 | 99.04 99.12| 96 | ele a | | 
| | | 





2. The intensities of the rotation lines 

The first step towards making an analysis is 
now complete. We are furnished with the energy 
levels of an asymmetrical molecule whose mo- 
ments of inertia closely approximate those of 
water. The order of magnitude of the centrifugal 
stretching has been calculated for the highest 
and lowest levels and presumably will lie be- 
tween these two limits for the intervening levels. 
The selection rules governing the allowed transi- 
tions of the asymmetric rotator are well known.’ 
Each level is given a symbol, (++), (4+-—), 
(—+) or (——), which denotes the symmetry 
group to which the level belongs. If the electric 
moment lies along the middle axis of inertia, as 
it does in water vapor, the only radiative transi- 
tions are those connecting the levels (++) 
+—(— —) or (+ —)——(-— +). In addition to 
this AJ = +1 or 0. The formula for the intensity 
of the line corresponding to the transition from 
the state J,..”’ to the state J,’ may be readily 
obtained. 


| = (Sr VN gry She) 
(1 en /AT) (Myo), 


* See, for example, D. M. Dennison, Rev. Mod. Phys. 3, 
280 (1931). 








In this expression vy is the frequency of the line 
and Ny, is the number of molecules per cc in 
the initial state. It has the form 


Nz; = (Ng s,e7 WarlkT) /> gy eV srlkT, 


where JN is the total number of water molecules 
and gy,, the weight of the state, is equal to 
(2J+1)f. The factor f is due to the existence of 
the hydrogen nuclear spin of }(h/27r) and is 
equal to 3 for r odd and 1 for 7 even. 

The quantity M,’"’,,"” is the matrix element 
of the electric moment associated with the 
transition and may be calculated from the 
minors of the secular energy determinant of the 
asymmetric rotator. Such calculations were made 
earlier by one of us (D.M.D.) for the matrix 
elements connecting all the states up to and 
including J=3. The resulting expressions were 
algebraic functions of the asymmetry parameter 
b whose complexity increased so rapidly with J 
that it seemed inadvisable to attempt to extend 
them to higher J values. Moreover a study of 
those matrix elements which were determined 
revealed that they could usually be satisfactorily 
approximated in the following manner. The 
levels of an asymmetric rotator may be divided 
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roughly into two main classes and an intervening 
region. The first class in any J group are charac- 
terized by large + values and the levels tend to 
associate themselves in pairs. The association 
becomes less marked as 7 decreases. This class of 
levels corresponds to a rotation of the molecule 
about the axis of least moment of inertia to- 
gether with the accompanying precession and 
nutation. The energies and wave functions are 
quite well approximated by symmetrical rotator 
energies and wave functions. Thus for water 
vapor the levels of /=10 from r=10 to r= —1 
belong to the first class. The second class of 
levels extends upwards from the lowest 7 values 
and corresponds to rotations about the greatest 
moment of inertia axis. In the present example 
they would include the levels from += —10 to 
t= —5. The region between these classes corre- 
sponds roughly to rotations about the middle 
axis and is not well approximated by sym- 
metrical rotator wave functions. The point of 
this discussion is that a matrix element con- 
necting two levels belonging to the same class 
was found to differ very little from the corre- 
sponding matrix element of a symmetrical 
rotator. The numbering of the asymmetrical and 
symmetrical rotator levels is of course quite 
different and care must be used in selecting the 
proper indices. Thus in the first class of levels 
the indices r=J and J—1 are to be identified 
with K = J of the symmetric rotator and r= J—2 
and J—3 with K=J—1 etc. In the second class 
t=—J and —J+1 becomes K=J. When a 
transition occurs from a level of one class to 
that of another or to the intervening region, we 
have calculated the intensity as from each class 
separately and taken an average value. The 
approximation appears to be somewhat rough 
but it has proved a guide in identifying many 
lines and it will be seen later that our calculated 
intensities are usually in good agreement with 
those observed. 

The formulae governing the intensities may 
now be given in explicit form providing we adopt 
the approximation of using the matrix elements 
derived from symmetric rotator wave functions.° 
It is convenient to divide them into three 
classes. 
| ns ae = (CFv/c)e-Ws-1. K-W/kT (4 —e~ ik?) 


X(J+K)(J+-K-1)/J, 


(a) 
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TgJ kt = (CF v/c)e—Ws-+. K+ kT (1 — e—h/kT) 
xX (J—K)(J-—K—-1)/J, 
Ty4 xk = (CFv/c)e-Ws. K-skT (1 — eb /kT) 


x (2I+1)(IJ+-K)(J-K+1)/J(J+1). 


(b) 


(c) 


The factor F is equal to } or ? according as the 
subscripts r are even or odd, respectively. The 
constant 


C= 4? NM ,?/3h> ¢5,e°¥27/*?, 


where M, is the permanent electric moment of 
the water molecule. In the present paper no 
attempt will be made to evaluate the absolute 
intensities of the lines although a preliminary 
calculation shows them to be of the right order 
of magnitude. The numbers appearing in Table 
III under the heading J are in reality the absolute 
intensities divided by the constant C. It may be 
of value to give one or two examples of these 
calculations in detail. Consider the line 53;—5, 
= 101.46. A study of the levels shows that both 
the initial and final states belong to one class of 
levels, namely, those corresponding to rotations 
about the least moment of inertia axis. Since 
AJ=0 the formula (c) must be used with J=5, 
K=4 and F=3. The resulting substitution 
yields J=16.2C. 

The majority of the lines correspond to transi- 
tions from a level of one class to a level of the 
same class and for these our approximation 
should be well justified. These intensities are 
listed without braces. In the remaining cases, 
where the numbers are enclosed with braces, an 
interpolation of uncertain validity has been 
made. The line 6_,—5_,4=276.29 is such a one. 
If this is considered to be a transition between 
two levels belonging to rotations about the least 
moment of inertia axis then formula (a) should 
be employed with J=6, K=2 and F=} giving 
I=96.4C. Such an interpretation would require 
the levels 62, 6-3; and 5_3, 5_4 to form close 
pairs. This is obviously false, particularly in the 
latter case. If we proceed under the assumption 
that the levels belong to the class of rotations 
about the greatest axis then formula (b) is 
applicable with J=6, K=4, F=} and J=3.4C. 
This requires that 6_;, 6-2 and 5_4, 55 form 
pairs, a condition which is well met in the second 
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case but badly fulfilled in the first. Thus neither 
calculation is satisfactory although the latter is 
apparently to be preferred. Accordingly this 
intensity is listed as 3[96.4+2(3.4) ]C=(34)C. 
It is clear that the intensities in braces are 
merely to be regarded as estimates which in 
extreme cases may be in error by factors as 
high as ten. In a few cases the symmetric rotator 
approximation is completely uncertain and these 
are denoted by placing a question mark behind 
the brace. 


3. The rotational energy levels 


It is now possible to construct the energy 
levels of the water molecule beginning with J=0 
and working successively towards higher J 
values. The results are listed in Table 1. The six 
levels, 1;, 10, 1-1, 20, 2-1 and 2-2, are followed by 
the letter c which means that they have been 
calculated using the moments of inertia given by 
Mecke.‘ A correction for the centrifugal stretch- 
ing has been applied which was based on Wilson’s* 
equations. The necessity for calculating these 
levels lies in the fact that the lines which would 
fix their values fall in the far infrared outside the 
region experimentally measured. It seems impos- 
sible, however, that our estimates could be in 
error by more than a very few hundredths of 
waves per-cm. 

All the subsequent levels are derived from the 
observed lines by means of the following pro- 
cedure. The position of an unknown level is 
approximately determined by subtracting a suit- 
able correction from its computed value. The 
lines which connect this level with levels already 
known are then calculated and compared with 
the observed lines in the spectrum. For example, 
consider that point where the levels up through 
J=5 have been obtained. The two levels 65 and 
6;, as calculated from the asymmetric rotator 
formula, are practically coincident at 1073.76 
cm~!. The 6W for J=6 was 24.72 and hence our 
first estimate for their position is 1049. There are 
only two transitions to J=5 levels, namely, a 
ies and a weak line 6;—5,. Our 
initial estimates of these lines are accordingly 307 
and 540 cm~. Turning to the spectrum we find a 
very strong line at 303.00 cm™ and a weak line at 
536.48, cm~!. Identifying these with the transi- 


strong line 





tions in question we obtain ~~ = 1045.30 and 
5 


1045.34, respectively. In this particular case it 
was felt that the weak line could be measured 
with slightly greater experimental accuracy and 
therefore the latter value was given preference. 
The next levels 6, and 6; are calculated to lie at 
901.72 and 901.68. The 6W is here estimated by 
observing that the 6W of a next highest pair of 
one J group is about equal to the 6W of the 
highest pair of the group J—1. This would put 6, 
and 6; at about 888 cm~. There are now three 
lines which correspond to the transitions, 
mae! a and 6;—5_,. These lines may 
easily be identified with those observed at, 
156.49, 278.55 and 442.24 cm™. 

In theory each level may be determined by 
means of two or three lines but in many cases 
(nearly % of the levels) some of the lines are 
either too weak, are overlayed by much stronger 
lines, or fall outside the region investigated. 
This is particularly true for the high J groups and 
in fact none of the lines to the levels 11_, and 
11_; were satisfactorily observable and conse- 
quently these values are estimated only. The 
fact that a level can be fixed by each of several 
lines is equivalent to the existence of combination 
relations. We might give, as examples, the 
following : 








8_,—7_,=158.00 7_5—7_7=118.08 
8_;—8_;=141.50 8_;—7_5=181.46 
299.50 299.54 


and 7_3;—6_;=335.34 7_;—6_5 = 139.09 
8_3—7_3= 223.82 8_3—7_,=420.10 


59.16 559.19 








on 


The errors of 0.04 and 0.03, respectively, are to be 
distributed among four lines. This order of 
magnitude for the error is in accordance with 
what is revealed by a study of the experimental 
curves themselves, namely, that a sharp single 
line may be located to within 0.05 cm~. 

The methods which have been outlined proved 
very satisfactory for identifying the lines and 
determining the energy levels. However, an 
additional process for correlating the lines was 
found which served as an important check on the 
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identifications. This consisted in recognizing that 
many of the lines may be formed into series which 
are analytic in nature. As one example consider 
the transitions which connect the highest levels 
in one J group with the highest levels in the next 
lowest J group. The first observed members of 
this series are the two lines 2,;—1,=92.51 and 
22—19=99.04. An average value of these num- 
bers, namely 95.78, is taken. There are ten 
members of the series of which the highest is 
ego“ | =s1s.27, The ten numbers are 

1110— 1010 
placed in a column and first and second differ- 
ences are then taken. The second differences are 
found to have the values 1.03, 1.96, 2.17, 2.02, 
2.33, 2.46, 1.90 and 1.83. The run of these 
numbers leaves no doubt but that the ten lines 
belong together and form a series. Second differ- 
ences are of course very sensitive to changes in 
the frequencies of the original lines. For example 
the value 2.02 seems to be somewhat too low. It 
depends among others upon the line at 303.00 
which is seen to be one component of a close 
doublet and hence rather inaccurately de- 
termined. If we should arbitrarily increase it to 
303.08 then. the third, fourth and fifth second 
differences would read 2.09, 2.18, 2.25; the others 
remaining unchanged. From the complete spec- 
trum, in all six independent series were located, 
the longest containing ten numbers and the 
shortest, six. Other regularities exist between the 
energy levels which are revealed by a little 
inspection. The 5W of one J group seems to be 
closely correlated with the 6W of the next higher 
J group. Again from the highest level of a group 
to the lowest level 5W decreases in a rather 
smooth manner except for a certain alternation. 
Thus starting from the bottom the 6W of the 
ist, 3rd etc. levels are high compared with the 
5W of the 2nd, 4th, etc., levels. 

Through the use of the foregoing methods the 
rotational energy levels of water have been 
determined up through J=11. As a final test of 
our analysis we shall calculate the lines corre- 
sponding to every allowed transition together 
with the approximate expressions for the in- 
tensities. These are listed in Table III. A few of 
the lines connecting high energy states are not 
included in the table since their calculated 
intensities are so small as to show that they lie 


well below the limit of observation. There are 
certain transitions which are possible for the 
asymmetric rotator but which are forbidden in 
the corresponding symmetric rotator. The ap- 
proximate intensity formulae are consequently 
not applicable to these lines and we have treated 
them as follows. In every case the frequency of 
the line was calculated and a search was made to 
see if it had been found experimentally. In the 
great majority of instances no line was observed 
showing that its intensity must be very small. 
Such transitions of which an example is 54—6_, 
= 295.61 were omitted from the table. In a few 
cases, as 4,—3_,.=346.07, lines were observed 
and these are listed in the table with question 
marks for their intensities. These recorded lines 
are usually between levels of low J values where 
the asymmetric nature of the rotation is most 
pronounced and which are hence the most likely 
to appear. 

The data contained in Table III are shown 
graphically in Figs. 3 and 4. The lower curve 
represents the observed spectrum of water vapor 
as obtained by averaging the points found from 
several independent runs over each line. Unfortu- 
nately the intensities of the lines are not de- 
termined with anything like the accuracy at- 
tained for their positions. The relative intensities 
of neighboring lines or groups of lines can 
usually be relied upon but the curve gives no 
measure of the strength of a line in one frequency 
range with that in another range. This is evident 
from the manner in which the data were obtained. 
For the region from 74 cm~! to about 300 cm™ 
the spectrometer case was kept as dry as possible 
with P,O;. From this point onward the dryer was 
gradually removed until for.the highest fre- 
quencies open trays of water were placed in the 
spectrometer. Thus there can be no direct com- 
parison between two lines at say 200 and 
400 cm. 

Above the experimental curve we have plotted 
the calculated positions and intensities of the 
lines. These are drawn so that the area under 
each triangle is proportional to the intensities 
appearing in the table. Since the intensities in the 
experimental curve were being augmented in 
going toward shorter wave-lengths by admitting 
more water into the path, it was necessary to 
increase the theoretical intensities. This was done 
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somewhat arbitrarily by letting the propor- 
tionality factor be 1 from 74 cm™ to 295 cm™, 2 
from 295 to 380, 20 from 380 to 465 and 80 from 


465 to 560. cm™. 


4. Discussion 


The figures which we have obtained for the 
rotational energy, in general, agree well with the 
values published by Mecke,‘ particularly for the 
lower levels of each J group. In the case of the 
higher levels there exist differences occasionally 
as large as 1 or 2 cm™. It appears to us that the 
present measurements of the far infrared spec- 
trum allow a very much more precise determi- 
nation of the levels than is attainable from any 
study of the existing data on the near infrared 
bands. 

A comparison of our results with those found 
by Barnes, Benedict and Lewis® is less satis- 
factory since it shows a lack of agreement of 
from 1 to 9 cm™'. A second and a principal 
difference between the present investigation and 
those which have gone before it, is the complete- 
ness with which the energy levels have been 
obtained. Thus it will be possible now to de- 
termine such quantities as for example the 
Zustandsumme at room temperature with an 
accuracy of 0.1 percent or better. 

Let us now consider the degree of completeness 
with which the rotational spectrum of water 
vapor has been analyzed and the accuracy with 
which the levels have been determined. Two 
points of view must be presented. The first of 
these might be termed, the verification of the 
level scheme through combination relations. Of 
the total of 173 lines, 160 are satisfactorily 
accounted for. From these 160 lines, 115 distinct 
levels have been calculated thus implying the 
existence of 45 combination relations. Thus in 
principle there should be 45 predicted lines which 
may be compared with measured lines. Actually 
these lines are not isolated since each level was 
found by averaging the values as determined 
from all the lines ending upon the level in 
question. Nevertheless the exactness with which 
the combination relations are fulfilled is evinced 
by the good agreement between the observed and 
calculated frequencies in Table III. The small- 
ness of the differences is an index of the uncer- 
tainty to be ascribed to the energy levels. For the 


levels up through J=7 or 8, where most of the 
combination relations occur, the order of magni- 
tude of the error almost certainly is less than 
0.1 cm while for no level will it be more than 
0.4cm™. 

The second method of testing our results is 

, based on the fact that the energy levels are not 

independent numbers to be chosen at random 
but that they form a closely related group. 
| Their positions are fixed by the three moments 
of inertia together with a limited number of 
parameters which determine the centrifugal 
stretching correction. The circumstance that the 
levels of Table I obey these conditions, is shown 
by the regular behavior of the quantity 6W. In 
most cases, the displacement of a level by as 
much as 1 or 2 cm~ would introduce pronounced 
discontinuities in the series which may be 
formed from successive values of 6W. 

The essential consistency of the analysis is 
indicated by the excellent correlation between 
the observed and predicted spectrum as shown in 
Figs. 3 and 4. Every strong observed line has an 
accompanying strong predicted line. There is no 
single instance of a calculated line of measurable 
intensity which fails to appear in the experi- 
mental curve.'’® This, we regard as highly im- 
portant. There are, on the other hand, six lines of 
medium intensity and seven weak lines which are 
not represented in the predicted spectrum. For 
the most part these lie towards the higher 
frequencies and undoubtedly are lines corre- 
sponding to transitions to the levels of J=12 or 
even 13. There would be no difficulty about 
postulating levels by means of which these 13 
lines would be accounted for. This we have 
refrained from doing since from a few scattered 
levels of J=12 we could not observe those 
regularities in 5W which have everywhere been 
considered essential to the analysis." 

The analysis of the rotational spectrum of 


10 The one possible exception lies at 249 cm~! where two 
weak lines are predicted which should presumably have 
been observed. The reason that they were not, appears 
evident from a study of the original curves which show 
that great care was taken in drying the spectrometer as 
well as possible in order to measure accurately the two 
strong lines at 248.04 and 254.05 while less attention was 
paid to the intervening region. 

1 Certain levels of J=12 and higher are indeed listed 
in Table I but these were determined from lines which are 
members of a series and about which there can be little 
doubt. 
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water vapor appears to be complete in the sense 
that the lines have been identified and the energy 
levels determined. The next step is, of course, to 
obtain with great precision the effective moments 
of inertia of the molecule. This will demand an 
adequate calculation of the rotational stretching 
effect, a problem which we now plan to attack. 


L. 


SNAVELY 


On the experimental side we are endeavoring to 
map the rotational spectrum of D.O. An accurate 
knowledge of the effective moments of inertia of 
both H2O and D.O would do much towards 
making possible a precise determination of the 
true moments and hence of the dimensions of the 


molecule. 
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The ionization occurring in mercury vapor as the result 
of the impact of electrons of energy less than 10.4 volts was 
studied by use of a tube containing a small filament, the 
emission of which was limited by space-charge. The ioniza- 
tion produced has been studied as a function of electron 
velocity, bombarding current and pressure of the mercury 
vapor. For electron velocities above 7 volts the data are in 
agreement with the assumption that the larger part of the 
ionization is the result of ionization of metastable atoms by 
electron impact. Critical potentials at 8.4 and 8.6 volts are 


INTRODUCTION 


QUANTITATIVELY plausible explana- 

tion of the origin of the ionization which 
must occur in a low voltage arc was first given by 
K. T. Compton! in terms of an initial excitation 
of the vapor by electron impact and subsequent 
ionization of the excited atoms by the impact of 
other electrons. Various experiments in which the 
ionization is produced under more exactly con- 
trolled conditions than exist within an arc have 
since been explained on the basis outlined by 
Compton. Thus Franck and Einsporn? found 
critical potentials in mercury vapor corresponding 
to the potentials necessary to ionize the meta- 
stable levels and Smyth and Compton? observed 
a decrease in the ionization potential of iodine 
when it was excited by radiation from a mercury 


* Now at Lehigh University, Bethlehem, Pennsylvania. 

1K. T, Compton, Phys. Rev. 15, 476 (1920). 

2 J. Franck and E, Einsporn, Zeits. f. Physik 2, 18 (1920). 

3H. D. Smyth and K. T. Compton, Phys. Rev. 16, 501 
(1920). ) 


identified with the configurations 5d%6s*6p'P,° and 
5d'°6s7 p *P,", respectively. Another critical potential at 6.9 
volts is tentatively identified as the difference between the 
lower metastable level, 6s6p *P,®, and a negative energy 
level, 6p? 5P;. Large numbers of negative ions were found 
in the neighborhood of 4.9 volts. It is suggested that 
ionization observed in this region is due to the simultaneous 
formation of a positive ion and a negative ion upon the 
collision of a 2°P» atom with a 2'P, atom. 


arc. Kannenstine* and Marshall®> attempted to 
observe a lowering of the ionization potentials in 
He and in Hg due to the presence of metastable 
atoms but it was shown by Pool® that their 
results were inconclusive. 

Experiments on the photoionization of mercury 
vapor by A2537, discovered by Steubing’ and 
later studied by Rouse and Giddings,* Foote,’ 
and Houtermans,'’ indicate that there is probably 
some other secondary process in addition to that 
outlined by Compton which may be of major 
importance at least at higher pressures. It has 
been definitely shown that ions are produced as 
the result of two successive absorptions of \2537 
and that no other radiation is involved. Houter- 
mans showed that the ions are produced probably 


4F. M. Kannenstine, Astrophys. J. 59, 133 (1924). 

5M. Marshall, Astrophys. J. 60, 243 (1924). 

6M. L. Pool, Phys. Rev. 30, 848 (1927). 

7 W. Steubing, Physik. Zeits. 10, 787 (1909). 

§G. F. Rouse and G. W. Giddings, Nat. Acad. Sci. Proc. 
11, 514 (1925); 12, 447 (1926). 

»P. D. Foote, Phys. Rev. 29, 609 (1927). 

10 F. (;, Houtermans, Zeits. f. Physik 41, 619 (1927). 
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IONIZATION 


as the result of a collision between a 2°P; and a 
23P, atom so that the total energy available is 
only 9.51 volts. This is 0.87 volt less than the 
energy required for ionization by a primary 
process. Houtermans suggested that in this case 
molecular ions are formed. Later Arnot and 
Milligan'' found that Hg» ions could be produced 
by the impact of electrons having energies in 
excess of 9.5 volts. 

Nielsen” found that negative ions were pro- 
duced in mercury vapor by electron impact at 
2.7, 4.9, 5.5, and 8.8 volts, probably as the result 
of some secondary process. Arnot and Milligan™ 
also observed negative Hg ions due to the 
impingement of positive ions on a metal surface. 

In the present paper the total ionization 
produced in mercury vapor by the impact of 
electrons having energies below 10.38 volts is 
studied with a view to identifying the processes 
responsible for the ionization. 

The general experimental method consisted in 
studying the ionization produced in mercury 
vapor by bombardment with slow electrons, 
alone and in combination with the radiation 
from a low pressure mercury arc, as a function of 
the bombarding voltage, with various bom- 
barding currents and pressures of vapor. Hertz’s' 
method, in which the presence of positive ions 
increases the space charge limited current from a 
small filament, was used to determine the amount 
of ionization of the vapor. 

The procedure was to obtain a curve showing 
the variation in the current 7 between the 
filament and the anode as a function of the 
accelerating voltage of the bombarding electrons, 
V. Ionization setting in at a given voltage would 
then be indicated by a change in the slope of the 
curve at the corresponding voltage. The curves 
obtained were analyzed quantitatively. 


APPARATUS 


Figure 1 (a) shows the general type of tube 
employed. The tubes were made compact enough 


uF, C. Arnot and J. C. Milligan, Roy. Soc. Proc. 153, 


359 (1936). 

2 \W.M. Nielsen, Phys. Rev. 27, 716 (1926) ; Nat. Acad. 
Sci. Proc. 16, 721 (1930). 

F.C. Arnot and J. C. Milligan,’ Roy. Soc. Proc. 156, 
538 (1936). 

4G. Hertz, Zeits. f. Physik 18, 307 (1923). 
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so that the complete assembly of anode, cathode 
and filament could be slipped down into the 
quartz portion of a 17 mm internal diameter 
quartz Pyrex graded seal which served as the 
envelope. This construction eliminated waxed or 
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Fic. 1. Arrangement of electrodes in experimental tubes. 


ground joints and made it possible to bring the 
mercury arc up quite close to the portion of the 
vapor within the tube which was to be illumi- 
nated. The oxide coated cathode was of the type 
described by Hertz and Kloppers. The anode 
was of nickel, hydrogen fired and then degassed 
by means of an induction furnace after the tube 
had been pumped down and baked out. A part of 
one side of the anode was made of nickel gauze in 
order to permit the irradiation of the vapor 
within it. The filament was a 0.1 mm tungsten 
hairpin 8 mm long, generally run at a tempera- 
ture estimated to be about 1700°C. Its potential 
was adjusted with respect to the anode so that 
the emission would be about 20 microamperes. 
The tube shown in Fig. 1 (b) was designed 
originally to decrease any possible contamination 
of the anode by material evaporated from the 
cathode. It became apparent later that this effect 
was probably unimportant. However the curves 
obtained with this tube, due to the peculiarity of 
its construction, differed significantly from those 
obtained with the other tubes. A small shield of 
sheet molybdenum moved by an external magnet 
acting on a small iron armature shielded the 
anode from the cathode except when observations 


6G. Hertz and R. K. Kloppers, Zeits. f. Physik 31, 436 
(1925). 
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were actually being made. The cathode was a 
nickel cylinder about 4 mm long heated by an 
internal coil of tungsten. The tungsten spiral 
grid surrounding the cathode could, for cleaning 
purposes, be heated electrically. The magnitude 
of the bombarding current was fixed by the 
voltage applied between the cathode and the 
grid which was set for a given run and was 
between one and four volts accelerating. The 
variable bombarding voltage was applied between 
the cathode and the anode. 

There were several tubes of the type shown in 
Fig. 1 (a), which were practically identical except 
for the shape and size of their anodes. In what 
follows they will be referred to as “tube A.’’ The 
tube shown in Fig. 1 (b) will be referred to as 
‘tube B.”’ 

In order to increase the mercury vapor pressure 
above that corresponding to room temperature 
the tube was enclosed within an oven and con- 
nected to the pumps through a U-tube mercury 
cut-off one arm of which passed through the 
bottom of the oven. The vapor was supplied 
from the mercury in this arm. 

A device for recording the i—V’ curves directly 
gave considerably greater accuracy than was 
possible by any point by point method of 
recording and permitted a great decrease in the 
time required to obtain a curve. Essentially it 
consisted of a galvanometer placed in the circuit 
between the anode and the filament and a system 
of lenses and mirrors so connected to the slider 
of the potential divider supplying the bombarding 
potential that a beam of light would be deflected 
horizontally by changes in the filament to anode 
current 7 while the vertical deflection would be 
proportional to the bombarding voltage V. The 
beam was brought to a point focus on a photo- 
graphic plate. In order to make the voltage 
variation as uniform as possible the slider on 
the potential divider was driven by an electric 
motor through a system of reducing gears. The 
speed was adjusted so that a curve would be 
completed in about 2 minutes. The galvanometer 
used in the recorder had a period of 2 seconds. 

Bombarding potentials were read on a large 
laboratory standard voltmeter reading to 15 
volts full scale. It was checked against a standard 
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cell at the beginning of the work and again 
toward the end. 

In using the recorder an axis corresponding to 
zero current was always placed on the plate by 
short-circuiting the recorder galvanometer and 
running the slider of the potential divider 
through its travel once. Voltage marks were 
placed either on the curves directly or on the 
current axis. This was done by turning off the 
lamp supplying the illumination for the recorder 
for an instant when the hand of the voltmeter 
crossed each volt mark. 

A mercury arc with an oxide coated cathode 
was used as a source of \2537. The arc discharge 
of about 2 amperes passed through a tube 1 cm in 
diameter, having a quartz central section. A side 
arm held at about room temperature kept the 
mercury vapor pressure within the arc at a 
fairly low value. In use the quartz portion of the 
arc projected up into the oven almost against and 
parallel to the experimental tube. 


RESULTS 


Figure 2 is a typical i-V’ curve taken with tube 
B showing the principal features of the curves 
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Fic. 2. Typical i-V curve made with tube B. p=0.09 
mm. J varied between 50ua for 1’=4 volts, and 96ua for 
V=10 volts. 
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Fic. 3. Reproduction of portion of an i—-V curve made with 
tube A showing breaks in the neighborhood of 5 volts. 
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studied. The voltage scale of each curve was 
corrected for contact potentials by translating it 
so that the beginning of the upward bend 
indicating primary ionization would occur at 
10.4 volts. 

Certain features of the curves may be noted: 


(a) An upward rise beginning at 6.9 volts. For low 
vapor pressures this rise does not become noticeable until 
about 8 volts. 

(b) A peak between 8 and 9 volts which from its shape 
appears to consist of two unresolved peaks at 8.3 and 8.6 
volts. 

(c) A decrease at 4.9 volts. This decrease was consider- 
ably larger for tube B than for tube A. 

(d) A small upward break was observed on the curves 
taken with tube A which occurred about 0.8 volt higher 
than the downward break at 4.9 volts. Fig. 3 shows these 
breaks at 4.9 and 5.7 volts. 


Figure 4 shows the effect of illumination from 
the quartz mercury arc on the filament-anode 
current. Both the curves shown here were taken 
under conditions which were as nearly as possible 
identical except that curve (a) was taken while 
the tube was illuminated by the arc and (b) was 
taken without such illumination. For purposes of 
comparison the upper curve has been transposed 
as shown by the dotted curve. The general shape 
indicates that the electron velocity distribution 
was considerably broader than in any of the 
curves used for locating the critical potentials. It 
is seen that as a result of illumination by the arc: 
(a) There is a general increase in the filament 
current. (b) The height of the peak between 7 
and 10.4 volts is increased. (c) The increase in the 
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Fic. 4. Effect of radiation from the mercury are on i-V 
curves. These curves were traced from data recorded auto- 
matically with tube A. (a) Arc on. (b) Are off. For the 
purpose of comparison curve (a) has been transposed as 
shown by the dotted curve. J=60ua. p=0.03 mm. 
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height of this peak is relatively greater between 7 
and 8 volts than at the higher voltages. 
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Fic. 5. Slope of i-V curves at 11.2 volts as a function of the 
bombarding current in tube A, p=0.23 mm. 


As a basis upon which to test the quantitative 
functioning of the filament as a detector of 
ionization, it was assumed that almost all the 
ions formed by electrons whose energies exceeded 
10.38 volts would be produced as the result of a 
primary process. The slope of the 7-V curves at 
11.2 volts was chosen as a measure of the change 
in the filament current due to the ionization. An 
inflection at this point reduces the effect of an 
error in choosing the point at which to measure 
the slope. In Fig. 5 this slope has been plotted 
against the bombarding current for constant 
mercury vapor pressure. The linear relation 
obtained is considered sufficient justification for 
the assumption that at constant pressure, changes 
in the current from the filament are directly 
proportional to the ionization. 

In Fig. 6 the slope at 11.2 volts per unit 
bombarding current has been plotted as a func- 
tion of the mercury vapor pressure, ~, using 
logarithmic scales. Kingdon'® and Foote and 
Mohler'’ have shown that the effectiveness of an 
ion in neutralizing space charge about a small 
filament varies inversely as the two-thirds power 
of the pressure. Under these conditions the effect 
of a given bombarding current on the filament 


1% K. H. Kingdon, Phys. Rev. 21, 408 (1923). 
“ P, D. Foote and F. L. Mohler, Phys. Rev. 26, 195 
(1925). 
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Fic. 6. Slope of i-V curves per unit bombarding current 
as a function of the mercury vapor pressure. Points taken 
with two different tubes. The line through the points has a 
slope of one-third. 


current should vary as p/p'=p!, where p is the 
vapor pressure. The proximity of the points of 
Fig. 6 to a line drawn with a slope of } indicates 
that the points are in good agreement with this 
equation. 

In the curve of Fig. 7 the height of the peak at 
8.6 volts is shown as a function of the bombarding 
current J. The peak height was measured as 
indicated by y in Fig. 2. The curve in this 
illustration, however, has a minimum which is 
very much larger relative to the peak at 8.6 volts 
than any of the curves used for the data of Fig. 7 
or Fig. 8. The points of these two curves would 
not have been appreciably changed if the peak 
height had been taken as the difference between 
filament currents at the peak and at V=0. The 
curve shown in Fig. 7 was derived from a certain 
hypothesis as to the origin of the peak which will 
be discussed later. 

In Fig. 8 the peak height at 8.6 volts has been 
plotted as a function of the mercury pressure, 
the bombarding current being approximately 
constant. 

The magnitude of the break at 4.9 volts was 
measured as the difference between the slopes of 
the 1-V curve at 4.5 and 5.3 volts. With tube A 
at a constant mercury vapor pressure and a 
bombarding current between 30 and 250 micro- 
amperes this break varied very nearly as the 
square of the bombardirtg current. In Fig. 9 the 
change of slope at 4.9 volts is shown as a function 
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of the mercury vapor pressure for two different 
tubes. Because of considerable variations in the 
bombarding currents between the different points 
the changes of slope have been divided by the 
squares of the respective bombarding currents. 

The change of slope at 5.7 volts was measured 
in the same manner as the break at 4.9 volts. 
This break was too small to permit any accurate 
measurements. For constant vapor pressure, it 
varied as some power between the square and the 
cube of the bombarding current for a fivefold 
variation in the latter. 

The effect of nitrogen up to pressures of several 
mm was tried. The results which were somewhat 
erratic confirmed the conclusions obtained from 
mercury alone but showed nothing additional. 
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Fic. 7. Peak height at 8.6 volts as a function of the bom- 
barding current. p=0.23 mm. 


DISCUSSION 


We may list the following as possible secondary 
processes by which ions might be formed: 

(1) A collision of the first kind between an 
electron and an excited atom. 

(2) A collision of two excited atoms. 

(3) The absorption of a quantum by an 
excited atom. Unless the energy of the quantum 
corresponds very closely to the energy of an 
allowed transition from the excited state the 
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probability of such an absorption is very small 
and for the present discussion we shall assume it 
to be negligible. 

We are here concerned chiefly with those 
excited levels which lie below 8 volts (Fig. 10). 
The lifetimes in these levels in seconds are of the 
order of 10-7 for 2°P,, 10-8 for 2°S;, 10° for 2'P,, 
and the lifetime of 2'S» is probably within this 
region. These times are all considerably less than 
the mean free times calculated from kinetic 
theory which for the range of temperatures and 
pressures used here lie between about 5 X 10~° and 
7X10-7 seconds. It may be assumed therefore 
that the rate at which atoms disappear from 
these levels will be practically independent of 
pressure for the present range of data. 

The undisturbed lifetimes of the metastable 
levels are very much greater, being of the order 
of seconds. Under laboratory conditions the 
lifetimes are reduced to the order of 10-? to 10-° 
seconds by the following processes: (a) Collisions 
of the first or second kind with other atoms. 
(b) Diffusion to the walls. (c) Absorption of 
quanta. (d) Collisions of the first or second kind 
with electrons. 

The net effect of the first three of these 
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Fic. 8. Peak height at 8.6 volts as a function of the mercury 
vapor pressure. 7 =60yua approximately. 
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Fic. 9. Variation of the change of slope at 4.9 volts with 
mercury pressure. 


processes may be estimated from certain experi- 
mental results obtained by Zemansky'* who 
found that the decay constant, 8, for the 
fluorescence of \2537 in mercury vapor after the 
exciting radiation was removed could be ex- 
pressed as: 


B=aN+)/N, 


where a is a constant, N is the atomic concen- 
tration which is approximately proportional to 
the pressure, and 0 is a constant depending on the 
geometry of the apparatus. On the basis of a 
theory advanced by Zemansky and of another 
developed by Samson,'® 8 will also be the decay 
constant for 2'P») atoms. In an absorption cell 
1.95 cm thick used by Zemansky the two terms 
on the right side of the above equation were equal 
at a saturated mercury vapor pressure of about 
0.2 mm corresponding to a temperature of the 
cell of 95°C. For a smaller cell, 1.3 cm thick, } 
was greater so that the two terms were equal at 
about 110°C, corresponding to a mercury pres- 
sure of about 0.5 mm. Since the internal di- 
mensions of the tube used here were considerably 
smaller than the smallest absorption cell used by 
Zemansky, and since the pressure was always 


18M. W. Zemansky, Phys. Rev. 34, 213 (1929). 
1” FE. W. Samson, Phys. Rev. 40, 940 (1932). 
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Fic. 10. Mercury energy levels referred to in this paper. 


below 0.3 mm, it may be assumed, insofar as we 
neglect the effect of electronic collisions, that the 
rate of disappearance of 2°P) atoms will be 
inversely proportional to the pressure. 

The rate at which atoms are removed from the 
metastable levels by electronic collisions will be 
proportional to the bombarding current. Be- 
cause of their comparatively longer lifetimes, this 
process may be of importance in the case of 
metastable atoms, while being comparatively 
negligible for ordinary excited states. 

The general shape of the 7—V curves in the 
neighborhood of 8 volts is very similar to the 
optical excitation functions of the lines \4047, 
44358, 45461, as determined by Siebertz.*° These 
lines all originate on 2°S,. This suggests that the 
ionization occurring in the neighborhood of 8 
volts is the result of an initial excitation to the 
2°S, level. If the energy of the bombarding 
electrons is increased beyond 7.69 volts where this 
level is first excited there will be a sudden in- 
crease in the number of atoms reaching the 
metastable levels because 2°, is the lowest level 
from which the metastable levels 2*P» and 2°P, 
may be populated by direct optical transitions. 
Since the difference in energy between a normal 
ionized atom and a metastable atom is only 5.74 
volts if the latter is in the 2°P, state and 4.95 


20K. Siebertz, Zeits. f. Physik 68, 505 (1931). 
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volts if in the 2*P2 state, electrons having 
sufficient energy to excite the 2°S, level will have 
more than sufficient energy to ionize atoms in 
either of the metastable levels. Furthermore 
since the lifetime of the metastable levels is such 
that an appreciable number of atoms in these 
levels may be struck by the bombarding elec- 
trons, it is reasonable to suppose that some 
ionization will result. The process may be treated 
quantitatively as follows: 

Let Az be the increase in the current from the 
filament to the anode as the result of this 
secondary process at some particular value of the 
bombarding voltage V. 


Let nm be the concentration of metastable 
atoms. 

As before let J be the bombarding electron 
current. 


Then since as we have already seen, the tube 
responds linearly to the rate of production of 
ions, and since the sensitivity varies inversely as 
the two-thirds power of the pressure, 


AMi=kp-inl, (1) 


where & is a constant which depends on the tube. 

If the metastable levels are supplied chiefly by 
radiation from the 2%S, level, the rate of pro- 
duction will be directly proportional to the 
concentration of 2S; atoms. This concentration, 
insofar as we neglect all secondary methods of 
production, will be jointly proportional to the 
bombarding current and the concentration of 
normal atoms. If we neglect temperature vari- 
ations, this last factor may be replaced by the 
pressure. Hence we have upon equating the rates 
of production and disappearance of metastable 
atoms: 


alp=bnI+cn/p, (2) 


where a, b, and ¢ are constants which depend on 
the tube. The first term on the right side of this 
equation represents the rate at which electrons in 
the bombarding beam cause atoms to pass out of 
the metastable levels and the last term is the 
rate at which metastable atoms disappear due to 
other causes.”! 

21 Equation (2) gives the same relationship between the 
concentration of metastable atoms and the bombarding 
current as was found by Kopferman and Ladenburg, Zeits. 
f. Physik 48, 15 (1928), to exist between the concentration 


of metastable atoms in the positive column of a neon glow 
discharge and the current density. 
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On combining Eq. (1) and Eq. (2) we have: 
Ai=akl*p\/(bI +c/p). (3) 


Let y be the height of the peak at 8.6 volts. 
Then if the ionization is due almost entirely to 
the process outlined, we will have : 


y=[p'/(UI+ V/p), (4) 


where U and J are constants which depend upon 
the tube. 
Equation (4) may be written as: 


P?/y=(U/p')I+ V/p*. (5) 


Hence for constant p, J*/y plotted as a function 
of J should give a straight line of slope U/p! and 
intercept V/p**. In Fig. 11 the data corre- 
sponding to Fig. 7 have been plotted in this 
manner. From the slope of the line drawn 
through these points, U/p=3.0; and from the 
intercept, '/p=57; where p=0.23 mm of mer- 
cury, and J is expressed in microamperes. These 
values have been substituted in Eq. (4) to 
compute the curve of Fig. 7. 

Substituting for p its known value we obtain: 
U=1.8 and |’ =8. These are constants which are 
independent of current and pressure and depend 
only on the geometry of the tube and the 
operating conditions of the filament. The tube 
used for obtaining the points of Fig. 7 and the 
tube used for the points of Fig. 8 had filaments 
which were almost exactly alike, although the 
anodes differed in their dimensions. From the 
value of U and V determined by the former tube 
it was estimated, from a consideration of the 
differences in the anodes, that for the data of 
Fig. 8, we should have approximately, U=0.9 
and \’=16. These values were used in Eq. (4) to 
compute the curve shown in Fig. 8. 

It appears reasonably certain that the peak 
cannot be due to either of the other secondary 
processes previously mentioned. If the peak were 
due to collisions of excited atoms with other 
excited atoms or with quanta, it would still be 
necessary to assume that metastable atoms were 
involved in order to explain the downward 
curvature of the points of Fig. 7, since these are 
the only states having lifetimes sufficiently long 
to make destruction by electron impact at all 
probable and thus result in a total ionization 
which varies by some power less than the square 
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of the bombarding current. The concentration of 
the second constituent of such collisions, excited 
atoms or quanta, would vary approximately with 
at least the first power of the pressure because 
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Fic. 11. J?/y as a function of J. 


the rate of production by electron impact depends 
upon the number of collisions which the bom- 
barding electrons make with normal atoms. 
With such a mechanism Eq. (4) would be 
replaced at sufficiently low pressures or small 
bombarding currents, by an equation of the form: 


y=(1/V)l*p", 


where n=7/3, and the points of Fig. 8 might be 
expected to approximate to a line of slope 7/3. 
The slope of approximately one which is actually 
observed agrees much better with the original 
hypothesis as to the origin of the peak. 

It seems very probable that of the two 
metastable levels, 2°P») must be the one chiefly 
involved in the processes of ionization discussed 
so far. The term in Eq. (2) which we attributed to 
destruction of metastable atoms by collisions 
with electrons implies a metastable state having 
a fairly long life. This condition is fulfilled much 
better by the 2°P, state than by the 2°P». It is 
principally the former level which is filled by 
radiation from the mercury arc so that the 
additional ionization produced is most reasonably 
ascribed to the excitation of this state rather than 
to 2°P». 

It is probable that the sharp maximum 
occurring in the excitation function of the level 
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25S; and the sharp maximum also observed here 
in the secondary ionization may be due to the 
fact that when the energy of the electrons equals 
or exceeds that necessary to excite the levels just 
above 2°S,, the number of atoms reaching 2°S; 
suddenly decreases because the energy of the 
bombarding electrons is now taken up by the 
excitation to the higher levels. This hypothesis 
is in beautiful agreement with the shape of the 
peak obtained here between 8 and 9 volts. The 
first two levels above 2°S, to which transitions 
from the ground state are optically allowed, and 
hence which might be expected to have a high 
probability of excitation under electron impact 
are 5d°6s°6p *P,° and 5d'6s7p*P,° at 8.37 and 
8.59 volts respectively. These voltages correspond 
very closely with the sharp downward breaks 
obtained here at 8.3 and 8.6 volts. Since these 
breaks occur on a portion of the curve which is 
rising very rapidly they give the appearance of 
peaks. The voltage difference between these 
peaks as determined from the six best i—V curves 
obtained with tube A is 0.25+0.04 volts, which is 
in agreement with the difference of 0.22 volt 
between the two °P; terms. 

If we accept as correct the foregoing interpre- 
tation of the peaks between 8 and 9 volts, their 
positions may be used to correct for contact 
potentials more accurately than is possible with 
the somewhat rounded break indicating ioniza- 
tion at 10.38 volts. On this basis the upward rise 
near 7 volts is found to lie at 6.90+0.05 volts. 
This value was the average of six determinations 


' taken from the same plates as were used to 


calculate the voltage differences between the 
peaks. 

It seems reasonable to attribute the break at 
6.9 volts to an ultraionization potential of the 
lower metastable state. The position of this 
break corresponds closely with the energy of 6.93 
electron volts required for the transition, 
6s6p *P,)°— 6p" *P;. 6p? *P; is a negative energy 
level having a term value of —9789 cm™. This is 
an optically allowed transition and therefore 
might be expected to have a fair probability of 
occurrence under electron impact. Shenstone 
has suggested that ultraionization potentials may 
be excitation potentials of negative energy levels 


2 A. G. Shenstone, Phys. Rev. 38, 873 (1931). 


which produce ions by autoionization. However, 
as Shenstone has pointed out, it is not to be 
expected that the 6p? *P levels would lead to such 
ionization directly. Ionization would have to be 
preceded by a radiative transition to a lower 
unstable level. 

The break at 5.7 volts is probably an ionization 
potential of the 2°P, level. This agrees with the 
difference of 5.73 volts between the ionization 
potential at 10.38 volts and the excitation 
potential of the 2*P» level. 

The origin of the downward break at 4.9 volts 
is not entirely clear. Off-hand one might expect 
4.9 volt electrons to have about the same effect 
on the ionization within the tube as the ab- 
sorption of 42537, which has the same energy. 
\2537 excites the 2*P, level and from this the 
2°P» level is populated by collisions with normal 
atoms. These are the only two levels which we 
would expect to be primarily excited by 4.9 volt 
electrons. However, it is observed that where 
absorption of \2537 leads to an increase in the 
filament-anode current, the impact of 4.9 volt 
electrons leads to a decrease in the filament-anode 
current. 

Since the magnitude of the break at 4.9 volts 
varies as the square of the bombarding current, it 
seems improbable that the effects observed can 
be due directly to any space charge effects of the 
bombarding electrons. For the same reason and 
also because of the reproducibility of the break 
with different tubes it appears very improbable 
that it is due to the accumulation of charges on 
any insulating layers which might have formed 
inside the anode. Electrons striking the filament 
and its supports might cause a slight decrease in 
the apparent current between the filament and 
anode as measured by an external galvanometer, 
but there would be no simple explanation as to 
why the effect is observed only above 4.9 volts. 
We are left with the conclusion that the down- 
ward break at 4.9 volts probably indicates the 
presence of negative ions. 

Although there is not sufficient evidence to 
state definitely the mechanism which causes the 
downward break at 4.9 volts, the following 
hypothesis is in accord with known facts. 
Houtermans'"® has shown that the collision of a 
2°P, and a 2*P, atom is probably responsible for 
the ionization accompanying the absorption of 
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\2537. Suppose that the collision of these two 
atoms results in the transfer of an electron so that 
a positive and a negative ion are formed simul- 
taneously. The minimum total energy necessary 
for this process would be equal to the difference 
between the ionization potential and the electron 
affinity of the normal atom. Since the total 
energy available in the two excited atoms is 
4.65+4.86=9.51 volts, and since the ionization 
potential is 10.38 volts, the reaction suggested 
above will be energetically possible provided the 
electron affinity is in excess of 10.38 —9.51=0.87 
volts. Glockler** using an empirical extrapolation 
method has estimated the electron affinity to be 
about 1.79 volts. 

We would expect on this basis that, where the 
excitation is produced by radiation, the filament 
current would be increased because the negative 
space charge around the filament would cause 
diffusion of positive ions into that region. On the 
other hand where excitation is produced by 
electron impact there will always be a large 
number of slow electrons which by recombination 
with positive ions and by their space charge 
effects in other parts of the tube may cause the 
diffusion of an excess of negative ions into the 
region of the filament. This hypothesis is borne 
out by the results obtained with tube B in which 
the decrease at 4.9 volts was much more pro- 
nounced than in tube A. In the former tube the 
bombarding electrons were shot into the anode 
through a fairly large opening which permitted 
some penetration of the field from the grid into 
the space where ions were being formed. This 
field would act to pull positive ions out of the 
anode and to accelerate negative ions into it thus 


23 G. Glockler, Phys. Rev. 46, 111 (1933). 


producing a greater preponderance of negative 
ions in the vicinity of the filament. 

The decrease in the magnitude of the break at 
4.9 volts as the pressure is raised is probably due 
to a decreased effectiveness of the stray fields 
within the anode in separating the positive and 
negative ions at the higher pressures rather than 
to a decrease in the actual amount of the 
ionization. 

It seems very improbable that the downward 
break at 4.9 volts can be due to the process 
discovered by Arnot and Milligan’ in which 
negative ions are formed when positive ions 
impinge on a metal surface. The probability 
found for this process decreased with the speed of 
the positive ions and was only 1.7 X10- for 10 
volt ions. Thus in any tube of the type used here 
the number of positive ions necessary for the 
production of the negative ions would completely 
prevent the detection of the latter. Furthermore 
if we did accept this explanation of the downward 
break at 4.9 volts, it would then be necessary to 
explain why the negative ionization did not mask 
the presence of positive ions in the region above 
7 volts. 
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his deep gratitude to Professor L. A. Turner for 
the discussions which led to the problem of the 
present paper and for his friendly and indis- 
pensable criticism and advice during the course 
of the work. To Princeton University the writer 
is indebted for a fellowship held during the 
earlier stages of the work. It is also a pleasure to 
acknowledge to the physics department of 
Princeton University, appreciation for their in- 
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Laboratory for several years following the termi- 
nation of the author’s residence in the university. 














1937 





AUGUST 1, 


PHYSICAL REVIEW 





VOLUME 52 


Carrier Mobility Spectra of Spray Electrified Liquids 
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Department of Physics, University of California, Berkeley, California 
(Received March 15, 1937) 


The mobility specirum of spray electrified salt solutions 
has been investigated with an Erikson mobility tube under 
conditions of high resolving power. In general there are no 
charged carriers of mobility greater than 1.7 cm/sec. per 
volt /cm. At about this value the curves rise sharply, and 
then level out, approaching a broad maximum in the region 
between 0.05 and 0.10 cm/sec. per volt /cm, and then very 
gradually decrease toward zero. Superposed on this 
“background” striking peaks are observed, indicating 
groups of unique mobility. For the spraying of distilled 
water the most prominent peaks occur at mobilities of 1.5 
for the negatives and 0.9 for the positives. Carriers of both 
signs are produced in about equal quantities. For bubbling 
the negative predominate in the ratio of 2.5 to one, and the 
prominent peaks occur at 1.5 and 0.3 for the negatives, and 
0.9 and 0.4 for the positives. The introduction of salts to 
the water increases the electrification from spraying up toa 
concentration of about 1.0 10-4 normal. At this value the 


electrification is about double that for distilled water, but at 
higher concentrations the electrification decreases so that 
for 0.2 normal it is only 10 percent of that for distilled 
water. The salt gives rise to very strong peaks at mobility 
0.5. Investigations have also been made of the effects on the 
curves of age of the carriers and humidity of the air. It 
is concluded that the peaks represent stable groupings, the 
negative 1.5 group being due to a normal negative ion in 
moist air coming from an evaporated drop. The 0.5 peaks 
in the salt curve presumably come from carriers containing 
electrolytic ions. Probably all of the carriers are singly 
charged. It is impossible to calculate quantitatively the 
size of the small carriers in the faster groups from their 
mobility, but from the value of the potential difference of 
the double layer, and estimates on salt solutions, it is 
concluded that the separation of the double layer is 
2.0 10-* cm corresponding to an extra electronic charge 
for every 550,000 H-O molecules. 





HE electrification of liquid droplets pro- 

duced by spraying, bubbling, and similar 
methods is well known.'-* These phenomena 
depend upon the surface condition of the liquid, 
the presence of an electrical double layer within 
the surface being the important factor.‘ 

While water and aqueous solutions have been 
studied by various workers (particularly by 
Lenard), the nonaqueous liquids have received 
relatively little attention. Results obtained by 
the writer® who used the Millikan oil-drop 
method on organic liquid droplets of 310~* to 
5xX10-* cm radius were quite different from 
those of Lenard, who estimated that his droplets 
were of 10-® to 10-7 cm radius. To correlate 
the two sets of results, the writer set up an 
Erikson mobility tube capable of covering a 
wide range of mobilities under conditions of 
high resolving power. The present paper reports 
the results obtained with water and salt solu- 


1 Lenard, Wied. Ann. 46, 584 (1892). 

2 J. J. Thomson, Discharge of Electricity Through Gases 
(1898), p. 17 et seq. 

3 Coehn and Mozer, Ann. d. Physik 43, 1048 (1914). 

4 Lenard, Ann. d. Physik 47, 463 (1915). 

5 Blackwood, Phys. Rev. 16, 85 (1920). 

6 Busse, Ann. d. Physik 76, 493 (1925). 

7 Biihl, Kolloid Zeits. 59, 346 (1932). A review. 

8 Chapman, Physics 5, 150 (1934). 
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tions. A study of nonaqueous liquids is now in 
progress. 


APPARATUS AND PROCEDURE 


The apparatus is shown schematically in Fig. 
1, which is, however, not drawn to scale. The 
spray is generated by a glass atomizer S, in the 
spray chamber WM. The spray is led through 
the inlet 7, into the Erikson tube. A blast of air 
from the air pressure regulator Az blows the 
spray down the tube, while the electric field 
between the plates P; and P: drives the charged 
carriers across the tube. The point at which 
they strike the plate P2 will thus depend on 
their mobility. Hence by moving the electrodes 
E, and FE, up or down the tube one can obtain 
a mobi..ty spectrum, that is, a curve of current 
to the electrometer Q, as a function of electrode 
position. 

The Erikson tube, made of poplar and coated 
on the inside with paraffin, has an over-all length 
of 3 meters. The air blast travels down the tube 
80 cm before reaching the inlet 7. The brass 
plates P,; and Py: are 140 and 200 cm long, 
respectively. The grounded plate (P:) may be 
moved vertically over a range of 50 cm. Thus 
with the two electrodes E, and Es, spaced 50 cm 
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apart, it is possible to cover a range of 100 cm 
in downstream distance from the spray inlet J. 
P, supported on hard rubber is spaced 1 mm 
from the walls of the tube. The spacing between 
P, and P» is 2.78 cm. The air blast thus travels 
down the rectangular area 6.10 2.78 cm. 

The spray chamber M is a virtually air tight 
brass box 132540 cm. The spray is led 
through the brass inlet J, 0.54.0 cm in cross 
section and 6 cm long. At the entrance to the 
tube, the inlet is bent over as shown, allowing 
an entrance of 4.00.25 cm. The inlet makes 
electrical connection between P; and M. 

The solution to be studied is placed in the 
supply vessel G, and is siphoned into the reservoir 
J, which maintains constant level. The sprayer 
S and all the supply system is constructed so 
that, except for the platinum electrode D, the 
solution comes in contact only with glass. The 
top of the glass sprayer capillary tube is shielded 
on the outside with platinum foil connected to D. 
The sprayer is placed so that at least a large 
part of the spray generated goes into the inlet J. 

The electrodes E; and E, are 0.5 &4.0 cm with 
an air space 1 mm wide between them and the 
grounded plate P». The electrodes are supported 
by the sulphur block J/, and protected by the 
spray guard K. A stream of filtered air dried 
over PO; comes from the filter NV, and ventilates 
the electrode. This electrode ventilation was 
particularly necessary when working with con- 
centrated salt solutions. It might be supposed 
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Fic. 1. Diagram of Erikson mobility apparatus. 


SPECTRA 185 


that the ventilating stream would blow the 
charged carriers away from the electrode, but 
this is not so, as is proved by the fact that 
curves for weak solutions made with and without 
ventilation are found to be identical. 

The air pressure regulators will be described 
elsewhere. The pressures of A; and A» are held 
constant within 1 percent, that of A; to } percent. 
Throughout this experiment the air through A» 
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Fic. 2. Mobility spectrum of spray electrified distilled 
water. 


was held at 2900 cm’ per sec., the value being 
obtained by use of a gas meter and water 
manometer. The air supply to the spray chamber 
M was 200 cm*/sec. This auxiliary supply doubled 
the number of carriers in the main blast. The 
air to the sprayer (60 cm*/sec., pressure equiva- 
lent to 19 cm of Hg) was filtered through the glass 
wool and cotton filter F. The average velocity 
of the air down the tube was 186 cm/sec. No 
turbulence was observed through a glass window 
when smoke was sent down the apparatus. 

The electrometer (sensitivity 400 mm/volt) 
was shunted with a resistance of 3X10'° ohms 
so that the currents of 10~'' amp. could be easily 
measured. A transformer and rectifier supply 
the high voltage to the terminals 7. A compen- 
sating circuit is introduced to permit a continu- 
ous variation of the voltage from zero to +4600 
volts without inducing disturbing charges on 
the electrometer. 

The mobility of the ions is given by the 
equation 


k=dT/Vwl 


where & is the mobility of carriers in cm/sec. per 
volt/cm ; d is the (average) distance that the ions 
travel across the tube; 7 is the volume of air in 
cm*/sec.; w is the width of the tube; / is the 
distance downstream to the collecting electrode ; 
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Fic. 3. Mobility spectrum by bubbling distilled water. 
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Fic. 4. Mobility spectrum of spray electrified sodium iodide 
solution. 
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Fic. 5. Mobility spectrum of spray electrified lithium 
chloride solution. 


and V is the voltage difference between the 
plates. It is possible to vary 7, 1, or V but in 
each run V only was varied. The usual effective 
downstream distance was 2.5 cm but measure- 
ments were made from 1.0 to 100 cm, which 
range permitted measurements of mobilities 
above 0.003 cm/sec. per volt/cm. Corrections as 
determined by auxiliary experiments with a 
model in a salt water trough were made for the 
distortion of the field near the inlet. 

The distance of 2.5 cm downstream was 
chosen as the optimum value because for longer 
distances the sharp peaks disappeared due to 
diffusion, attachment of impurities, etc. Shorter 
distances gave a reduced resolving power. The 
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time spent in the tube was thus 2.5/186=1/75 
sec. and the total time for the collection of the 
carriers after their production was certainly less 
than 0.2 sec., possibly less than 0.04 sec. Black- 
wood® mentions no time less than 2 sec. ; dimen- 
sions of Biihl’s’ apparatus indicate times of at 
least 1 sec. The short time interval has an 
important bearing on the results obtained. 


EXPERIMENTAL RESULTS 


The experimental results are given in Figs. 
2-14. The ordinates are given in the same 
arbitrary units. The abscissae are indicated in 
terms of mobility although the voltage is the 
factor determined directly in the experiment. 
While an air-blast method gives good relative 
values of mobility, the absolute magnitude may 
be in error by as much as 20 percent.’ The 
curves rise sharply at a mobility of about 1.7 
cm/sec. per volt/cm and then level out with some 
peaks superposed on this general background. 


Spraying 

Figure 2 shows the type of curve obtained for 
ordinary fresh distilled water. The striking 
feature of the curve is the strong negative peak 
at mobility 1.5 cm/sec. per volt/cm. The high 
mobility positive peak is not so strong, nor so 
sharp, and comes at mobility 0.92. There are 
weaker negative peaks at 0.39 (very weak, but 
definite as shown by duplicate runs) and 0.25; 
and a weaker positive peak at 0.29. Except in 
the immediate vicinity of the peaks the amounts 
of positive and negative electrification are about 
the same. 


Bubbling 


Figure 3 shows a curve made the same day 
by bubbling. In bubbling the breaking up of the 
surface is much less extensive in depth than in 
spraying since the film of water comprising a 
bubble is less than a wave-length of light in 
thickness just before bursting. Accordingly there 
should be a preponderance of negatives, since 
these come from the outer surface of the double 
layer. This is seen to be the case, the ratio of 
negatives to positives being about 2.5 to one. 
Variation in the bubbling pressure by a factor 


® Footnote added in proof: Recalibration of static voltmeter 
indicates that all mobilities should be increased by 7 percent. 
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of four did not change this ratio, nor does the 
one to one ratio for spraying change over a 
limited (factor of 3) pressure range. Biihl’ has 
observed a variation, which may have been due 
to working in a different pressure range, or to 
the fact that his carriers were of greater age. 
With bubbling the same high mobility peaks 
occur as with spraying, but the lower mobility 
peaks are much more prominent in the case of 
bubbling. However, with very low spraying 
pressures the lower mobility peaks become more 
prominent. Fig. 3 is the only curve made by 
bubbling, all others were made by spraying. 


Salt 


Figure 4 shows a typical curve obtained for 
salt solutions, in this case the solution being 
4x<10-° normal sodium iodide. In addition to 
the high mobility peaks previously observed by 
bubbling and spraying distilled water, there are 
very prominent peaks at mobilities of 0.5. 
Fig. 5 for LiCl is almost identical with that 
for Nal, showing that the nature and size of 
the electrolytic ion are not of great importance in 
determining the mobility of the carrier (unless 
these electrolytic ions are hydrated to the 
same size). 

Owing to the finite size of the inlet and the 
electrode, a group of unique mobility will be 
made evident by a peak of finite width on the 
mobility curve. One may calculate the exact 
shape of such a peak. In practice the “corners” 
of the curve are rounded somewhat, but with 
this exception the theoretical curve for the LiCl 
positive peak at mobility 0.52 coincides with 
the experimental curve within the accuracy of 
drawing the curves. Similar remarks apply to 
most of the very strong peaks observed, particu- 
larly those of mobility 0.5 for the positives, and 
1.5 for the negatives. The striking sharpness of 
the strong peaks confirms the smoke test for the 
absence of turbulence in the Erikson tube. 


Change of concentration 


Figures 6 to 11 show the curves obtained for 
KCI for various strengths of solution. Fig. 6 
shows the curves for 0.2 and 0.04 normal. No 
peaks are seen for the 0.2 normal, and the 
amounts of electrification are very small. For 
0.04 normal there is some definite structure to 
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Fics. 6-11. Mobility spectra of spray electrified potassium 
chloride solutions with varied concentrations. 


the curves. With decreasing concentration the 
peaks increase in strength, and the amount of 
electrification increases until a strength of about 
10-* normal is reached. With further dilution 
the curves approach those for distilled water, 
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shown in Fig. 11. It is interesting to notice how 
the mobility of the peaks changes with concen- 
tration, particularly in the case of the 0.5 
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’ Fic. 12. Mobility spectrum of spray electrified aluminum 
chloride solutions. 


negative group which changes from 0.4 for weak 
solutions to 0.9 for strong ones. Fig. 12, for 
AICI, is similar to the other salt curves. Even 
HCl and NaOH give curves similar to those 
for salt. 

The fact that the amount of electrification from 
salt solutions decreases with increasing concen- 
tration (above 10~* normal) makes it impossible 
to account for much of the ionization observed 
over the oceans by a spray electrification process, 
since sea water is about 0.7 normal and even with 
0.2 normal KCI the electrification is very slight. 


Effect of age 


Figure 13, for MgSO,, is also similar to the 
other salt curves. The dotted curve is the curve 
for the negative carriers when the electrode was 
downstream 5.5 cm instead of the usual 2.5 cm. 
Thus the carriers had an additional 0.016 second 
to age. Even in this short time the high mobility 
carriers have become definitely less numerous, 
although the position of the peaks has remained 
unchanged. The positives behave similarly to 
the negatives, although to include the positive 
curve in Fig. 13 would be confusing. 

Figure 14, for distilled water, was made by 
pointing the sprayer directly away from the 
inlet J, so that it was a matter of seconds before 
the carriers reached the Erikson tube. Com- 
parison with Fig. 2 shows that most of the high 
mobility particles have disappeared due to the 
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longer time for aging in moist air. It is not 
surprising therefore that previous workers who 
worked over long time intervals of several 
seconds should have failed to find high mobility 
carriers. 


INTERPRETATION OF THE RESULTS 


Distilled water peaks 


The carriers comprising the negative 1.5 
mobility peak have come from droplets which 
have evaporated down to nearly zero radius, 
since they are measured in relatively dry air. 
There is left one extra electron with a few water 
molecules or molecules from the air attached to 
it. Thus one has a “normal” negative ion in 
moist air. The same mechanism accounts for the 
high mobility positive peaks, except that there 
is less chance of spraying a small positive droplet 
since the outer surface of the double layer is 
negative. Thus the magnitude of the initial 
positive peak is less than that of the negative. 


Salt peaks 


The definite appearance of the positive and 
negative groups of mobility 0.5 with the addition 
of salts to the water is difficult to explain. These 
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Fic. 13. Mobility spectrum of spray electrified mag- 
nesium sulphate solution. The dotted curve represents an 
aged curve for the negative carriers (see text). 


groups may be “‘ionic’’ rather than ‘“‘electronic.” 
Apparently the presence of a Cl~ ion instead of 
an electron inside a few water molecules changes 
the mobility from 1.5 to 0.5. It is known that 
ions are hydrated in solution, although the exact 
nature of an hydrated ion is not certain. It may 
be that these experiments offer evidence for 
certain stable groupings of molecules about ions 
in solutions. 

The cations such as K+ will migrate into the 
outer negatively charged layer of the double 
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layer, leaving the anions such as Cl~ behind in 
the inner layer. Thus one would expect the +0.5 
peak to be higher and narrower than the —0.5 
peak in the same way that the —1.5 peak is 
higher and narrower than the +1.0 peak, since 
the higher and narrower peaks will come from 
the outer layer. Reference to a typical salt curve 
such as Fig. 4 for Nal confirms these conclusions. 

Biihl’ and others have pointed out that with 
increasing concentration the greater numbers of 
electrolytic ions present tend to neutralize the 
double layer so that it becomes more difficult to 
get charged carriers. This explains the decrease 
in electrification with increasing concentration 
of salt. The shift in the mobility of the —0.5 
peak to higher values with increasing concentra- 
tion may be due either to this neutralization or 
to the relative decrease in the number of water 
molecules available to each K* ion, thus de- 
creasing the size of the carrier and increasing the 
mobility of the group. 


Other peaks 


In the past it has been customary to calculate 
the radius of the carrier from its mobility using 
one of the many mobility equations." It is true 
that there are a number of mobility equations of 
various degrees of reliability and applicability, 
but unfortunately there is at the present time 
no rigorously derived single equation which 
covers a wide range of mobilities.'' There are 
equations deduced for point charges, in which 
the dielectric forces between the ions and the 
molecules in the gas are predominant in deter- 
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1° For instance Biihl, reference 7, refers to Lenard’s 
equation. Lenard, Ann. d. Physik 61, 665 (1920). 

"1 See Loeb, Kinetic Theory of Gases, second edition, Ch. 
XI where the subject is discussed in detail. 
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mining the mobility. These agree fairly well with 
experiment for small ions (of high mobility). 
There are “solid elastic sphere’’ equations (which 
neglect the effect on the surrounding molecules 
of the charge on the ion) in which the physical 
radius of the ion is predominant. This type of 
equation is applicable to large particles (say of 
radius 10-* cm or larger). For water, which is 
particularly polarizable, the region in which it is 
desired to obtain the size of the carriers (mobility 
0.1 or greater) is just that where the two effects 
are both important. Apparently the most reliable 
equation which is in a form in which it can be 
readily applied, and which takes into account 
both of these effects, is the theory of Langevin.” 
In this equation, however, the size of the carrier 
enters in such a way that the mobility is rela- 
tively insensitive to variations of size in the 
region where the radius is about 10-7 cm. As a 
result it is not possible to arrive at a quantitatively 
accurate knowledge of the size of the carriers 
whose mobility may be of the order of 0.5 or less. 
Consequently the nature of the other peaks 
observed cannot be definitely established beyond 
the fact that they too represent more or less 
stable groupings. 


Double layer 


From the size of the carriers deduced from 
mobility measurements Lenard (see discussion 
on page 512, reference 4) has concluded that the 
negative layer extends to 8010-* cm and the 
positive layer to 150 10~* cm below the surface, 
corresponding to a separation of 75X10-* cm. 
Biihl quotes Lenard as saying that one extra 
electron per 50,000 molecules will account for 
the electrification. 

Another method of calculating the separation 
is as follows. A careful inspection of the curves 
shows that the maximum height for the 0.5 peaks 
for KCl comes at a concentration of about 1.0 
X10-* normal, and that the mean ordinates at 
this concentration are about double those for 
distilled water. It seems reasonable to suppose 
that at this concentration the number of ions 
from the salt correspond to the number of extra 
electrons associated with the double layer in 
pure water. Then using the value of the potential 


12 Ann. Chim. Phys. 8, 238 (1905). See also Hassé, Phil. 
Mag. 1, 139 (1926). 
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difference of the double layer as 0.0055 volt as 
determined experimentally by Biihl,’? one may 
calculate the separation of the double layer. 

The energy of thermal agitation at room 
temperature (about 0.04 volt) is so much larger 
than the potential difference of the double layer, 
that one would not expect a large permanent 
excess of salt in the double layer due to electro- 
static attractions. The Gibbs adsorption has been 
investigated experimentally by McBain and 
Swain" who find that the adsorption for salt 
solutions amounts to a surface deficiency of 
salt corresponding to the positive adsorption of 
only one or two molecular layers of water. Thus 
one may conclude that the concentration of salt 
in the double layer is about the same as in the 
body of the liquid. 

Accordingly on this basis the surface region 
contains one extra electron for every 550,000 
H.0 molecules, and the separation of the double 
layer is 2.0X10-* cm. These values, while only 
very approximate, do not involve the calculation 
of the size of any carriers, and hence are probably 
more accurate than estimates based on mobilities. 


Effects of humidity and age 


Previous workers in this field have generally 
blown the carriers down their mobility tube by 
the same blast of air which generated the spray. 
Thus their humidity may have been 100 percent. 
In this work the humidity of the main blast 
was about 50 percent, a significant difference. 
When all three blasts were simultaneously 
humidified, difficulties were encountered with the 
insulation so that complete curves could not be 
obtained. However, several points were obtained. 
In particular, with 100 percent humidity (taking 
account of leakage) the negative 1.5 peak 
dropped to less than 10 percent of its former 
value. Thus it is clear that the appearance of 
high mobility particles is due to evaporation of 
small unstable droplets. 

The disappearance of the high mobility 
particles (see Fig. 14 for distilled water aged) is 
due to recombination, diffusion, or attachment 
to slower carriers. Blackwood*® has shown that 
for the slower carriers of several seconds age, 


13 Proc. Roy. Soc. A154, 608 (1936). See also Harkins 
and McLaughlin, J. Am. Chem. Soc. 47, 2083 (1925). 
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the shift of the maximum in the mobility 
curve (in these experiments, the broad maximum 
of the “background” at mobility 0.05 to 0.10) 
can be ascribed to a growth of the carriers at 
constant rate. Extrapolating from Blackwood's 
data, mobility 0.10 corresponds to an age of one 
second. Thus it is likely that the broad maximum 
observed in these experiments is due to particles 
which drifted in the spray chamber for about a 
second before entering the Erikson tube. The 
high mobility particles come from droplets 
sprayed directly into the inlet whose total age 
is 0.1 second or less. 

There are four reasons why these groups of 
carriers have not been observed previously. 
Other work has been characterized by (1) lack 
of adequate resolving power, (2) moist air 
inhibiting evaporation, (3) ages of one second 
or more, and (4) in the case of salt solutions 
concentrations of 107* normal® or greater, while 
the concentration where the very strong peaks 
occur is an order of magnitude weaker. 


Charge on carriers 


Chapman® found with the Millikan method 
that the magnitude of the charge for the large 
carriers decreased with decreasing radius so that 
for drops of radius 10~* cm or smaller, one would 
expect not more than one charge. In addition 
if the small carriers of fairly high mobility had 
many charges originally, they would tend to 
recombine readily, so that after 0.01 second or 
so, there would be few of them left. Thus it is 
likely that the carriers studied in this investiga- 
tion are singly charged. The divalent and tri- 
valent ions of MgSO, and AICI; give the same 
typical curves as KCl. Unless the charge on 
very small droplets does not affect their mobility 
(see Langevin equation"), then the 0.5 carriers 
containing the Al*** ion are still only singly 
charged (due to two extra electrons from the 
double layer). The preponderance of the positives 
for the slower AICI; carriers is due to the three 
charges on each aluminum ion penetrating into 
the outer layer of the double layer. 

In conclusion the writer wishes to thank 
Professor Leonard B. Loeb, who suggested the 
research, for his very helpful counsel and 
assistance. 
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The Structure of Electronic Excitation Levels in Insulating Crystals 
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In this article, a method is devised to study the energy spectrum for an excited electron con- 
figuration in an ideal crystal. The configuration studied consists of a single excited electron 
taken out of a full band of N electrons. The multiplicity of the state is N*. It is shown that 
because of the Coulomb attraction between the electron and its hole N*® states are split off 
from the bottom of the excited Bloch band; for these states the electron cannot escape its hole 
completely. The analogy of these levels to the spectrum of an atom or molecule is worked out 
quantitatively. The bottom of the Bloch band appears as “‘ionization potential’ and the Bloch 
band itself as the continuum above this threshold energy. 





OR several years, there have been two com- 
peting pictures in use to describe the be- 
havior of electrons in crystals. The one adopted 
in most theoretical calculations and especially 
successful for metals describes each electron by a 
running wave, but Frenkel has shown that in 
many cases the more elementary atomic picture 
may be the better approximation.'! This ap- 
parent contradiction has been removed by 
Slater and Shockley,? who showed with a simpli- 
fied model that the two types of states actually 
coexist in a crystal. It is the purpose of the 
present paper to treat this question in a quantita- 
tive way, starting out from the actual Hamil- 
tonian of the system. 

We shall restrict ourselves in this article to 
insulators containing one electron in the lowest 
excited state, and we shall study the energy 
spectrum of this single configuration, neglecting 
perturbations arising from other configurations. 
As to the method we shall proceed in the fol- 
lowing way : 

(1) We shall construct orthogonal ‘‘atomic”’ 
wave functions and express the energy matrix in 
this vector system. 

(2) The energy matrix contains many terms 
having the periodicity of the lattice and a few 
which have not; we shall develop a method 
which takes them both into account. 


*I want to express my thanks to Princeton University 
for the grant of its Swiss-American Exchange Fellowship 
for the year 1936-37. 

1]. Frenkel, Phys. Rev. 17, 17 (1931); Physik. Zeits. 
Sowjetunion 9, 158 (1936); Physik. Zeits. Sowjetunion 8, 
185 (1935). 

2J. C. Slater and W. S. Shockley, Phys. Rev. 50, 705 
(1936). 


(3) We shall derive some general results and 
discuss their consequences. 


} 


1. BAsic WAVE FUNCTIONS AND ENERGY MATRIX 


It would no doubt be more satisfactory for 
insulating crystals, to discuss the Hamiltonian 
using atomic functions rather than Bloch func- 
tions. But this line of attack has been hampered 
by the fact that atomic functions are not 
orthogonal. We can, however, build up or- 
thogonal functions having all the advantages of 
atomic ones by starting out from a Bloch 
approximation. Let us assume then that a Bloch 
or Fock method has given. us functions b(k, x) of 
energy W(k). Then the required functions are 


a(x—n)=1/(N)!-> exp [—7k,n ]b(k,, x)? (1) 


where JN is the number of cells in the crystal and 
the k’s are as usual determined by some bound- 
ary condition. 

Formula (1) applies to any set of Bloch func- 
tions, but it might be interesting to get some 
insight into the structure of the a's. For this 
purpose let us first make the ad hoc assumption 
(valid for free electrons) that d is of the form 


b(k,, x) =exp [7k,x ]-b(x), 


where the periodic factor b(x) is independent of k. 
Then we find explicitly : 


3’ The unit of length adopted in this article is thé ele- 
mentary translation in the direction of each of the crystal 
axes. In some deductions the crystal is assumed to be 
simple cubic, but this could easily be removed. 
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a(x—n) 


sin (x1 — 1) sin t(xX2— M2) sin w(x3— 3) 
= b(x), 


m (x) — 11) (Xe — Me) (X3 — 3) 





which gives us the desired concentration around 
M1, M2, 3. Their orthogonality is immediately 
seen because 








*t™ sin wx sin (x+7) 
{ | b(x) | *dx 
om x x+n 
+co 1 1 
= (=)"/n- f sin? rx, b(x) »(-- as 
. -_ x x+n 


These new functions provide us also with a 
method to orthogonalize standard atomic func- 
tions without doing very much harm to them. 
For this purpose let us take atomic functions 
¥(x—m) and build up from them running waves: 
b(k, x) = A(k)/(N)! ¥ exp [tkm]-¥(x—m). (2) 
The formula without A gives orthogonal b's, but 
they are not normalized, if the y’s are not or- 
thogonal. We find for 1/A?*: 


1/A*(k) => exp [zkn ]- f/y*(x)y(x—n)dr. (3a) 


From this we can find in principle the value 
of A(k): 

A(k) =) exp [—7kn }-a(n), (3b) 
where the a’s depend on the integrals in (3a). 
Putting (3b) and (2) into (1), we find 


a(x—m) = )-a(n—m)y(x—n), (4) 


which is the required result. If, in particular, the 
integrals are small and fall off slowly, then we 
can write 


a(x—m) = ¥(x—m) 
—3 > y(x—n) fy*(x—n)y(x—m)d7; 


nim 

but if they fall off rapidly, the integral with 

nearest neighbors determines the coefficient of 
all y’s. 

As an example let us carry out the orthogonal- 

ization (4) explicitly for a set of atomic functions 
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whose integrals are 
Sy" (x)¥(x—n)dr 

=exp [—6;! m| —Be| m2} —B3| ms\ J. 
Then we get 


A (k) = C(Bi, ki) - C(Be, ke) - C(Bs, Rs), 


where 
1—2e ®cosk+e *\? 


Cla, H=(- ———), 


i-¢* 





from which it follows that the expansion coeffi- 
cients (4) are 


a(m) =c(Bi, || )-c(Be, | m2|)-c(Bs, | m3! ), 


where 


1 ” 
= we lle aw * 


c(B, 0) =1/(1—e-**)? F( — 3, 


1 (2n—1)!! 
c(B, n) = —1/(1—e-*8)}—— —_—— 
2n—1 (2n)!! 
Ke" F(—3, n—3,n4+1,¢ *), 
By m!! is meant m(m—2)(m—4)--- down to 1 
or 2. F is the hypergeometric function 


ab a(a+1)b(b+1) : 
a 


F(a, b, c, x) =1+—x+ 
le 12¢(c+1) 





The F’s used here are very slowly varying 
functions. When x increases from 0 to 1, 
F(—%3, —}3, 1, x) increases monotonely from 1 
to 4/r=1.273--- and F(—3, n—}, n+1, x) de- 
creases monotonely from 1 to 


[ (2m) !!/(2n+1) !! (4/7). 


In most cases one may replace them by 1. 

These two examples should show that the new 
functions defined by (1) go over into atomic ones 
for large separation and are their natural sub- 
stitute at smaller distances. 

The building up of many electron wave func- 
tions from this basis is discussed elsewhere in 
full detail (e.g. reference 2, appendix). There is a 
unique wave function for a full band, but for a 
state having one excited electron and a hole in 
its full band, three basic types can be con- 


structed: 
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(a) The atomic wave functions A(m, n) built 
up from our “atomic” one-electron functions 
Gground(X—S) and a.x.(x—s). They contain no 
electron in the mth cell and an extra excited 
electron in the ath cell. 

(b) The Bloch wave functions B(k,, k,) built 
up from one-electron Bloch functions. They 
contain no electron of wave vector k, and an 
excited electron of wave vector k,. Between the 
two there exists the relation: 


B(kp, k,) 
=1/N->> exp [7k,n—7k,m]-A(m,n), 


(5) 
A(m, n) 


=1/N->>> exp [ —ik,n+7k,m ]- B(k,, k,). 


(c) The excitation waves E(K,, $) introduced 
by Frenkel.' They describe like Bloch functions 
the motion of the center of gravity of electron 
and hole by a wave vector K,; but as in (a), the 
two bodies have no relative motion and _ their 
distance is given by a space vector §. Their 
relation to A and B is 


E(Ka, 3) 
=1/(N)?->} exp [7K,n]-A(n—}38,n+36), (6) 


B(k,, k,) 
=1/(N)?->} exp (7}(k,+k,)6 ]-E(k,—k,, 8). (7) 
B 


The energy matrix is most easily calculated in 
terms of the A’s. We start out from the Hamil- 
tonian 


H=D Ti+ > acerricecemmcarieed al = V(x;—m) (8) 


ick qd. X:—X,| ‘im 
+terms independent of x,, 


where 7°; is the kinetic energy of the ith electron, 
d the length of the elementary crystal-translation 
in cm, and x; the coordinates of the ith electron. 
The energy is written here in such a form, that 
only the electrons of the band under considera- 
tion are treated as such; the influence of the 
others is only taken into account through the 
screened potential I’(x—m) arising from the 
mth cell. 
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If one works out the energy matrix (m, 
n\//\m’,n’) one finds a very great number of 
terms, which depend on m, n, m’, n’ only through 
the combination m—m’ and n—n’. The physical 
reason for this fact is that a transition of the 
excited electron (or the hole among the un- 
excited ones) from one cell to another takes 
place in a field which is very nearly periodic, 
i.e., the transition n—n’ and n+s—n’+s must 
have the same matrix element. In addition, one 
finds for those periodic terms that if both 
vectors m—m/’ and n—n’ are different from zero, 
the matrix element vanishes; one can therefore 
distinguish between transitions of the excited 
electron and transitions of its hole. There re- 
main, however, two integrals which do not 
follow these two rules; if we write them out 
explicitly J7 takes the form: 


(m, nj 7/7) m’, n’) = bamZ7xe(n—n’) 


— 5 n»-J7,(m—m’) aes S Sa,*(x—m)a,*(x’ —n) 


9° 


e 
x ————a, (x — m’)a,(x’ —n’)drdr’ 
d-\x—x’ 
(9) 
e 
+S fa,*(x—m)a,*(x’ —n)——— 
d-|x—x’| 


X<a,(x’ —m’)a.(x—n’)drdr’. 


These integrals evidently come from the Coulomb 
attraction between the electron and its hole; 
they depend on the relative position of the two 
particles. ; 

There is, however, no term depending on their 
absolute position in space. We can separate out 
therefore the motion of their center of gravity 
and go over to excitation waves. 


2. DIscUSSION AND APPROXIMATE SOLUTION OF 
THE MATRIX EQUATION 

There are two limiting cases in which (9) is 
diagonalized immediately. The one is the “‘in- 
finite separation,’’ where only diagonal terms 
remain appreciable and either atomic wave 
functions or excitation waves may be used. 
The second, which we may call “negligible 
correlation,’’ occurs when the two integrals can 
be omitted; then Bloch functions are correct. 

This last knowledge can be exploited further, 
because it means that a Bloch approximation 
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can take care of all terms H+ in H, except the 
two integrals. Let us assume in the future that 
such a calculation has been carried out and that 
we know the energy as a function of the wave 
vector for both bands: 
(kp, k,| H*|k,,, k,’) 

~ Spp'S gal W-(kq) — W, (Kp) J, 


and therefore, transforming with (5) and com- 
paring with (9): 


H(n—n’) =1/N-> exp [tk,(n—n’) ]W.(k,), 


(10) 


H,(m—m’) 
=1/N-> exp [—7k,(m—m’) ]W,(k,). 


Equation (9) is now identical with Eq. (21) 
in Slater’s paper,‘ but looks somewhat simpler, 
because the spin of the electron is assumed to 
be unchanged in all states involved, and the last 





(m, n|Z7|m’, n’) = bande] W.( -i—) W, (-~)|- S S a,*(x—m)a,*(x’ —n)——— 


Xa,(x—m’)a,(x’—n’)drdr’+ Sf fa,*(x—m)a,*(x’—n) 


In accordance with the remark at the end of 
part 1, we now go over to excitation waves as 
basic wave functions and write our solution in 
the form 


¥= 2 Ua(8)E(Ka, 8). (11) 


Then from (6) and (9a), U(8) has to satisfy the 
equation 


0 
exp [-a}K.g)- w(-i-) -exp [+i}K.8] 
0 
—exp [+i}K.6]: w,( “+7 -exp[—i}K.8] 


+49)| U(g) =E-U(B). (12) 


¢(8) is a potential which is very much like 
—e®/(d-|8|) for large values of |8|, but has no 


4J. C. Slater, this issue. 
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term in his expression arising from the change in 
the self-consistent field is absorbed in W, and 
W,, but a further transformation is in some cases 
very useful. Let H. operate on an arbitrary 
function F(n) satisfying our boundary con- 
ditions: 

F(n) => exp [ixn ]G(x«). 
We then get 


> H.(n—n’) F(n’) 


=1/N->°>>> exp [7k,n-+n’(x—k,) ]W.(k,)G(x) 





q «n’ 
=> W.(«) exp [ixn ]G(«) 
0 0 0 
= w.( —i—, -—1— , -i—) - F(n). 
On, Ons Ons 


This gives for (9) 





e 
d-|x—x’| 
e 
a,(x’—m’)a,(x—n’)drdr’. (9a) 
d-|x-—x 
singularity at §=0. For simplicity the non- 


diagonal Coulomb terms have been omitted, for 
they do not influence the discussion given below 
and they are so small that they may be neg- 
lected in an approximate solution. 

The transformation of difference operators into 
differential operators, as has been done in our 
transformation from (9) to (9a) and (12), is not 
much favored by mathematicians. There exists 
however a book by Davis® in which this point of 
view is adopted, although it is developed for 
one independent variable only. With this re- 
striction, the theorems on pp. 100-105 of his 
book ensure that our operator has a sense if 
W(k) is an entire function of its argument, 
i.e. defined and regular for complex values of k. 
Its equivalence with a difference operator may 
then be shown from the operational identity 


5H. D. Davis, The Theory of Linear Operators (Bloom- 
ington, Ind. 1936). 





————— 














re in 
and 
ases 


rary 
con- 


7(x) 


(n). 


9a) 


on- 
for 
Ow 
eg- 


m- 














ELECTRONIC 
° _@ o 
exp (-«g]- w( -*,) exp [-+ikG] 


é 
-w(k-i_), (13) 
a8 


which, because of the periodicity of W, gives 
0 
w( -i—) exp [ 2778, ] 
ag : 
— exp [2nia.]W(—é) =0, (13a) 
i) 


i.e., a solution U may be multiplied with an 
arbitrary function having the periodicity of the 
lattice, and still remains a solution. 

Before using (12) foran approximation method, 
let us first find some general properties of the 
U's and their energy spectrum. 

For large values of 8, all the Coulomb in- 
tegrals and therefore ¢ vanish and the solution 
must then have exponential character with some 
complex wave vector k= x,+ixe. Remembering 
(13) we get the corresponding energy from (12) : 


E= W.(3Katnitine) =e W,(2K.-— Ki — 1x2). (14) 


x, and x2 are restricted by the condition that E 
be real. Now we know in advance that E is 
real, periodic and bounded for x.=0. Therefore, 
its gradient vanishes at least at two points 
within one period and we can conclude from 
general mapping properties that lines of possible 
complex values of k start out from these points. 
The corresponding energies go upwards from the 
maxima, and downwards from the minima. 
Fig. 1 is a simple one-dimensional illustration 
of this situation. W.— W, is taken to be 1—cos k. 
The possible complex values of k are then 
nr+ix and their energy is —cosh «+1, if m is 
even, and +cosh «+1 if m is odd. However, two 
restrictions reduce the number of these new 
levels considerably. First of all, the Coulomb 
field is an attractive field and it can never raise 
any level; thus there will be no state above the 
Bloch band. Secondly, a solution of (12) with 
complex wave vector will in general be un- 
bounded and the condition of boundedness co- 
incides with the condition that U(§) vanish 
exponentially at large distances. This restriction 
will, for each K,, select a number of discrete 
levels out of all possible ones. 
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Fic. 1. Energy and wave vector for an excited electron in a 
crystal. 


If we want more detailed information in 
practical cases we may turn to an atomic picture 
for the lowest discrete states* and to a Bloch 
picture for the continuum. But for the bulk of 
the discrete states and the lower continuum 
there exists a better alternative, namely a local 
exploration of the Brillouin zone, i.e., if we are 
interested in a particular region in the Brillouin 
zone we develop the function W(k) around that 
point into a power series and take the first two 
terms or so. The point to be taken in our case is, 
of course, the bottom of the band where the 
continuum and the discrete spectrum meet. For 
practical reasons, let us also assume that the 
crystal is symmetric enough to allow for a 
spherically symmetric development of the form 


W.(k) =w.+A (Ri? + ke? +h”), 
W,,(k) =w,t+A,(ki?+ho?+h;’). 


(15) 


Assuming A,—A,>0,’ approximating pro- 
visionally $(6) by e?/d-|$|, and making the 
substitution 

A.+A, 
Ug) -exp|=—“i1K.9]-u(@) 16) 


e a 


we find for u the differential equation 


2y 
an(g)+ (e+ )uia)=0 (17) 


| 
(18) 


with vy =e?/(2d(A.—A,)) 


®R. Peierls, Ann. d. Physik 13, 905 (1932). A. v. Hippel, 


Zeits. f. Physik 101, 680 (1936). 

7 If this condition is reversed, the minimum energy in 
the Brillouin zone does not lie at (0,0,0), but e. g. at (#,7,7) 
and one has to study W(2x—70/06). From (13) we see 
that this gives simply an extra factor —1 for the wave 
function U, if we pass from one cell to the next. 
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and E=w,—w,—K,?(A,A,)/(A,—A,) 


+(A,—A,)& (19) 
Equation (17) is the Schrédinger equation for 
the hydrogen atom. It admits for & all positive 
eigenvalues and the negative eigenvalues — y?/n?*. 
One easily verifies that the positive eigenvalues 
coincide with the Bloch band, while the levels 


e! 


a: 
4d2(A.—A,) n? ™ 


E,(K.) = Wo(K.) — 


give us the discrete spectrum. The multiplicity 
of the states belonging to E, is n® as in atomic 
spectra. 

The expressions (19) and (20) are roughly 
correct as long as approximation (15) holds, i.e., 
as long as the distance of the level from W, is 
small compared with the width of the whole 
Bloch band (Fig. 1). Secondly, no negative 
energy level can lie below the excitation energy 
of the electron within its own atom; the distance 
of E from W, must therefore also be small com- 
pared with the distance of this level. But if one 
wants to complete these calculations, by a per- 
turbation method, one must remove this second 
restriction and cut off the Coulomb potential at 
the origin in a suitable way (Fig. 2). In this case 
one can at least make the first restriction some- 
what less rigid, for one can show that the first 
order perturbation of the infinite differential 
operator W exists. It is to be hoped that the 
perturbation method itself will also converge. 

Let us now proceed to establish the chief 
property of these discrete states, namely that 
they carry no current. 

The current operator in our system is ob- 
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Fic. 2. Potential energy of electron and hole as a function 
of their distance. 
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tained by transforming it from its expression in 
a Bloch system: 


(k,, Ky | J\k,’, k,’) 
oe hb py’ baaLV W.(K,) —VW,(k,)}. 


The same argument that led from (10) to (9a) 
and (12) gives now 


JU@)=—e/h 
0 
|exp [-i3K,g}-vW.( ia) -exp [+73K,6] 


0 
—exp [+i}K.g]-0W, ( “+ _ (—i1K.9}| 


x U(8). (21) 


It can easily be shown that apart from surface 
integrals which vanish if they are extended over 
the whole crystal, foU*(8)JU(8)d73 is equal to 
another volume integral which we denote by 
S°,{U*JU\dr3. One can easily give rules how to 
build it up from a given J, but they are some- 
what lengthy. In this connection, it is sufficient 
to know that this new expression satisfies a 
Green’s theorem 
—eS,(U*(8) WU(8) — U(B) WU*(8) drs 

=ihf,{ U*JU\ds,, 


where W stands for the whole differential 
operator in (12) and the surface integral on the 
right-hand side is extended over the boundary of 
the volume on the left. This gives 
(—e)(d/dt) S , U*(G) U(8)dr5 

+ f,| U*JU}ds3=0. 
As in the case of atoms this law is sufficient to 
prove that if U vanishes exponentially at in- 
finity, then 


S ,U*(8) J U($)drs=0 


if the integral is extended over the whole crystal. 
The true expression is however >> U*(8)JU(8); 
B 


but one can dispose of the arbitrary periodic 
factor of U in such a way that 


¥ U*($) U(8) = S,U*(8) U(B)d73 
8 
and |>>U*(8)JU($)' = S,U*(B)JU(B)dr7s| +6, 
fe) 


which proves the theorem. 
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3. GENERAL SURVEY OF THE RESULTS 


The results of the above calculations suggest a 
rather fundamental change in the picture used to 
describe the behavior of electrons in crystals. 

Since there has been so much talk about 
discrete levels, one should perhaps first re- 
member that there are no discrete absorption 
lines to be expected in any crystalline spectrum, 
because, as in molecules, there is a band structure 
connected with each electronic energy level. 
The value of this term in the approximation 
(19) is 

A.A ,K,’ 
(A e—A,g) 


The analogy of K, to the vibrational quantum 
number of a molecular band spectrum becomes 
evident, if we remember Frenkel’s selection rule.' 
It states that if a light wave of wave vector x 
excites a state belonging to the excitation waves 
of wave vector K, the difference x—K, must 
appear as wave vector of a simultaneously 
absorbed or emitted lattice wave. Since for 
visible light x is very small, K, may be con- 
sidered as the wave number of this lattice vi- 
bration. 

The truly electronic spectrum underlying the 
band spectrum is obtained by putting K,=0 in 
the energy expression (20). It is divided into 
two parts: 

First there comes a lower part consisting of 
discrete states. The electron does not escape its 
hole and no photocurrent can be observed. The 
very lowest states are widely spaced and corre- 
spond to excitation of an electron within its cell 
or to some direct neighbor.* As one goes higher 
up this individual character gets lost; the 
spacing gets narrower and the electron moves in 
an orbit determined by the Coulomb field of its 
hole.’ For a finite crystal with WN cells, the 
number of such states is of the order N*’. 

Then there follows a continuum which is just 
the Bloch band. Electron and hole move inde- 


§ This distinction is well known in the theory of electro- 
lytes. Our lowest levels correspond to the classical theory 
of weak electrolytes, the higher ones to the theory of 
Debye-Hiickel. This analogy may perhaps be extended if 
one considers the motion of ‘‘trapped”’ electrons. 


pendently and a current may be observed. But in 
these states the electron cannot well approach its 
hole and optical transitions into them are there- 
fore unlikely. For our finite crystal, the number 
of such states is of the order N. 

As far as can be told, experiment is in agree- 
ment with these views.’ 

In the practical application of these results one 
should keep in mind some serious restrictions 
which underlie the calculations. 

This paper deals with the excited states of a 
single electron only. It will still be good for the 
excitation of a number of electrons small com- 
pared with the number of cells, but after this 
qualitative changes may occur; the same is true 
for conducting crystals. 

Secondly these calculations deal with virtual 
excited states of an unexcited crystal rather than 
with truly excited states. And the virtual states 
considered are those compatible with the Frank- 
Condon principle. Each electronic excitation will 
however be followed by rearrangements of the 
lattice and energy dissipation. Many authors 
believe that this will result in an actual 
“trapping” of the electron in its new position.’ ® 

One should think that these facts have no 
influence on the absorption spectrum of a 
crystal, but it has been pointed out to me by 
Morse that, even for this case, the list of levels 
given above may be incomplete, because there is 
a possibility of weak absorptions violating the 
Frank-Condon principle. This is especially true 
for regions where no other absorption is possible. 
It is perhaps the explanation for the photo- 
electric absorption of many crystals on the long 
wave-length foot of their ultraviolet band. 

Finally I want to express my thanks to 
Professor E. Wigner, who has suggested to me 
the present problem, and to Professor J. C. 
Slater, Dr. C. Herring, Dr. F. Smithies and many 
others for valuable advice. I also want to thank 
Mr. R. C. Herman for his help in completing 
this paper. 


®R. Hilsch and R. W. Pohl, Zeits. f. Physik 59, 812 
(1930) ; E. G. Schneider and H. M. O'Bryan, Phys. Rev. 
51, 293 (1937); B. Gudden and R. Pohl, Zeits. f. Physik 
17, 331 (1923); F. C. Nix, Rev. Mod. Phys. 4, 723 (1932) ; 
A. L. Hughes, Rev. Mod. Phys. 8, 294 (1936). 
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The theory of ferromagnetism is formulated both by the 
method of energy bands and the method of spin waves, and 
the connection between them is investigated. The particular 
problem considered is that where N-1 electrons in a band 
have one spin, one electron the opposite spin. Each method 
vields a set of unperturbed wave functions, each of which 
can be expressed in terms of the other. Neither represents 
the true situation, which must be found by perturbation 
theory. The final result is that below the continuum of 
levels indicated by the energy band theory there is a set of 
discrete levels. The lowest of these is essentially a spin 
wave, and is the state ordinarily occupied. For investi- 


gating the temperature variation of magnetization, the 
spin wave theory should be used. On the other hand, the 
energy band theory leads to approximately correct con- 
clusions as to which elements should be ferromagnetic. The 
formulation is in terms of orthogonal atomic functions, 
which have advantages compared with the nonorthogonal 
functions usually employed. In the limit of broad energy 
bands, and nonferromagnetic substances, the discrete 
levels approach the continuum, and their wave functions 
represent a situation in which the electron of negative spin 
can wander to a considerable distance from the positive ion 
which it has left, but not to infinite distance. 





HE theory of ferromagnetism has been 
treated by several distinct methods. In the 

first place, Heisenberg’s' original theory was 
based on the Heitler and London method in 
molecular structure, each electron being localized 
on a particular atom, and Bloch’s*® theory of 
spin waves, and Bethe’s* extension of that 
theory, were based on Heisenberg’s work. On 
the other hand, Bloch‘ worked out a theory of 
the ferromagnetism of free electrons, based on 
the theory of energy bands. This type of theory 
has been adapted by the present writer to a 
discussion of the ferromagnetism of nickel. 
Both methods have advantages and disadvan- 
tages. Heisenberg’s type of theory has in the 
first place the great advantage that it makes 
direct connection with the familiar Weiss theory 
of ferromagnetism, though it does not agree with 
that theory in all details. Furthermore, it reduces 
to the proper limiting values when the atoms of 
the crystal are removed to infinite separation 
from each other. It has, however, three great 
disadvantages. The first is that it does not 
change over continuously to a theory of metallic 
conduction electrons, when proper changes are 
made in the various parameters involved. It is 
known that this is a result of the failure to 
~ *On leave from the Massachusetts Institute of Tech- 
nology, Cambridge, Mass. 

1W. Heisenberg, Zeits. f. Physik 49, 619 (1928). 

2 F. Bloch, Zeits. f. Physik 61, 206 (1930). 

3H. Bethe, Zeits. f. Physik 71, 205 (1931). 


‘F. Bloch, Zeits. f. Physik 57, 545 (1929). 
5 J. C. Slater, Phys. Rev. 49, 537, 931 (1936). 


include polar states in the formulation, states 
where atoms can carry a net charge. The second 
disadvantage is that it does not lead in any very 
clear way to an understanding of why some 
elements are ferromagnetic, others not. The 
exchange integral which determines ferromagnet- 
ism must be of opposite sign to its normal value 
for ferromagnetism to occur, and while plausible 
reasons have been given to suppose that it 
actually has this sign in the ferromagnetic 
elements, these reasons have not, as far as the 
writer knows, been strengthened by an actual 
calculation of the exchange integral. The third 
disadvantage is a rather technical, but none the 
less a very important, one: the wave functions 
with which one operates are not orthogonal, 
with the result that there are many exchange 
integrals between three and more electrons, 
which are generally neglected in the simple form 
of the theory, but which are actually not 
negligible. Van Vleck® has recently shown how 
to handle this lack of orthogonality, but even 
if it can be taken care of, it seriously complicates 
the calculations. 

The theory based on energy bands likewise 
has its advantages and disadvantages. Greatest 
of the advantages is probably the fact that it 
makes direct connection with the theory of 
conductivity, of cohesion, and of other metallic 
properties, all now handled most satisfactorily 


6 J. H. Van Vleck, Phys. Rev. 49, 232 (1936). 
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by energy bands. Secondly, it leads to a clear 
understanding, based on approximate calcula- 
tions, of the reason why ferromagnetism occurs 
where it does in the periodic table. Thirdly, it 
is based throughout on orthogonal functions, 
greatly simplifying the calculations. Finally, the 
theory of energy bands has reached a stage where 
fairly satisfactory numerical calculations can be 
made, so that it is not hard to make our informa- 
tion fairly quantitative. On the other hand, this 
theory also has serious disadvantages. It leads 
to quite wrong values in the limiting case of 
large separation of the atoms, and this is likely 
to be particularly serious, since the energy 
bands responsible for ferromagnetism are narrow, 
corresponding to atomic orbits which are widely 
separated in proportion to their size. Further- 
more, it makes no connection with Weiss’s 
theory, and with the valuable way of visualizing 
the problem which that theory provides. We 
must conclude that neither method by itself is 
very satisfactory. 

This is no newly appreciated situation. The 
writer in 1930’ called attention to it, and 
pointed out that energy band functions on the 
one hand, or atomic functions of Heisenberg’s 
type, augmented by polar states, on the other, 
formed two possible starting points for a per- 
turbation calculation. Either set of functions 
can be written as linear combinations of the 
functions of the other set. A correct linear 
combination of the functions of either set will 
then yield a more satisfactory approximation 
than functions of either set separately. In other 
words, we can make a theory more satisfactory 
than either Heisenberg’s or the energy band 
theory, and the final result will be independent 
of which we use as a starting point. These 
remarks were illustrated at the time by the 
hydrogen molecule Hs, which can be treated by 
analogous theories, but it was not possible then 
to make detailed calculations for the problem of 
ferromagnetism, which was not the primary 
concern of the paper mentioned. Since then, 
Schubin and Wonsowsky*® have extended the 
use of polar states, obtaining results analogous 
to some of those in the present paper. The 


7]. C. Slater, Phys. Rev. 35, 509 (1930). 
8S. Schubin and S. Wonsowsky, Proc. Roy. Soc. A145, 
159 (1934), 
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writer and Shockley’ recently discussed the 
very similar problem of absorption of light by 
the alkali halides, and the method there used 
can be adapted to ferromagnetism. Furthermore, 
recent work of Wannier'® has provided us with 
orthogonal atomic functions, which simplify the 
problem greatly. It therefore seems worth while 
to approach the general theory again, with a 
view to finding the best solution of the problem 
intermediate between the Heisenberg and the 
energy band type of theory. The present paper 
contains a first step in this direction. We consider 
only a single energy band, which in its lowest 
state contains just one electron per atom of one 
spin, none of the other spin. And we consider 
just the case where one electron only is disturbed 
from this state, reversing its spin, raising the 
energy of the system if it is ferromagnetic, or 
lowering it if it is not. This is essentially the 
same problem considered in Bloch’s theory of 
spin waves,’ but supplemented by polar states, 
allowing the connection with the theory of energy 
bands to be made. Though this case is much 
simpler than the real situation, still it is in- 
structive. The result is a theory which reduces 
precisely in one limit to the theory of energy 
bands, and in another limit to something very 
much like the Heisenberg theory, possessing all 
the advantages of that theory, but the additional 
great advantage of dealing only with orthogonal 
functions. The intermediate case, representing 
the actual state of affairs, proves to resemble 
the theory of energy bands in the criterion for 
ferromagnetism, verifying in a general way the 
results of the author’s calculation® that the 
elements of the iron group should be ferro- 
magnetic. But the actual lowest states of the 
system are described by something much more 
like Bloch’s spin waves, so that Bloch’s calcu- 
lation of the temperature variation of saturation 
magnetization at low temperatures should be 
correct. The present paper, like Bloch’s, is 
limited to low temperatures, since we can only 
treat the case where one electron has its spin 
reversed, or practically the case where there are 
so few reversed spins that they rarely interact 
with each other. 


J. C. Slater and W. Shockley, Phys. Rev. 50, 705 
(1936). 
10 (G. Wannier, Phys. Rev. (preceding paper, this issue). 
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THE UNPERTURBED WAVE FUNCTIONS 

We shall start with the method of energy 
bands. Imagine a periodic potential U(r), where 
r is a vector coordinate. We shall later determine 
U(r) by a Fock-Hartree self-consistent field 
method. We shall now imagine that we have the 
exact solutions for the motion of an electron in 
this potential. We consider only one energy band, 
containing N energy levels of each spin, where 
N is the number of atoms in the crystal (or in 
the repeating region of space, using periodic 
boundary conditions). Let the wave function 
associated with the wave vector k be 6(k, r), so 
that it is multiplied by exp (#k-R) in traveling 
from one cell to another distant by the vector R. 
Let the energy as a function of k be W(k). 
Since we are dealing with only one band, we 
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may always imagine k to be in the central cell 
of k space. Using atomic units, the functions 
then satisfy the Schrédinger equation 


(—V?+ U(r))b(k, r) = W(k)b (ik, x). (1) 


We shall often have occasion to use atomic 
functions, rather than the periodic functions 
b(k, r). For this purpose we shall use Wannier's 
orthogonal functions :'° 


a(r—R)=1/(N)'> exp [(—7k-R) Jb(k, r). (2) 
k 


Here R is the radius vector to one of the nuclei, 
and the summation is over the N vectors k in 
the central cell. We can easily prove that the a’s 
are orthogonal, and normalized if the 0b’s are 
normalized : 


far@—Rya(r—R')dr= (1 N) > exp [i(k R—K'-R')] f o*C, r)b(k’, r)dr 


k, k’ 


=(1/N)> exp [ik-(R-—R’) ], (3) 
k 


on account of the orthogonality and normaliza- 
tion of the 6’s. But it is a property of the re- 
ciprocal lattice that the expression on the right 
side of (3) is zero if R—R’ is a vector between 
two lattice points which is different from zero, 
but is unity if R—R’ is zero. Hence the orthogo- 
nality and normalization of the a’s are proved. 
In the future we shall often use the property of 
summing over k which we have just mentioned, 
and also the other property that the same 
summation mentioned in (3), but now summed 
over all atoms R’ rather than over all wave 
vectors k, is zero unless k equals zero, in which 
case it is unity. 

The summation in (2), by which the a’s are 
expressed as functions of the b’s, is such that 
a(r—R) is largely concentrated about the nucleus 
at R, and resembles on that nucleus the atomic 
function of the isolated atom. The function 
changes sign on the nearest neighbors, however, 
so as to result in orthogonality, and in fact 
oscillates in sign, with rapidly decreasing ampli- 
tude, as we go away from the nucleus at R. 
As the atoms become widely separated, if U(r) 
approaches the potential of an isolated atom 





about each nucleus, a(r—R) approaches the 
corresponding atomic wave function of the 
isolated atom. The function a(r—R) is not 
conveniently written as the solution of an ordi- 
nary Schrédinger equation; we shall instead 
express its differential equation through the 
transformation (2), in terms of the Eq. (1) for 
the functions b(k, r). 

We shall now set up unperturbed wave 
functions for the whole system, in terms of the 
functions 6(k,r). First we consider the state 
where all N electrons have + spins. Then the 
wave function is simply the determinant of 
functions 0}, using all values of k and the r’s of 
all electrons: 


B(O) =1/(N!)* b(k, r,) |. (4) 


This state B(O) will be the lowest state in the 
ferromagnetic case. Next we consider the states 
where (V—1) electrons have + spin, one has 
— spin. The process of setting up these states 
is almost exactly as in the paper on absorption 
by the alkali halides.’ We consider in particular 
a state in which the electron with + spin, and 
wave vector k—K, is missing, but in which there 
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is an electron with — spin, with wave vector k. 
The corresponding wave function is defined as 
B(k—K, k), and it differs from (4) in that the 
elements of the row equal to b,(kK—K, r;) in (4) 
are missing, and are replaced by the elements 
b_(k, r,). There are N® such states, corresponding 
to all N possible values of k and K. It is easily 
shown, however, that the matrix components of 
energy, and of all periodic operators, are zero 
between states of different K value. This quantity 
K is at once seen to measure the total wave 
vector of all electrons in the excited state. Thus 
states with different K do not combine. Our 
perturbation problem will be one between the 
N states of a given K. We shall have to find 
matrix components of the energy between them, 
and find the suitable linear combinations to give 
the correct solutions of the problem. 

In addition to these functions B, we shall use 
excitation functions F(K,R), similar to the 
functions E and F introduced in reference (9). 
We define 


F(K, R) =1/(N)!3¥ exp [ik-R]B(k—K, k). (5) 


By methods similar to those of reference 9, we 
can show that F(K, R) can be made up in the 
following way. Starting with the lowest wave 
function B(0), we describe the system by atomic 
functions a(r—R,;). Then we remove the electron 
of + spin from the atom Rj, reverse its spin, 
and place it on the atom at R;+R, producing a 
positive ion if R#0, though there are no ions 
produced if R=0. We now combine all such 
functions from different atoms R;, multiplying 
each by a factor 1/(N)' exp 7K-R;, and adding. 
The function F(K, 0) then corresponds to Bloch’s 
spin wave, except that our atomic functions a 
do not agree exactly with the atomic functions 
of Heisenberg’s theory, and the functions F(K, R) 
with R#0 are the polar states which must be 
included to supplement Heisenberg’s theory. 


MATRIX COMPONENTS OF ENERGY 


We must next set up the matrix components 
of the energy of the whole system. This is most 
easily done first in the system of B functions, 


and later we can find the components in the F 


system by transformation theory. The first step 
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is to define the potential field U. We assume 
each atom to consist of a nucleus, and enough 
electrons in closed shells to leave it a singly 
charged positive ion, so that the one remaining 
electron which we are considering in our per- 
turbation problem will make it neutral. Let V(r), 
where r is the vector position, represent the 
potential due to the nuclei and closed shells of 
all the atoms, averaged in a suitable manner. 
This will be a sum of terms, one from each atom, 
and each falling off inversely as the distance at a 
distance from the nucleus, but behaving differ- 
ently within the closed shells. In order to get 
U(r) from V(r), we must add the potential of 
the electrons in the states we are considering. 
In the first place, if all functions 6(k,r) were 
occupied with one electron each, the electronic 


charge density would be }-b*(k, r)b(k, r), so that 
k 


we should have to add the potential 


electron potential = 
foc. r,)b(k, r;)(2/ | t4;\)dr;. (6) 
k 


This is the potential, at point r,, of the dis- 
tributed charge in elements dr;, at distance f,; 
from r;. By means of Eq. (2) or its inverse, we 
can express the electron potential in terms of 
atomic functions. It is then 


electron potential = 
fXer(e)-Ra(e-RQ2 ‘\ry;|)dr;. (7) 


The potential (6) or (7) is not exactly the correct 
one to use, however, for it is the potential of NV 
electrons acting on the electron we are interested 
in, whereas actually only N —1 electrons are left 
to act on it, and on account of exchange, or the 
Pauli principle, the one electron missing from 
the.distribution is removed from the immediate 
neighborhood of r;, so that it has an important 
effect on the potential. Remembering the ortho- 
gonality of the b’s and a’s, and the fact that in 
the lowest state all electrons have the same 
spin, this exchange charge density, at the point 
r;, when the electron we are interested in as at 
r;, is given by" 


"J.C. Slater, Rev. Mod. Phys. 6, 267 (1934). 
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{2 0d" (k, r:)b(k’, r:)b*(k’, r;)b(k, 13)}/{ DO*(k", r:)d(k”, r:)} 
ee 


S & 


- {LLa*(r,—R.)a(r:—Ri)a*(t;—Ri)a(t;—R,) }/{Qa*(r;—R,)a(ri—R.)}. (8) 


From the second of expressions (8) we can see particularly easily that the exchange charge density 
is located in the neighborhood of r;. If r, is in the neighborhood of the nucleus at R,, then terms 
like a(r;—R,) will be much larger for s=i than for any other value of s. Hence in the summations 
over s, t, and v the leading term will be that for which s=t=v=1. Then expression (8) reduces simply 
to a*(r;—R;,)a(r;—R;), the distribution about the nucleus R;. This approximation becomes exact as 
the atoms become separated from each other. Now from the exchange charge density (8) we can 


set up the exchange potential : 


exchange potential = 


EYa*(r,—R,)a(rs—R,) f a*(r,—R,)a(r)— 


In terms of these quantities, we then have 


U(r,) = V(r;) + electron potential 
—exchange potential. (10) 


From what we have just seen, this potential 
U behaves as it should when the atoms become 
widely separated; that is, it reduces near each 
nucleus to the potential of that nucleus and the 
electrons surrounding it, unaffected by the other 
atoms. Since the electrons all have parallel spins, 
no correction for correlation is necessary in 
addition to the exchange correction. Although 
the potential we have set up is strictly correct 
only for the lowest state, we use it as well for 
the states we are particularly interested in, 
where all electrons but one are parallel, the 
remaining one antiparallel. This approximation 
will make a negligible error, and is entirely 
justified in the present case, though it might not 
be if we were considering states with many 
antiparallel spins. 

Next we must find the matrix components of 
energy. The energy operator for the whole 
system is 





(B(0) | Z| B(O)) =X (o(k, r)| —v?+ V|d(k, r)) 
k 


R)(2/|ru\)dr4} /| Dar(e—-R.)a(e.—Ro} (9) 





H= —2VP+2D V(ri)+ > 2/|rii| 


pairs ij 


+ > 2/|Rat|. (11) 


pairs st 


The first term is the kinetic energy, the second 
the potential energy of electrons in the field of 
the nuclei and inner shells, the third the repulsion 
of electrons, the fourth the repulsion of the 
positive ions. Aside from the last term, which 
does not depend on the electron coordinates at 
all, we have two types of term: the first and 
second, a sum of one-electron operators, and 
the third, a sum of two-electron operators. 
Remembering that the one-electron functions 
are orthogonal, the diagonal component of the 
energy matrix equals the sum of the one-electron 
matrices between all one-electron functions, plus 
the sum of two-electron matrices between all 
pairs of functions, minus the sum of two- 
electron exchange integrals between all pairs 
with parallel spins. For the lowest state, then, 
we have in a simple notation 


+ mM ff fere.-RyaGe.-Ra*(r-R,a(e-R,)2/| ti;|d7i; 


pairs s, t 


= oh f fora. -Rya(e-Rya*(t)-R,at)-R.)2/ ti |d7ij+ ) B 2/|Ra\, (12) 


pairs s, ¢ 


pairs s, ¢ 
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where we have used the functions 6 for the one-electron operators, the a’s for the two-electron ones, 
for reasons of convenience. We find the Laplacian operators from Eq. (1), substitute for U(r) 
from Eq. (10), remember that a summation over all values of s and ¢ independently equals twice 
the summation over all pairs, and finally change all terms over to dependence on the a’s rather than 
the b’s. Then we find 

(B(0) || B(0)) = Eo= DW) + DY 2/|Ra| 


pairs s, ¢ 


—_ y J fare. -Roa(ee-R.)a*(e)—Roa(e)—Ro2/|ruldry 


pairs s, ¢ 


a Zz J fer@.-Rya(e,-R)a%(e)—-Roalt/-R.)2/|tu lara. (13) 


pairs s, ¢ 


We shall use this energy Eo simply to establish a zero of energy. If, however, we were interested in 
cohesion, its variation with lattice spacing would give us the total energy of the crystal. Since there 
is only one valence electron per atom, the terms other than the first will approximately cancel,” 
leaving the sum of W(k)’s as the approximate energy. (Of course, our model is really very deficient 
for a ferromagnetic substance. The electrons we are considering correspond to the 3d electrons in 
the ferromagnetic elements, and we neglect entirely the valence electrons which produce the binding.) 
In the limit of large internuclear distances, this relation becomes exact, and since the W(k)’s all 
coincide, and equal the atomic energy, at large distance, this leads to the correct energy for the 
lowest state of the system. 

Next we find the diagonal energy (B(k—K, k)|H|B(k—K, k)) for one of our states with a reversed 
spin. Most of the terms will be the same as those already considered in (12) or (13), and we shall 
simply consider the terms which are different. As far as the one-electron operators are concerned, 
we must eliminate the terms coming from b(k—K,r), and add extra terms coming from 0(k, r). 
It is more convenient in these expressions to retain the functions }, rather than writing in terms of 
atomic functions, since k appears explicitly in the final result. Then we find without complications 
that the one-electron operators give terms differing from those of (12) by 


W(k) — Wik-K)+¥ f ("ke—K, r,)b(k—K, r,) —b*(k, 11)b(k, 11))b*(k’, r2)b(K’, ¥2)2/|ti2|dri2 
ne 
-> Xf ora-x, r,)b(k—K, r,) —b*(k, r:)b(k, r))b*(k’, r,)d(k”, 1) 
k’, ke’? 
x b*(k”, r2)b(k’, Io) } / { > b*(k’”’, r,)b(k’”’, r;) } 2/| Ti2|d 712. (14) 
. 
The two-electron operators give terms differing by 
-¥ f *a-K, r,)b(k—K, r,) —b*(k, r:)b(k, r1))b*(k’, r2)b(k’, r2)2/|ri2|drie 
re 


— f ork, r, )b(k, r,)b*(k—K, r.)b(k—K, T2)2/!ri2\dr12 


+> b*(k—K, r,)b(k’, r,)b*(k’, r.)b(k—K, ¥2)2/|fy2|dr12. (15) 
k’ 


2 J.C. Slater, Rev. Mod. Phys. 6, 270 (1934). 
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{2 20d* (ke, ri)b(k’, r:)b*(k’, r;)b(k, r;)}/{ b*(k”, r,)b(k”, 14) } 
= 


k k’ 


- (2 da*(ri—R,)a(r;—Ri)a*(r;—R,)a(t;—R,) }/{Qia*(r;—R,)a(tri—Ry)}. (8) 


From the second of expressions (8) we can see particularly easily that the exchange charge density 
is located in the neighborhood of r;. If r, is in the neighborhood of the nucleus at R,, then terms 
like a(r;—R,) will be much larger for s=i than for any other value of s. Hence in the summations 
over 5, t, and v the leading term will be that for which s=t=v=1. Then expression (8) reduces simply 
to a*(r;—R,)a(r;—R;), the distribution about the nucleus R;. This approximation becomes exact as 
the atoms become separated from each other. Now from the exchange charge density (8) we can 


set up the exchange potential : 


exchange potential = 


EYa*(r,—R,)a(r,—R,) f a*(r;—R,a(r;— 


In terms of these quantities, we then have 


U(r.) = V(r.) + electron potential 
—exchange potential. (10) 


From what we have just seen, this potential 
U behaves as it should when the atoms become 
widely separated; that is, it reduces near each 
nucleus to the potential of that nucleus and the 
electrons surrounding it, unaffected by the other 
atoms. Since the electrons all have parallel spins, 
no correction for correlation is necessary in 
addition to the exchange correction. Although 
the potential we have set up is strictly correct 
only for the lowest state, we use it as well for 
the states we are particularly interested in, 
where all electrons but one are parallel, the 
remaining one antiparallel. This approximation 
will make a negligible error, and is entirely 
justified in the present case, though it might not 
be if we were considering states with many 
antiparallel spins. 

Next we must find the matrix components of 
energy. The energy operator for the whole 
system is 





(B(0) | H| B(O)) =X (o(k, r)| —v?+ V| d(k, r)) 
k 


R,)(2/ | r;;| rari} /| Eer(.-R.a(e—R,)]. (9) 





H=—-XV2+L V(ri)+ > 2/|ri;| 


pairs ij 


+ D> 2/|Rul|. (11) 


pairs st 


The first term is the kinetic energy, the second 
the potential energy of electrons in the field of 
the nuclei and inner shells, the third the repulsion 
of electrons, the fourth the repulsion of the 
positive ions. Aside from the last term, which 
does not depend on the electron coordinates at 
all, we have two types of term: the first and 
second, a sum of one-electron operators, and 
the third, a sum of two-electron operators. 
Remembering that the one-electron functions 
are orthogonal, the diagonal component of the 
energy matrix equals the sum of the one-electron 
matrices between all one-electron functions, plus 
the sum of two-electron matrices between all 
pairs of functions, minus the sum of two- 
electron exchange integrals between all pairs 
with parallel spins. For the lowest state, then, 
we have in a simple notation 


+ } ff fora. -Rya(-R)a*(r) Royale) -R2/| tal drs 


pairs s, ¢ 


- = J ferG-RoaGe-Rya%()—Rea(t)—R,)2/| | d+ Y~ 2/|Rau|, (12) 


pairs s, ¢ 


pairs s, ¢ 
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where we have used the functions } for the one-electron operators, the a’s for the two-electron ones, 
for reasons of convenience. We find the Laplacian operators from Eq. (1), substitute for U(r) 
from Eq. (10), remember that a summation over all values of s and ¢ independently equals twice 
the summation over all pairs, and finally change all terms over to dependence on the a’s rather than 
the b’s. Then we find 

(B(0) || B(0)) = Eo= 2 W(k) + DV 2/|Re| 


pairs s, ¢t 


— >» J fer -Roa(t,-R,)a*(e)-Roa(t)-R0)2/| tld 


pairs s, ¢ 


— oh J ferc-Roa(e-Roa*(e)—Roale)—R,)2/|taldr (13) 


pairs es, ¢t 


We shall use this energy Ey simply to establish a zero of energy. If, however, we were interested in 
cohesion, its variation with lattice spacing would give us the total energy of the crystal. Since there 
is only one valence electron per atom, the terms other than the first will approximately cancel,” 
leaving the sum of W(k)’s as the approximate energy. (Of course, our model is really very deficient 
for a ferromagnetic substance. The electrons we are considering correspond to the 3d electrons in 
the ferromagnetic elements, and we neglect entirely the valence electrons which produce the binding.) 
In the limit of large internuclear distances, this relation becomes exact, and since the W(k)’s all 
coincide, and equal the atomic energy, at large distance, this leads to the correct energy for the 
lowest state of the system. 

Next we find the diagonal energy (B(k—K, k)|H|B(k—K, k)) for one of our states with a reversed 
spin. Most of the terms will be the same as those already considered in (12) or (13), and we shall 
simply consider the terms which are different. As far as the one-electron operators are concerned, 
we must eliminate the terms coming from b(k—K,r), and add extra terms coming from d(k, r). 
It is more convenient in these expressions to retain the functions }, rather than writing in terms of 
atomic functions, since k appears explicitly in the final result. Then we find without complications 
that the one-electron operators give terms differing from those of (12) by 


W(k) — Wik—-K) +E f Or(k-K, r,)b(k—K, r,) —b*(k, ri)b(k, r:))b*(k’, r2)b(k’, r2)2/|t12|dT12 
ke 


—-> |] {(o*(k—K, r,)b(k—K, 1) —d*(k, 1,)d(k, 1,))d*(k’, 11)d(k”, 11) 
k’. k’’ 


ik’ 
x b*(k’’, rs)b(k’, r2)}/{b*(k'", r1)b(K’, £1) }2/|ti2ldria. (14) 
k’’’ 


The two-electron operators give terms differing by 


-¥ f ora-x, r,)b(k—K, r,) —b*(k, r:)b(k, r:))b*(k’, re)b(k’, r2)2/| ri2|dri2 
k’ 
— f orc r, )b(k, r,)b*(k—K, r.)b(k—K, 2)2/!ri2\dri2 


+> | o*(k—K, r,)b(k’, r:)b*(k’, re)b(k—K, r2)2/|rie\driz. (15) 
a 


2]. C. Slater, Rev. Mod. Phys. 6, 270 (1934). 
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The first term represents the removal of the electrostatic interaction between the electron k—K, 
which is missing, with all charges, and the substitution for it of the interaction of the electron k, 
which is present in its place, with all charges. The second term corrects this on account of the fact 
that the electron k must not interact with the electron k—K, which is missing. The third term 
removes the exchange interaction of electron k—K with all charges. No corresponding term adding 
the exchange interaction of the electron k is present, for this electron has opposite spin to all other 
electrons. We now combine expressions (14) and (15), obtaining 


(B(k—K, k) | //| B(k—K, k)) = Eo + W(k) — Wik-K)+¥ fork—K, r,)b(k’, r,)b*(k’, £2) 
.’ 


x b(k—K, r2)2 | Tie) dtiy2—-)>, a. | (b*( k— K, r,)d(k— K, r;) — h*(k, r,)b (k, T,)) 
= 
x b*(k’, r1)0(k’, 11) b* (kK, re)d(K’, r2)}/ | O*(K'”’, r1)O(K’”’, £1) }2/| tie|dris 


k°"? 
— for, r,)d(k, r,)d*(k—K, r.)b(k—K, T2)2. | Ty2/d749. (16) 


By straightforward manipulation we can express this in terms of the atomic functions. We obtain 
the following result, where Ro is the radius vector to a typical nucleus, and 9, 09’, 9’ are radius vectors 
from this nucleus to all others: 


(B(k—K, k) J/| B(k—K, k)) = Eo + W(k) — W(k—K) 


—Ry)a(r,;—Ro— o— 9’ )a*(r2— Ry-o’ yal To—- R,)2 Tie dry 


+ > exp Ci(k—K)-9] f a* 


— > (exp [7(k—K)-o0]—exp [ik @}) f {[ELa%(r1—Ryalrs— R—o) | [da*(ri— R’)a(r,—R’) |} 
Pp. p’ R 


riedt2—(1N) Y exp [t(k-o0+(k—K)-9’)] 


, ” 
P,P +P 


xXa*(r; —R,)a(r: —_ — o’ )a*(r2—Ry— o’ )a(re —Ry)2, 


x fa*(t1-Ro)a(ty—Ry~ g)a%(t2— Ry — 0” )a(t2—Ry— 0’ —0"')2/ Tig'driz. (17) 


depending on k. The maximum “value of the 
energy difference comes when K is the vector 


It is worth while looking a little at expression 
(17), for it indicates the energy as given by the 





energy band theory, without the application 
of perturbations to it. The quantity W(k) 
— W(k—K) measures the energy, as given by 
the energy band theory, which is necessary to 
take an electron from state k—K, and bring it 
into state k. This of course is zero if K=0, for 
then, though the spin is reversed, the electron 
is left in the same place in the energy band that 
it was before. For a small K, the term is small, 
measuring the difference of energy between 
points separated by the vector K in the Brillouin 
zone, and can be either positive or negative 


drawn from the point of maximum energy in the 
zone to the point of minimum energy, or vice 
versa; that is, ordinarily, from the center of the 
zone to a point on the boundary. For each value 
of K, there are N states, coming from the N 
values of k, and at this extreme point the N 
states are spread into a band whose width is 
twice the width of the energy band W(k). This 
is indicated for a one-dimensional schematic 
model in Fig. 1. There we plot the band of 
excited levels, as a function of K, showing that 
the band shrinks to zero for K=0, increases in 
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width proportionally to K for small K, then 
approaches a maximum for K equal to half the 
width of the zone (that is, the vector from the 
center to the edge of the zone). The whole 
diagram of course is periodic in K. Similarly in 
three dimensions it will be periodic with the 
periodicity of the reciprocal lattice. 

Next we must consider the summation terms 
in (17). The leading term comes from the case 
o=o' =0 in the first summation, and is 


for —R,)a(r,—Ro) 


X a*(re—Ro)a(re—Ro)2/ | tig} d rie. (18) 
This measures the interaction of an electron on 
the typical atom with another electron on the 
same atom; that is, it measures essentially the 
energy required to take an electron from a neutral 
atom and put it on another atom which is 
already neutral, producing a negative ion, and 
leaving a positive ion behind. This term persists 
to infinite separation. Similarly the last sum- 
mation of (17), for the case e= 0’ =9’’=0, gives 
the same term, but multiplied by —1/N. The 
corresponding term of the second summation of 
(17) is zero on account of the cancellation of the 
exponential functions. All other terms of the 
summations in .(17) involve integrals between 
electrons on different atoms, and hence are 
smaller, vanishing at infinite separation. While 
they cannot be neglected for all purposes, as we 
shall see later, we may leave them out of account 
in a first rough survey. We see then that added 
to the energy W(k) — W(k—K) there is a term, 
approximately independent of K, and persisting 
to infinite separation, measuring (1—1/N) times 
the work necessary to form a positive and a 
negative ion. The reason for this term is clear. 
The excited wave functions, as given by the 
energy band theory, correspond to an electron 
of negative spin traveling through the metal. 
The Pauli principle does not prevent it from 
being on the same atom with an electron of 
positive spin. Then it will have only one chance 
in N of being on the positive ion, and (1—1/N) 
chances of being on a neutral atom, so that its 
average energy will include a term (1—1/JN) 
times the interaction energy with another elec- 
tron on the same atom. This is a correct average 
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result, even for infinite separation, but it is the 
lowest state that interests us more than the 
average. And the lowest state, at infinite separa- 
tion, is surely that in which the electron merely 











a b 


Fic. 1. Energy continuum, with one excited electron, on 
the energy band theory, as function of K. Eo represents 
the energy of the state with all spins parallel, and the 
hatched areas represent the continua of excited levels. 
a, ferromagnetic case; b, nonferromagnetic case. 


reverses its spin, without moving to another 
atom. This state has the same energy Epo as the 
initial state of maximum spin. We see therefore 
that while the energy band theory may be 
correct, and in fact proves to be correct, for the 
great majority of excited states, there are 
nevertheless a few discrete states below the 
continuum, which naturally are of great im- 
portance at low temperatures. We shall see later 
how to find more information about these 
discrete states. 

From Fig. 1, even without a study of the 
discrete states, we can obtain an important 
criterion for the existence of ferromagnetism. 
As far as our simple model goes, it is certainly 
reasonable to say that if all states with one 
negative spin have higher energy than the state 
with maximum positive spin, the system will be 
ferromagnetic, while if some states of negative 
spin have less energy than the state of maximum 
spin, so that the energy is reduced with reduction 
of net magnetic moment, the system will not be 
ferromagnetic. Thus a necessary and sufficient 
condition for ferromagnetism is that all the 
excited levels lie above Eo. Now the levels of 
Fig. 1 represent merely the average energy over 
unperturbed wave functions. The variation 
principle tells us, however, that when we find 
the correct wave functions and energy levels, 
the lowest correct energy levels will lie below 
the lowest unperturbed ones. As a matter of 
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fact, there will be a set of discrete levels splitting 
off the bottom of the continuum, and they will 
necessarily lie lower than the bottom of the 
continuum of Fig. 1. Thus we have a necessary 
condition for ferromagnetism, in terms of the 
energy band theory: the energy bands of Fig. 1 
must lie entirely above Eo, or the splitting of the 
energy band must be less than the interaction 
integral between two electrons on the same atom. 
This is essentially equivalent to the criterion of 
the references 5, though that was expressed in 
terms of the comparison of the state of maximum 
spin with that of zero spin. But this condition 
by itself is not sufficient. In Fig. la we show a 
case where the splitting is less than the inter- 
action integral, so that we may have ferro- 
magnetism; but it is still possible that some 
discrete states should lie below Eo, in which case 
the system would not show ferromagnetism. 
Fig. 1b, on the other hand, in which the splitting 
is greater than the interaction integral, repre- 
sents a state which cannot possibly be ferromag- 
netic. In order to find more definite information 





(B(k—K, k)| H| B(k’—K, k’)) 


- f b_*(Ik, r1) b_*(kk, r2) 
"ind |, *(e’—K, r;)  b,*(e’/—K, 12) 


/|Y12| 
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about the sufficient condition for ferromagnetism, 
we must inquire about the discrete states. 

As a next step, we shall find the energy of the 
excitation states F(K, R). To do this, we first 
need not only the diagonal but also the non- 
diagonal energy components in the B system. 
It is readily proved that there is no component 
of energy between two states differing in K. 
Any change in the k value of one electron must 
change K, so that the only nonvanishing com- 
ponents come from the simultaneous change in 
k of two electrons. We shall then compute 
(B(k—K, k) | | B(k’—K, k’)), in which origi- 
nally there is an electron of + spin missing from 
state k—K, one of — spin present in k, and 
finally there is one of + spin missing from 
k’—K, one of — spin present in k’. Stated 
otherwise, the original state has an electron of 
— spin in state k, and one of + spin in state 
k’—K, which after transition change to an 
electron of + spin in state k—K, and an electron 
of — spin in state k’. The nondiagonal compo- 
nent is then given by 


b,(k—K,r,) 6,(k—K, rz) 
b_(k’, r1) 


aT\2 


b_(k’, r2) 


= — foc r,)b(k’, r,:)b*(k’ —K, r2)b(k—K, re)2/|ri2|dri2. (19) 


Now that we have the diagonal and nondiagonal matrix components of energy in the B system, 
in Eqs. (16) or (17), and (19), we can readily find the components in the F system, using the trans- 


formation equation 


(F(K, R)|H| F(K, R’))=¥(1/N) exp [i(k’-R’—k-R) ](B(k—K, k) | | B(k’—K, k’)). (20) 


k k’ 


We find 


(F(K, R) | H| F(K, R’)) = Eo8(R, R’)+1/NY exp [ik- (R’—R) ](W(k) — W(k-K)) 
k 


+> exp [iK-(R’—R)] f a*(r,—Ro)a(ti—Ro-+R’—R— p)a*(#2—Ro— o)a(F2—Ro)2/|tieldri 


-> exp [iK-9] f a*(r;—Ro)a(t,—Ro-+R’—R— o)a*(rs—Ry—R— o)a(t2—Ro—R)?, | Ti2| A712 
p 


—DL(exp [iK. (R’—R) ]—1) J {C2e*(r1—Ri)a(r, -—Ri+R’—R) ]/[Xa*(11—R2)a(ri— Re) J} 
p Ri Ro 


Xa*(r,;—Ro)a(r, —Ro— o)a*(re—Ro— 0)a(r2—Ro)2/ | Ti2|d712. (21) 
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This formula includes both diagonal and nondiagonal terms. One simplification can be made, in 
the second term, involving the W’s. By the general theory of Brillouin zones, W(k) is a periodic 
function in k space, and hence can be expanded in Fourier series: 


W(k) => We exp [—ik-R], (22) 
R 


where the summation is over all vectors R from a typical atom to all other atoms. Using this ex- 


pansion, we find easily 


1/N¥. exp [ik- (R’—R) ](W(k) — W(k—K)) = Wp’-p(1—exp [iK-(R’—R)]). (23) 
k 


Just as with the energy band functions, it is interesting to consider the diagonal energy in terms 
of the F functions. Since the formulas simplify considerably when R’—R=0, it is worth while 


writing these diagonal terms: 


(F(K, R) | FZ} F(K, R)) = Ext f a*(t:—Ro)a(t,—Ro— 0)a*(ro—Ro— 0)a(r2—Ro)2/| rie|dri2 


—~> exp [iK- 0] f a*(:—Ro)a(t,—Ro— o)a*(r2—Ry—R—p)a(rz—Ro—R)2/|riz|driz. (24) 


The leading terms come from the case oe=0. 
Then the first summation represents the po- 


-tential of an electron on the atom at Ro, on 


itself, while the second summation is the po- 
tential of an electron on Ro, on another electron 
on the atom at ro>+R. If R=0, these terms just 
cancel, so that the energy is Eo, except for 
exchange terms with neighboring atoms, which 
we shall consider in a moment. If R#0, on the 
other hand, the terms do not cancel, but instead 
the second reduces approximately to the po- 
tential between a spherical charge on the atom 
at Ro, and a spherical charge on the atom at 
R,+R, which is 2/|R|. That is, the whole thing 
reduces to the energy necessary to form a 
positive and negative ion at distance R, the 
Coulomb term —2/|R!} arising from the attrac- 
tion of the ions for each other. To this approxi- 
mation, we shall have a series of NV terms for 
each K value, the lowest one being approximately 
Ey, the others converging, as R becomes large, 
to a limit. Since most of the terms lie arbitrarily 
close to the limit, the average energy of the 
terms is closely equal to the limit, and by general 
principles of wave mechanics this average value 
must also equal the average value of the terms 
as computed in Fig. 1 from the energy band 
theory. 

We shall now consider these states in more 





detail. The lowest state is for R=0, and for it 
we have 


(F(K, 0)|H| F(K, 0))=E, 
+¥(1—[exp iK-e]) f a*(r,—R,)a(t;—Ro—e) 


X a*(r2—Ro— o)a(r2—Ro)2, Ty2|d7 12. (25) 


The integral in (25) is the interaction of a charge 
distributed on atoms Rp and Ro+e, on itself, 
and hence is necessarily positive. Furthermore 
it is equal for all neighbors @ at a fixed distance 
from Ro, and falls off rapidly as @ increases, so 
that for approximate purposes we need consider 
only nearest neighbors. The factor (1—exp iK-) 
is zero for K=0, showing that the energy of this 
state is exactly E» at the center of the zone, 
but is positive for other K’s, showing that the 
energy increases for other K values, reaching a 
maximum at the edge of the zone. This behavior 
is shown in Fig. 2, where these energy levels are 
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Fic. 2. Energy levels with one excited electron, on the spin 
wave theory, as function of K. 
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plotted as functions of K, in the same way that 
the energy band levels were plotted in Fig. 1. 
This variation with K is just what Bloch found 
for his spin waves, which are essentially equiva- 
lent to our functions F(K, 0), with one exception: 
the exchange integral which Bloch had was the 
Heisenberg exchange integral, involving both a 
positive term, coming from interaction of the 
electrons with each other, and a negative term, 
coming from interaction with the nuclei. Thus 
if the positive term were larger than the negative, 
the energy of the spin wave would be larger 
than E,» for all K’s except K=0, leading to 
ferromagnetism, while if the negative term 
outweighed the positive one, the energy would 
be less than Eo, and there would be no ferro- 
magnetism. We have at this point only the 
equivalent of his positive term, and shall find 
that the negative contribution is supplied later 
when we perform our perturbation calculation. 
As for the states with R40, the variation with 
K is unimportant. It comes from the last 
summation in Eq. (24). This represents the 
interaction between a charge shared on atoms Ro 
and Ro+e, on a similar charge displaced a 
distance R. Now on account of the orthogonality 
of the a’s, the net charge in one of these distribu- 
tions must be zero, so that it is a multipole. 
On account of symmetry it cannot be a dipole, 
and must be at the least a quadripole. Thus we 
have the potential of a quadripole on another, 
falling off as a high inverse power of the distance, 
and becoming practically negligible after the 
distance R becomes appreciable. Thus the higher 
states in Fig. 2 are drawn independent of K. 


THE PERTURBATION PROBLEM 


We have now derived the matrix components 
of energy in two systems, and we can proceed 
from either one to set up the perturbation 
problem to get the actual states of the system. 
If we start with the energy band picture, as in 
Fig. 1, we shall find that the perturbations split 
certain discrete levels from the continuum, 
leaving the major part of the continuum essenti- 
ally unchanged. If we start on the other hand 
from the functions of Fig. 2, where the lowest 
state represents the spin waves, and the higher 
states represent polar spin waves, the perturba- 
tion will spread out the large number of levels 
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near the series limit into a band or continuum, 
at the same time distorting the lower levels, 
and in general depressing them. The result of 
either sort of calculation is the same, and is 
indicated in Fig. 3, where in 3a we see the case 
where all of the final states lie above Eo, so that 
we have ferromagnetism, while in 3b some of 
the levels lie below Eo, so that the energy of the 
system can be decreased by reducing the net 
magnetic moment, and we do not have ferro- 
magnetism. In either case it is the perturbed 
spin wave level, the one corresponding to F(K, 0), 
which results in the lowest level. If this lies’ 
above Ey for all K’s, we have ferromagnetism, 
and otherwise not. We shall therefore study this 
state in detail. 

It is easiest to study this spin wave in terms 
of the functions F, using the matrix components 
in (21). We first consider the point K=0. The 
unperturbed energy for this value of K is just 
Eo, as we saw from Eq. (25). Furthermore, an 
examination of (21) shows at once that the 
nondiagonal components from this state to other 
states, (F(0, 0) 77! F(O, R’)), are all zero. Thus 
the function F(0,0), with the energy -Zo, is an 
exact solution of the problem, and the lowest 
energy level must go through the point K=0, 
energy = Eo, possessing a minimum or maximum 
there by symmetry. As a matter of fact, we can 
show by a perfectly general argument that there 
must be a state of the system with these values 
of K and energy. For out of all the N® states 
corresponding to a component of spin along the 
axis connected with (N—1) parallel spins, 1 
antiparallel spin, there must be (N?—1) states 
corresponding to the same total spin, and 1 state 
corresponding to the particular orientation of 
the state of maximum spin (JN parallel spins) 
which has a component corresponding to N—1 
spins along the axis. This one state must, by the 
general theory of multiplets, have the same 
energy Ey and the same value K=0 character- 
istic of the state of maximum spin, which we are 
using as our zero of reference. Thus this level 
with E=E, is not really a level of the problem 
we are considering at all, and we could have 
predicted its existence from the outset. We could 
not, however, have predicted on general grounds 
that other levels should join smoothly onto this 
level. 
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We next consider the nondiagonal matrix 
components (F(K, 0)|//| F(K,R)) between the 
lowest state and other states, when K#0. The 
leading term is the one given in (23), equal to 
W,(1—expiK-R). The other terms, in the 
summations, are all exchange terms between 
neighbors, and so are small. Furthermore, even 
the leading term in the summations cancels. 
This is the term o=0. In the last summation of 
(21), in this case, the most important contribu- 
tions to the summations over R; and R: come 
by setting R:=R:=Ro. If this is done, and 9=0, 
it is easy to see that the summations vanish. 
The remaining terms are small enough so that 
we can safely neglect them. Thus we are left only 
with the nondiagonal term Wpr(1—exp7K-R). 
We may expect that We is largest for inter- 
actions with nearest neighbors, R = distance from 
an atom to its nearest neighbor. In fact, if W(k), 
in (22), is given by the formula of Bloch’s 
approximate theory, the interaction We is zero 
except for nearest neighbors, negative for nearest 
neighbors. Thus we may expect to get a good 
approximation if we consider only interactions 
of F(K,0) with those functions in which the 
electron of negative spin is removed to a nearest 
neighbor of the atom from which it has come. 

It is not practical to try to get exact solutions 
for the lowest state of the real system, so we 
shall first proceed by perturbation theory. Using 
second-order perturbations, and considering in- 
teractions with nearest neighbors, as we have 
just stated, we then have 


energy = (F(K, 0) ,//7, F(K, 0)) 
(1—exp [7K-R ]})(1—exp [ —7K-R }) 


- i ———— 
R E(R) —E(0) (26) 








Here E(R) is the unperturbed energy of the R 
state, (F(K, R) //| F(K,R)), and E(0) is the 
energy of the 0 state, (F(K,0) //, F(K, 0)). 
Since E(R), Wer are the same for all nearest 
neighbors R, we can take them out of the 
summation. We shall adopt two abbreviations: 
in (25), we let the integral be Jp: 


I= f a*(t,—Ro)a(t)—Ro— o)a*(t2—Ro— 0) 


Xa(re—Ro)2/ | fie, dr12, (27) 


where o is the vector to one of the nearest 
neighbors. Secondly, we let 


I,= E(R) — E(0). (28) 
Furthermore, we shall neglect the fact that J, 


depends on K, since the dependence, which comes 
from E(0), is not very great. We remember that 























Fic. 3. Energy levels with one excited electron, as func- 
tion of K, as result of perturbation theory applied to 
methods of Fig. 1 or Fig. 2. a, ferromagnetic case; b, non- 
ferromagnetic case. Note: Figs. 1, 2, 3 are merely sche- 
matic, not the result of actual computations. 


the largest term in J, is the energy of interaction 
between two electrons on the same atom, a 
fairly large quantity compared with the variation 
of E(0) with K. Then in evaluating (26), we 


must first find the summation }°>(1—exp iK-@) 
pe 


from (25). The exponential can be written as 
cos K-9+7 sin K-o, of which the second term is 
odd in ». Now for each neighbor there will be 
another diametrically opposite, so that the sine 
terms will cancel in pairs, leaving only the 
cosine terms. Hence 


> (1—exp [7K-o ])=>0(1—cos K-o). (29) 


Also we must work out the sum in (26). This is 
> (1—exp [7K-R])(1—exp [—7K-R)]) 
R 
=>°2(1—cosK-R), (30) 
R 


twice the previous summation. Thus we have 
energy of lowest state=E,)+A} >(1—cos K-R), 
R 


where 


A=I9—2Wr?/I;. \ (31) 


The formula (31) gives a variation with K 
just like Bloch’s solution for the same spin wave, 
as we have mentioned above. Now, however, 
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we get more complete agreement with the Bloch 
or Heisenberg type of theory, in which A would 
take the place of the interaction or exchange 
integral between neighbors. For now our integral 
A is made up of two parts, a positive and a 
negative one, the positive one coming from 
electrostatic interactions between electrons, the 
negative one from the splitting of the energy 
band, which amounts to interactions between 
electrons and nuclei. Plainly the quantity A can 
be of either sign, and if it is positive we have 
ferromagnetism, otherwise not. (We must re- 
member that our formula, being derived from 
perturbation theory, is not very accurate for 
large perturbations, or large Wr. Thus it should 
be fairly good for the ferromagnetic case, but 
inaccurate for the nonferromagnetic case.) It is 
interesting to consider how A will change as the 
energy band broadens. Both J) and Wr depend 
on the overlapping of neighboring atoms, though 
in a rather independent way. For purposes of 
orientation, we may suppose that they are 
proportional to each other: J>=a|Wr_, where 
probably a is considerably smaller than unity. 
Then we have 


A=a|Wr| —2We'*/h, (32) 


a quadratic in Wr, going to zero when Wr=0, 
rising to a maximum as the overlapping in- 
creases, then going to zero again when | Wp| 
=al,/2, finally becoming and staying negative. 
This is the behavior which has often been 
discussed, in which ferromagnetism starts weakly 
with small overlapping of neighbors (as in the 
rare earths), increases with greater overlapping 
(as in the iron group), then disappears with 








We can approximate this successively by a 
quadratic (using the four elements in the first 
two rows and columns), a cubic, quartic, etc., 
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still more overlapping (as in the conduction 
electrons of nonferromagnetic elements). 

A more accurate solution of our perturbation 
problem can be obtained in some special cases. 
Thus consider a body centered lattice, and let K 
be at the edge of the band. That is, K is along 
one of the three axes, and its magnitude is such 
that cos K-R=—1 for each of the eight neigh- 
bors. Our problem is then to find combinations 
of all functions F(K, R), for all R’s, which will 
be solutions of the problem. Remembering that 
each atom has eight neighbors, the diagonal 
energy of the state F(K, 0) is Ey +16/o. To the 
approximation which we have been making, we 
can set the diagonal energy of all other states 
F(K, R) for R40 equal to Eo+/. Furthermore, 
the nondiagonal matrix component from one 
function to any one of its eight nearest neighbors 
is 2Wr, and to any further neighbor we assume 
it to be zero. By symmetry, the lowest state 
will then have a wave function in which all 
functions with the same magnitude of R, but 
different directions, will have the same coeffi- 
cient. Thus let the function F(K, 0), the non- 
polar function, have the coefficient Co. The next 
more distant functions, corresponding to the 
removal of the electron to one of the eight 
nearest neighbors, at (+1, +1, +1) times the 
lattice spacing, will have the coefficient C;. The 
six functions connected with the next nearest 
neighbors (+2, 0, 0), (0, +2, 0), (0, 0, +2), will 
have the coefficient C2. We continue in this way. 
Then it is easy to set up the secular equation 
for the energy. This is found, by consideration 
of the number of neighbors of each type which 
each function has, to be the following: 


Eot+16l>n—-E 16We 0 0 0 
2Wr Evxth—-E 6Wr 6Wr 0 
0 8Wr E.+1,—E 0 8Wr 

=0. (33) 
0 4Wr 0 Exth—-E 4Wr 
0 0 2Wr 4Wr Evth—-E 





using successively more rows and columns. This 
has been done, carrying it up to the fifth degree 
equation, which amounts to using the nonpolar 
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state and the four nearest sets of neighbors. In 
Fig. 4 the results are plotted for each of these 
approximations, as well as for the second order 
perturbation method of Eq. (31). The integral 
J, in Fig. 4 is taken as the unit of energy, and 
the quantity 16, Wr| is used as the abscissa, so 
that the figure shows what happens as the 
energy band becomes broader and broader. The 
straight line represents J,—16|Wer|, which is 
easily seen to be the bottom of the Bloch 
continuum, in case the zero of energy represents 
Ey. The point where it crosses the axis is the 
point where the theory of energy bands would 
indicate that ferromagnetism ceased. The various 
curves, all approximations to one correct solution 
of the perturbation problem, indicate the lowest 
stationary state of the problem, essentially 
Bloch’s spin wave, as it is determined from the 
secular Eq. (33). For We=0, this reduces simply 
to Ey +16/o, and we have shown the case where 
16J>=1/10J,. That is, we have assumed the 
interaction integral of the electron with its 
neighbors (16/9) to be one-tenth the interaction 
with a similar electron on the same atom (/;). 
This seems like a reasonable assumption in the 
ferromagnetic case. 

Still another approximation curve is shown in 
Fig. 4, lying lower than the others, and therefore 
still nearer the truth. This was obtained by a 
method similar to Wannier’s operator method.'® 
Let us suppose that the coefficients C vary 
slowly from one atom to its neighbors. We shall 
now label the C’s with the indices of the atom 
to which they refer: C(mmons) is the coefficient 
of the function F(K, R) for which the vector R 
equals (m, m2, m3) times the lattice spacing. 
Then, so long as m:mon3 is neither the central 
atom, R=0, nor one of its eight nearest neigh- 
bors, the corresponding Eqs. (33) all reduce to 
the form 


(Eo +]; —E)C(mnens) 
+2Wr(C(m+1, no+1, n3+1)+ ess 
+C(m—1, n2e—1, m3—1))=0, (34) 


where there are eight terms multiplying 2Wpr. 
Now suppose that we can expand the C’s in 
power series in the m’s, and break off with second 
power terms, which we can do if the C’s vary 
sufficiently slowly. The linear terms will vanish, 
equal and opposite contributions coming from 
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Fic. 4. Various approximations to the lowest energy 
level, as function of Wr, the width of the energy band. 
Straight line (1) represents the bottom of the energy con- 
tinuum. Curves (2), (3), (4), (5), are solutions of the 
second, third, fourth, and fifth power secular equations 
approximating the Eq. (33). Curve (6) represents the solu- 
tion of Eq. (36). The second order perturbation approxi- 
mation of Eq. (31) lies very close to curve (2). 


opposite neighbors. We are then left only with 
terms coming from the second derivatives. These 
give the equation 


(Eot+l1+16Wer—E) C(ninens) +8 Wr(0?/ dn? 
+0?/An2? + 0?/An3")C(nynen3) =0. (35) 


Eq. (35) is the wave equation, and we find the 
desired spherically symmetrical solution by 
assuming 


C(mnens) = (exp — a(ms*+-n2?+n5")!) 
/(n?+ni+n;3*)'. (36) 


where a is an arbitrary constant. Between a and 
the energy there must exist the relation 


E=EFEot+ht+16Wrt8Wre’. (37) 


Eq. (37) has a simple interpretation in terms of 
Fig. 4. Remembering that We is negative, we 
see that Eo+/,:+16Wer represents the straight 
line of Fig. 4, or the bottom of the energy band 
continuum. Eq. (37) then says that the energy 
E lies below this energy, by an amount which is 
smaller, the smaller a becomes. Small a corre- 
sponds to a wave function which is reduced only 
very slowly as (m;?+?+-n;*) increases; that is, 
to a very extended wave function. 

The expression (36) clearly cannot be used for 
nN; =Ne=n3=0, for it then becomes infinite. Let 





I 
a! 
bi 
i 
t 
a 
ia 





212 a. <. 


us then assume (36) for all other values of the 
n’s, and assume an independent value Cy for the 
central atom. We then have three variables, Co, 
a, and E, and we must find three equations to 
determine them. One of these equations is (37), 
and it is natural to take as the other two the 
first two equations of those indicated in the 
determinant (33), so that the relations will be 
exactly satisfied for the central atom and its 
next nearest neighbors. Eliminating Co, these 
give a relation between the energy and a which 
can be easily solved, and the result is plotted in 
Fig. 4. As we see, the energy of the state gradu- 
ally approaches the bottom of the continuum, 
with corresponding decrease of a, or increase of 
the size of the wave functions. Even this solution 
proves not to be good for very large values of 
Wr; the solution shows a curious behavior by 
which @ becomes zero for a finite value of We, 
which surely does not correspond to the real 
behavior. It is safe to say, however, that this 
solution is fairly near the truth in the region 
where it lies above the energy Eo, which is the 
ferromagnetic case, and that it indicates the 
correct trend even when it lies below Ep. 

The situation, then, as indicated by Fig. 4 
and the calculations leading up to it, is the 
following. The energy band of Figs. 1 and 3, as 
it increases in width, pushes the lowest wave 
function down, and it pushes it below Ep, 
destroying ferromagnetism, when the energy 
band is about eighty percent of the integral /,, 
rather than one hundred percent as in the 
elementary energy band theory. This numerical 
value, of course, represents a special case, but it 
probably indicates the order of magnitude to be 
expected in general. Until the band is almost of 
this width, the simple second order perturbation 
calculation of Eq. (31) represents the energy 
quite accurately, and can be used safely in the 
ferromagnetic case. The wave function in this 
case consists of a mixture of the function F(K, 0) 
and the functions F(K,R) in which R is the 
nearest neighbor to the central atom. We re- 
member that F(K, 0) is a function in which an 
electron is removed from a certain atomic 
function, its spin is reversed, and then it is 
replaced in the same atomic function. Finally 
all such functions are combined to make a wave 
of spin traversing the metal. But the atomic 
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function, being one of the orthogonal functions, 
is not really confined entirely to one atom, but 
has appreciable values on nearest neighbors, so 
F(K, 0) contains an appreciable probability that 
the reversed electron will be found on a nearest 
neighbor. F(K, R) consists largely of the proba- 
bility that the reversed electron will be on the 
nearest neighbor, and it enters with such a sign 
as partly to cancel the probability of being on 
the neighbor already present in F(K, 0). In other 
words, the final wave function is one in which 
the reversed electron is almost sure to be on the 
atom from which it originally came, rather than 
forming an ion by shifting to its neighbor. This 
is essentially the wave function of the Heisenberg 
theory, made of nonorthogonal functions, though 
doubtless there will be some small amount of 
polar function left in it. Our final result, then, 
is in close agreement with the atomic type of 
theory, as far as the lowest stationary state in 
the ferromagnetic case is concerned. 

In the other limit, however, when the width 
of the energy band, Wr, becomes large, our 
solution departs widely from the atomic type. 
In the first place, the energy levels of the discrete 
states draw in very closely to the bottom of the 
continuum, so that the energy band method 
becomes very accurate for a calculation of 
energy. In the second place, as we see from the 
type of solution (36), the wave function changes 
its character entirely. It is a combination of 
many F(K, R)'s, corresponding to large R values, 
with coefficients which fall off slowly with the 
magnitude of R. That is, it is a wave function in 
which the electron is only tied loosely to the 
positive ion which it has left behind, and wanders 
at considerable distances from it through the 
crystal, though not reaching infinite distance. 
Our solution unfortunately is not accurate 
enough to give exact values for the size of this 
wave function. In a qualitative way, however, 
it is similar to those found by Wannier'® in a 
similar problem. The equations (34) of course 
have other, higher solutions, in addition to the 
one we have found, which would be analogous 
to the 1s state of a hydrogen atom. There will 
be a series of s-like states, in which all neighbors 
at a given distance have the same coefficients, 
and in which the C’s can be determined approxi- 


mately from the differential equation (35). 
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THEORY OF 
Then there will be solutions of different sym- 
metry, corresponding to p, d, --- states of the 
hvdrogen atom. These will form a series of 
discrete levels, which may have a larger or 
smaller total number of levels according to 
circumstances, lying between the lowest level, 
which we have investigated, and the continuum. 
And the size of the wave function will grow 
larger and larger, as we go to higher and higher 
“quantum numbers,” regarding the wave func- 
tion as sort of an “atom” on a large scale. 
It is this type of solution which is of importance 
in nonferromagnetic substances, and which we 
discuss in connection with the problem of super- 
conductivity in the following paper." 


CONCLUSION 


Starting with the theory of energy bands, we 
have set up the perturbation problem and solved 
approximately the case of a band containing 
half enough electrons to fill it, all having parallel 
spins but one. This problem is a test for ferro- 
magnetism : if the lowest energy of the problem 
is lower than the energy when all have parallel 
spins, the system will tend to reduce its spin, 
and will not be ferromagnetic, whereas if all 
energies of the problem are higher than the state 
of maximum spin, the latter will be the stable 
state, and we shall have ferromagnetism. On the 
theory of energy bands, applied in an elementary 
way, as in reference 5 on the ferromagnetism of 
nickel, the lowest state of this problem of (N —1) 
positive spins is found by taking the electron of 
positive spin from the top of the band, intro- 
ducing it with negative spin at the bottom of 
the band, thereby reducing the energy a good 
deal. This reduction of energy is partly counter- 
balanced by the exchange integral, an interaction 
between an electron and another on the same 
atom, which increases the energy when the spin 
is reversed. If the energy reduction on account 
of the energy band is less than the exchange 
integral, there will be ferromagnetism, otherwise 
not. When we carry out our present more 
refined calculation, we find that in broad outlines 
this criterion is still a correct one. We find, 
however, that there are discrete energy levels 
below the continuum given by the energy band 
theory, and that some of these may lie below 


8 J. C. Slater, Phys. Rev. (following paper, this issue). 
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the energy of the ‘state of maximum spin, 
destroying ferromagnetism, even when the ele- 
mentary theory would predict ferromagnetism. 
These discrete states are states in which the 
electron of negative spin stays on or in the 
immediate neighborhood of the atom to which 
it formerly was attached with positive spin. 
When it had positive spin, the Pauli principle 
prevented it from passing to neighboring atoms, 
since they already had similar electrons. This 
prohibition is removed when the spin reverses, 
and the only thing holding the electron to its 
atom is now electrostatic action, or the correla- 
tion energy between the electron and positive 
ion. The energy by which the lowest discrete 
level lies below the continuum is a measure of 
the correlation energy. When we consider this 
correlation energy, we find that ferromagnetism 
will be destroyed when the reduction of energy 
on account of the width of the energy band is 
something like eighty percent of the exchange 
integral, the difference being made up by the 
correlation energy. Thus the criterion is changed 
quantitatively, but not qualitatively. 

The lowest energy level of the system, the 
correlation state just described, is equivalent to 
the spin wave of Bloch’s theory, and makes 
direct connection with Heisenberg’s formulation 
of ferromagnetism. But we have described it in 
terms of orthogonal functions and energy bands, 
gaining in mathematical simplicity by the elimi- 
nation of nonorthogonality integrals, and making 
connection with other parts of the theory of 
metals. At low temperatures, and perhaps at 
ordinary temperatures, it will be this spin wave 
which is excited, and probably the higher waves 
in the continuum will not be excited. Thus 
Bloch’s deduction of the temperature variation 
of the magnetic moment at low temperatures, 
based on spin waves, should be correct, and a 
deduction based on the levels in the continuum 
is probably not valid. 

In the nonferromagnetic case, where the 
energy bands are broad, there are still separated, 
discrete levels, but they approach closer and 
closer to the continuous band as it broadens. 
At the same time the wave function changes, 
becoming more and more extended. Instead of 
corresponding closely to a spin wave, the lowest 
state describes an electron which wanders far 
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from the positive ion which it has left, describing 
an orbit similar to a large atom, but not going 
to infinite separation. This type of energy level 
and wave function, the energy lying only slightly 
below the continuum so that it will be important 
only at low temperature, and the wave function 
being very extended so that it will have large 
diamagnetism, may well be important in the 
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theory of superconductivity, as discussed in the 
following paper. 

The writer wishes to thank Professor J. H, 
Van Vleck for valuable discussions of the subject 
of this paper. He also wishes to thank the 
Institute for Advanced Study for the privilege 
of conducting these investigations in residence 
at Princeton. 
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The discrete levels of the electrons of a metal, lying 
below the continuum of levels predicted by the energy 
band theory, and interpreted in an earlier paper as leading 
to the superconducting state, have been further investi- 
gated, though a quantitative discussion in the general case 
is still impossible. The wave functions correspond to 
electrons which can wander for some distance through the 
metal, but are held toa finite region by forces of interaction 
with positive ions. Such wave functions will carry no 
current in the ordinary way, for they correspond to the 
correlation of an electron and a positive ion, and the two 
move together. On the other hand, being similar to large 
atoms, they have a large diamagnetism, and hence may 
perhaps lead to London's form of theory of supercon- 
ductivity. In the second section, this possibility is dis- 
cussed. It is shown, by reference to the ordinary theory of 
diamagnetism, that the two conventional types of theory, 
one for bound electrons, the other for free electrons, are 


I. THE WAVE FUNCTIONS 


N an earlier paper, the author has suggested! 
that the electrons in the superconducting 
state may be in special stationary states of the 
system as a whole, lying a little below the lowest 
state as described by the Bloch theory of energy 
bands, and expressible only as a linear combi- 
nation of Bloch functions, meaning that a certain 
correlation or cooperation between the electrons 
is necessary to bring this state about, which 
would be disturbed by temperature agitation. 
These special stationary states have now been 
further investigated, and in the present paper 
their nature is described in more detail, and it is 


* On leave from the Massachusetts Institute of Tech- 


nology, Cambridge, Mass. 
1]. C. Slater, Phys. Rev. 51, 195 (1937). 


treated in such different ways that one cannot in all cases 
interpolate between them. Instead, as wave functions 
become larger and larger, one can continue to treat them by 
the method appropriate to isolated atoms, until they be- 
come so large that the energy associated with the Larmor 
precession becomes comparable with the atomic energy. 
Then the properties change, and the method appropriate to 
free electrons gradually becomes correct. This limiting size 
depends on the magnetic field, or conversely the limiting 
magnetic field depends on the size. It is shown that to 
produce superconductivity the orbits must be of the order 
of magnitude of 137 atomic diameters, a not unreasonable 
figure with our model. Then the limiting magnetic field, 
above which the large diamagnetism or superconductivity 
would be expected to disappear, proves to be of the order 
of a few hundred gauss, or the order of magnitude of fields 
actually necessary to destroy superconductivity. 


shown that it is even more plausible than before 
that they may be really responsible for super- 
conductivity. In the first section we discuss the 
nature of the wave functions and energy levels 
of the problem. The second section is devoted to 
showing that the wave functions are of the sort 
to be expected for superconductivity. London* 
has objected quite properly to the earlier paper, 
on the ground that superconductivity has much 
closer resemblance to diamagnetism than to 
ordinary conduction, a point of view which he has 
elaborated on previous occasions.* It is very 

2F. London, Phys. Rev. 51, 678 (1937). 

3F. and H. London, Proc. Roy. Soc. A149, 71 (1935); 
Physica 2, 341 (1935); F. London, Proc. Roy. Soc. A152, 
24 (1935), and others. See particularly F. London, Une 


Conception Nouvelle de la Supra-Conductibilité, Actualités 
Scientifiques et Industrielles (Paris, 1937). 
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SUPERCONDUCTING 


gratifying that the present theory has rather 
automatically developed along the lines of 
London's ideas, in that the special states previ- 
ously described prove not to carry current in the 
ordinary way, but on the other hand prove to be 
just the sort capable of showing an extremely 
large diamagnetism. 

It is now possible to discuss fairly completely 
the problem of a crystal containing two energy 
bands, each capable of holding N electrons, but 
one actually occupied by N —1, the other by one, 
electron.‘ We shall first describe the solution in 
nonmathematical language, hoping to under- 
stand its nature well enough so that we can 
indicate its extension to the actual problem in 
which a number of energy bands are partly 
occupied. This general problem is much too 
difficult to work with mathematically at the 
present time, and it is hard to see how the theory 
can be applied quantitatively to it without 
extreme complication, so that a qualitative dis- 
cussion must suffice for the present. 

At the outset it should be stated that we shall 
regard an energy band as a group of WN levels, 
capable of holding N electrons per crystal of N 
atoms, of a given spin, and that we shall regard a 
group of N levels associated with one spin as 
being a different band from the group of JN levels 
associated with the opposite spin. The essential 
point is that the one electron changing from one 
band to the other must change its atomic wave 
function, and it is immaterial to the general 
theory whether it changes the dependence of this 
atomic wave function on coordinates or on spin. 
It is for this reason that the ferromagnetic 
problem, where an electron reverses its spin but 
stays in the same band as far as orbital functions 
are concerned, is closely analogous to the optical 
absorption problem, where the electron changes 
its orbital function without change of spin. This 
observation shows that in the previous paper on 
superconductivity,' it was incorrect to suppose 
that the alkali metals, and copper, silver, and 
gold, are essentially different from other metals 
on account of having electrons in only one energy 
band. For they have electrons of both spins, and 
from the standpoint of the general theory that 


‘J. C. Slater and W. Shockley, Phys. Rev. 50, 705 
(1936); G. Wannier, Phys. Rev. 52, 191 (1937); J. C. 
Slater, Phys. Rev. 52, 198 (1937). 
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amounts to two bands, just as with other metals. 
In view of this fact, and of recent experimental 
work pointed out by Mendelssohn,* it seems 
unlikely that the theory in its present form is far 
enough advanced to predict which metals should 
show superconductivity and which should not. 
As we shall describe it, it certainly seems like a 
phenomenon which might be very widespread. 

Let us call the almost filled band A, the almost 
empty one B. First consider the state where A is 
entirely filled, B entirely empty. Then the Pauli 
principle operates between all the N electrons in 
state A, in such a way as to prevent two of them 
from piling up on one atom at the same time. The 
result is an extraordinarily uniform charge distri- 
bution, quite without local fluctuations, except 
of course in going from one part of an atom to 
another. If we suppose that there are enough 
electrons just to neutralize the nuclei, this means 
a very constant electrical potential throughout 
the crystal. Whenever an electron moves from 
one atom to another, the Pauli principle demands 
that one move from the second atom back to the 
first. This shows us at once why no current can 
flow in such a state, since every motion of 
electricity is compensated by an equal and 
Opposite motion. 

Next imagine that one electron is removed 
from state A, placed in state B, and let us 
describe the situation in terms of energy bands, 
so that there is an empty level among the N 
states of band A, a filled level in band B. Of 
course, the lowest resulting energy, in the energy 
band theory, is found if the electron is removed 
from the highest state of band A, put in the 
lowest state of band B. We shall refer to the zero 
of energy throughout as the energy of the state 
where band A is filled, and we shall now consider 
the energy of this new state, which we shall call 
the excited state, referred to that zero. This 
excited state can be higher than the original 
state, in which case the system tends to have 
band A filled, band B empty, or it canbe lower, 
in which case electrons tend to occupy both 
bands. 

If the electron in band B is in a modulated 
wave function such as one has in a periodic 
lattice, that means that it is circulating freely 
through the crystal, and is as likely to be found 

5K. Mendelssohn, Phys. Rev. 51, 781 (1937). 
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on one atom as on another. This circulation is 
now permitted by the Pauli principle, for this 
electron no longer has the same atomic wave 
function as the other electrons, and can occupy 
an atom already holding another electron. But 
there is a price demanded for the privilege of free 
circulation. This price is the energy required for 
the electron to be removed from its original atom 
(essentially the ionization potential, as distorted 
by the existence of the lattice), minus the energy 
recovered when it forms a negative ion on 
another atom (the electron affinity of the neutral 
atom, again distorted by the lattice). If the 
electron is not removed to a very distant atom, 
this is diminished by a Coulomb term: as the 
negative ion is removed from the positive ion left 
behind, work must be done against the Coulomb 
attraction between the ions, so that the total 
work which we reckoned above, representing the 
work necessary to remove the ions to infinite 
separation, must be decreased if the separation is 
only finite. Now the actual excited electron is 
equally likely to be found on any atom of the 
crystal, so that there is only a negligible chance 
that it will be near the positive ion, and this 
Coulomb term can ordinarily be neglected. The 
price demanded for the formation of the excited 
state then is essentially an ionization potential 
minus an electron affinity, a matter of several 
volts. But in the cases we are interested in, it is 
worth the price, for we shall assume that the 
bottom of band B lies well below the top of band 
A, far enough below so that the gain in energy is 
more than the loss, and the excited state really 
lies below the normal one. If the excitation 
consists of reversal of spin, without change of 
orbital motion, this means that we are not 
dealing with a ferromagnetic system. If it con- 
sists of change from one band to another, it 
means that the second band B, though it may be 
higher than A, still overlaps it enough so that the 
bottom of B is decidedly below the top of A. We 
find in either of these cases that the lowest state, 
in the language of energy bands, is that in which 
the excited electron is essentially at rest at the 
bottom of band B, the hole in band A being at the 
top of that band, and therefore again essentially 
at rest (since the slope of the energy vs. k curve 
gives the velocity, and this is zero both at the 
maximum and minimum energies). But these 
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ions are both distributed with equal probability 
on each atom of the system, so that they have no 
relation to each other. 

The state which we have thus derived is one in 
which there is a fluctuation of charge distribution. 
The positive and negative ions are equally likely 
to be found anywhere within the crystal. There 
is no longer the uniformity of charge and 
potential found in the normal state. Now a 
nonuniform charge distribution results in an 
increased potential energy. This can be seen from 
the fundamental principles of electrostatics. The 
electrostatic, potential energy can be written as 
(ir) f E*dr, reducing to zero in a_ uniform 
potential where E£ is zero, but increasing wherever 
there are nonuniformities of potential. It is this 
increase of potential energy which we have 
described as the price which must be paid in 
order to excite an electron. We now ask, have we 
perhaps paid too great a price? Could we have 
set up some other state, with less fluctuation of 
charge density and potential, which would have 
had an even lower energy? To have less fluctu- 
ation, we must correlate the motions of positive 
and negative ions, arranging the state so that the 
chances are large that they will be found close 
together, small that they will be far apart. This 
can be done by building up a wave packet of 
excited states of the form we have used, each 
corresponding to an electron removed from one 
level of band A, and placed in one level of band 
B. lf we wish to go to an extreme, we can arrange 
the packet so that the negative and positive ions 
are practically sure to coincide, and we have to 
pay no price at all for our excitation in the matter 
of potential energy. But we have a compensating 
loss in other energy, for it turns out that to make 
such a packet we must use all possible excited 
states, with equal coefficients, amounting to 
removing the electron from a mean position in 
band A, placing it in a mean position in band B, 
instead of going from the top of A to the bottom 
of B. In the particular case of ferromagnetism, 
bands A and B coincide in energy, so that in 
some cases it can turn out that the resulting loss 
of energy is very small. But if band B lies above 
A, the loss of energy would be considerable, and 
this state would probably have about as high an 
energy as the energy band state, or even much 


higher. 
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The situation we have just described can be 
looked at in a more graphic way. If the electron 
in band B practically coincides with the hole in 
band A, its wave function must decrease very 
rapidly as it leaves the hole. This rapid decrease, 
perhaps of an exponential sort, means a large 
kinetic energy. In other words, the increase of 
kinetic energy associated with such a concen- 
trated packet more than makes up for the 
decrease of potential energy, in most cases. To 
get the really lowest energy, we must make a 
compromise. We build a more extended packet, 
so that the positive and negative ions may be 
found at a distance of a good many atomic 
diameters, but still will not wander to infinite 
separation from each other. This will not de- 
crease the potential energy so much as before, but 
neither will it give a function that varies as much 
with position, so that the kinetic energy will not 
be as much increased. The resulting wave func- 
tion can be looked at in a very physical way. 
Both electron and positive hole are capable of 
moving through the crystal (the hole ‘‘moving” 
by the shift of neighboring electrons into the 
hole, leaving a new hole on the neighboring 
atom). Each has a certain “effective mass,’’ as 
found in the usual theory of metals, determined 
by the curvature of the energy-momentum curve. 
There is a potential energy of interaction between 
them. Then the wave function is approximated 
by that of a two-body problem with the effective 
masses and potential energy just described. Such 
a two-body problem would be similar to a 
hydrogen atom, except that both positive and 
negative particles are mobile. It has many energy 
levels and wave functions, the wave functions 
getting more and more extended as we pass to the 
limiting continuum at the limit of the series, and 
the energy levels getting closer and closer to- 
gether. The levels considered in the conventional 
theory are simply the continuum of levels beyond 
the series limit, in which the electron and hole 
independently wander through the crystal. The 
discrete stationary states correspond to the 
discrete energy levels of a two-body problem. 

This elementary picture gives one definite 
piece of information about these discrete wave 
functions: they cannot carry current in the 
ordinary way. For if such a function moves 
bodily through the crystal, both the electron and 
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the hole move with the same rate, corresponding 
to equal transports of negative and positive 
electricity, which just cancel. Thus the existence 
of such levels cannot lead to a theory of enhanced 
ordinary conduction, as was suggested in the 
earlier paper.' In fact, if many electrons of the 
metal went into such states, the ordinary con- 
ductivity would be decreased, not increased. 

On the other hand, there is another property of 
these wave functions which is just what is needed 
to produce a large diamagnetism. In most actual 
cases, the wave functions will presumably be 
quite extended, allowing the positive and nega- 
tive charges to wander to a considerable distance 
from each other. That is, they will be analogous 
to large “atoms,” much larger than ordinary 
atoms, but small compared to the crystal as a 
whole. Now the diamagnetic susceptibility of an 
atom is proportional to the square of its radius. 
Thus wave functions of this type, having a large 
radius, can correspond to very large diamag- 
netism, and can lead to London’s theory of 
superconductivity. This is discussed in the second 
section. 

The discussion so far has been concerned with 
the case in which one electron only was in band 
B, the remaining N —1 electrons being in band A. 
Actually, most metals have a number of bands 
simultaneously occupied by electrons. If the 
metal is not ferromagnetic, each band of one spin 
will be accompanied by the corresponding band 
of the opposite spin, and each will be equally 
occupied. Furthermore, practically all metals 
except the alkalies, copper, silver, and gold have 
at least two different energy bands partly 
occupied. The resulting problem would be ex- 
tremely involved to treat in detail, and we shall 
not try it. But we can see qualitatively what will 
happen. If we set up the lowest level according to 
the theory of energy bands, with a number of 
partly occupied bands, there can be large fluctu- 
ations in the charge on each atom, for an 
electron corresponding to any one of the bands 
can be present or absent on an atom, inde- 
pendently of the others. Thus, as before, this 
state will correspond to considerable fluctuations 
of the potential from point to point, and to a 
considerable potential energy. In an effort to 
reduce this fluctuation, there will be special 
states into which each of the electrons can fall, 
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localized near the minima of potential energy, 
with energies slightly lower than those of the 
continuum. We can imagine a crude method of 
successive approximations by which these levels 
might be found. We could start with the energy 
band function. A particular, typical arrangement 
of electrons in it would correspond to a certain 
fluctuating charge distribution, with certain 
minima and maxima of potential. We could 
imagine all the electrons but one frozen in these 
particular positions, and let the remaining one 
move in the resulting field. It would have 
possible wave functions concentrated near the 
minima of potential energy, avoiding the maxima. 
Having found these functions, we could set up a 
new approximation, by putting the electrons in 
the lowest functions of this type, instead of in 
the energy band states. We should presumably 
find that the potential in this case had been over- 
corrected, and a repetition of the same process 
would result in more extended functions as a next 
approximation, and so on. Whether such an 
approximation would actually converge is a 
question, and it certainly would not be practical 
for computation, but it suggests a possible state 
of the system as a whole in which many or most 
of the electrons would have wave functions which 
were damped off in space instead of extending 
through the whole crystal. 

This type of calculation reminds one of that 
made by Wigner and Seitz® in discussing corre- 
lation energy in a crystal. There they considered 
particularly the way in which the wave function 
of one electron kept out of the immediate 
neighborhood of another electron. They found 
that by setting up wave functions in which this 
was accomplished, a very considerable gain in 
energy can be secured. Surely this calculation of 
Wigner and Seitz accounts for the larger part of 
the gain in energy which can be secured by 
electron correlation, and of course this is such a 
large energy gain that it is not affected by 
temperature. The small scale fluctuations in 
potential will be almost entirely ironed out by 
this small scale correlation, and the only fluctu- 
ations which may be supposed to remain will be 
rather long scale fluctuations of small amplitude. 
These will result in only a slight excess of 


8 E. Wigner and F. Seitz, Phys. Rev. 46, 509 (1934) ; 
E. Wigner, Phys. Rev. 46, 1002 (1934). 
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potential energy, so that no great energy gain 
will result from removing them. Nevertheless it 
seems reasonable to suppose that states are 
possible in which these large scale fluctuations 
are largely ironed out as well, resulting in a still 
further slight energy gain. In such states, the 
wave functions of the electrons would show large 
scale modulation, again resembling the large 
“atoms” of our earlier picture of one excited 
electron, though we can no longer think of a 
single electron and hole as being correlated, but 
rather of an electron being correlated with a 
region of slight net positive charge. To make any 
significant energy gain by combining such func- 
tions, we should have to arrange them all in a 
very accurate way, just balancing charges so as to 
neutralize the potential fluctuations. This would 
mean that such a state would be one demanding 
large scale cooperation of the electrons, so that it 
would have analogies to other cooperative phe- 
nomena such as ferromagnetism and the forma- 
tion of superlattices. We should expect, then, 
that such a state would be realized only at low 
temperatures, and that there would be a sharp 
transition point between it and the ordinary 
state of the metal, as is characteristic of the 
transition from ordered to disordered states. 
We arrive, then, at a picture of the ordinary 
state as one in which the electrons move more or 
less freely through the metal, but modifying their 
wave functions in the way described by Wigner 
and Seitz when two electrons happen to come 
close together, so as to remove small scale 
fluctuations of potential, the ones which con- 
tribute most to the excess potential energy. At 
lower temperatures, a different phase would come 
in, in which the remaining large scale fluctuations 
would be largely removed, by replacing the wave 
functions by others which, rather than extending 
through the crystal, are damped off in a certain 
finite distance, and arranging the electrons in 
these functions in such a way as to reduce 
fluctuations as far as possible. This picture is 
unfortunately very vague, and it seems difficult 
to make it less so. In particular, we cannot 
calculate with any degree of accuracy the energy 
difference between the two types of states, or the 
size of the wave functions in the correlated state. 
The energy difference certainly must be small, 
compared with the ordinary correlation energy, 
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and the wave functions large compared with the 
size of an ordinary atom. Our suggestion is that 
this correlated state corresponds to the super- 
conducting state. If that is the case, the energy 
difference must be of the order of magnitude of 
kT for a few degrees absolute. And we shall show 
in the next section that the wave functions must 
be of the order of magnitude of several hundred 
atom diameters, on the average. We shall not 
attempt to show that the model actually leads to 
such figures, though of course it is to be noted 
that the change from wave functions modulated 
on a large scale, to those extending through the 
crystal, will be accompanied by a smaller and 
smaller energy change, the larger the range of the 
modulation is. 


2. THE SUPERCONDUCTING PROPERTY 


In this section we shall largely free ourselves 
from the details of our model, and ask a definite 
question : Is it possible to have wave functions, 
falling off in a certain distance so as to act like big 
‘“atoms,”’ which would show the superconducting 
property? At first sight, we may think of the 
theory of diamagnetism of single atoms, in which 
the diamagnetic susceptibility increases pro- 
portionally to the square of the radius. By making 
the radius as large as we please, we can in- 
crease the diamagnetism to any desired extent. 
London’s* theory corresponds in most, though 
not quite all, details to the supposition that a 
superconductor is a substance with magnetic 
susceptibility x= —}2, so that B=0 inside the 
material. (As London points out in the references 
above, this is not a very accurate description, but 
it can serve for the moment in determining orders 
of magnitude.) Let us see how large the atoms 
would have to be to achieve this amount of 
diamagnetism. If there are N diamagnetic elec- 
trons per unit volume, each with a mean square 
radius [r* ],,, the theory of the diamagnetism of 
separate atoms gives x= —e[r? ]wN/6mc?, where 
e, m, c have their usual meanings. We equate this 
figure to —}x. Further, we let N=1/d*, where d 
is the side of a cube containing one diamagnetic 
electron. We shall assume this to be of the order 
of magnitude of interatomic distances, so that 
there is essentially one such electron per atom. 
Then an elementary calculation gives 


(Cr? ]u/d*)! = 137(3d/2rap)', (1) 


where dp is the atomic unit of distance. If d is of 
the order of interatomic distances, (3d/27a,)! 
will be of the order of unity. Hence to get enough 
diamagnetism to agree with London's theory, the 
wave functions of our large ‘‘atoms’’ would have 
to be of the order of magnitude of 137 times an 
ordinary interatomic distance. And yet we should 
have to have as many electrons per atom as 
usual, so that these electronic functions would 
have to overlap a great deal. This is not incon- 
sistent, as a simple model will show. 

Let us suppose that the electrons were entirely 
free, but that the box containing them was 
divided into a set of cubic cells by impenetrable 
walls. We imagine these cells to have sides of the 
order of 137 atomic diameters, and assume that 
there are enough electrons per unit volume so 
that there are of the order of (137)* electrons in 
each cell. Then all the wave functions will 
decrease to zero at the edge of the cell, so that 
they will fall off in such a way as we have 
described. The energy levels of electrons in such 
a cell would be similar to those given by the 
ordinary theory of free electrons in a metal, and 
the lowest (137)* of these levels would be occupied 
by the electrons, each extending throughout the 
cell. Thus we should have the same number of 
electrons per unit volume as before, but with 
wave functions falling off in a distance of the 
desired order, many electrons occupying the same 
region. With the radius 137 times that of an 
atom, the diamagnetism could be of the order of 
(137)? times as great, which is roughly what is 
required to produce the complete diamagnetism 
of London’s theory. The energy levels, further- 
more, are now discrete. The total width of the 
occupied levels will be very closely the same as in 
the absence of the barriers, or of the order of a 
few volts. The energy difference between levels 
will then be of the order of a few volts divided by 
(137)*, or the order of 10-® volts, a very small 
energy difference, of the order of magnitude of 
kT for 0.01° Abs. Hence we may expect the 
temperatures required to produce changes in this 
state to be correspondingly low. It thus seems 
possible by a simple model to secure something 
like London's theory, and this model has essential 
points in common with that to which our theory 
of the metal has led us. 

A difficulty will at once occur to the reader. It 
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is not plain from this argument why we could not 
let the size of our cells increase, from 137 atom 
diameters, to any desired size. Then the diamag- 
netic susceptibility should increase without limit, 
as [7° ], continues to increase. And yet the model 
would approach the ordinary case of free elec- 
trons, from which we know by the work of 
Landau’ that the diamagnetism has a very small 
value. We shall now consider this paradox, and 
show that our model is in fact consistent with the 
usual theory, and that there are points in con- 
nection with this theory which have not previ- 
ously been brought out. What we shall do 
essentially is to consider the problem of N free 
electrons in a box, in which we vary the size of 
the box from a very small size, of atomic di- 
mensions, through our size of the order of 137 
atomic dimensions, to the whole size of an 
ordinary crystal, keeping the number of free 
electrons per unit volume (rather than the total 
number of free electrons) approximately con- 
stant. Then the energy separation of the levels 
will be of the order of a few volts divided by N, 
giving a few volts for a box as small as an atom 
(N=1), something like 10-* for the box of the 
order of 137 atoms, as we have seen, and some- 
thing like 10-** volts for a whole crystal. 

We shall consider first the two limiting cases 
of the single atoms and the entire crystal. The 
first is essentially the case of isolated atoms, or of 
the diamagnetism of bound electrons as treated 
by Peierls.* The second is the case of free 
electrons as treated by Landau.’ In both cases the 
diamagnetism is small, and the methods used for 
treating them are similar in some respects. Hence 
it has been assumed naturally that one could 
interpolate between them, and that there was no 
place for large diamagnetism in the theory. We 
shall find that this view is erroneous, that the 
treatments of the two cases are essentially 
different, and that we make no error in supposing 
a large diamagnetism in our case of N = (137)°. 

Assume that a magnetic field is present, given 
by H=curl A, where A is a divergenceless vector 
potential. Then the relation between velocity v 
and momentum p is 


mv =p—(e/c)A= —(h/2ri)V—(e/c)A, (2) 


L. Landau, Zeits. f. Physik 64, 629 (1930). 
R. Peierls, Zeits. f. Physik 80, 763; 81, 186 (1933). 
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the second equation representing the operator 
form. In this case Schrédinger’s equation 
(3mv?+ V)~y= Ey becomes 


| h? teh e*A? 
~ A-v+ 


2amc 2mc? 








+V-Ely=0 (3) 


| 8am 


For a constant magnetic field of magnitude 
H in the z direction, we can set A,= —J//y/2, 
A,=Hx/2, A:=0, giving lines of A circulating 
around the z axis. Then Eq. (3) becomes 








| h? teh ri) ri) 
| — v?-— I (x—-»— 
8x?m 4amc dy Ox 
e | 
+ H?(x*+y?)+V—E;y=0. (4) 
8mc? | 


For a wave function possessing no permanent 
magnetic moment, the second term, proportional 
to H, vanishes, so that since we are not con- 
sidering paramagnetism we can leave it out of 
account. The effect of the magnetic field, then, 
is to add the term in //7*. This has quite different 
results in the two limiting cases we are con- 
sidering. 

For a single atom, or a box so small as to con- 
tain only one atom, the term (e?/8mc*) H*(x* + y") 
is negligible for any magnetic field at our disposal. 
It is convenient to express in terms of atomic 
units. We measure distances in terms of the 
radius dy of the first Bohr orbit, energies in terms 
of the Rydberg energy. The natural unit of // is 
that magnetic field for which (eh/2mc)H, or the 
energy of a Bohr magneton in that magnetic field, 
equals the Rydberg energy. This of course is an 
enormous magnetic field, and turns out to be 
approximately 3.8 X 10° gauss. In these units, the 
term is }/7?(x*+ y*). Then if x?+ y is of the order 
of unity, and /7 of the order of 40,000 gauss, or 
10~* atomic units, this term in the energy is of the 
order of 10-* atomic units, entirely negligible 
compared with the energy of an atom. Thus the 
term can be neglected in the wave equation, and 
we can determine the wave function by the 
original wave equation, so that to the first order 
there is no perturbation in the wave function 
produced by the magnetic field. This is the 
analog in wave mechanics to the Larmor theorem 
in classical mechanics. The change in energy in 
the magnetic field is then to be found from the 
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average of the perturbation energy {//*(x°+y°) 
over the unperturbed orbit, and is thus pro- 
portional to //* (as is proper for diamagnetism) 
and to the mean square radius of the orbit. This 
is the basis of the ordinary theory of diamag- 
netism of atoms. 

The situation is reversed in the case of free 
electrons in a box of the order of magnitude of 
the size of real crystals. In this case, the maxi- 
mum x in the box will be of the order of 10° 
atomic units, so that if H7 is of the order of 
40,000 gauss the magnetic energy will be of the 
order of 10° atomic units at the edge, an enormous 
value. In this case, in other words, the magnetic 
field furnishes a potential in which the electron 
must move, and the wave functions to a first 
approximation must be determined in this po- 
tential, and are different from those of free 
electrons. As is well known in the Landau 
solution, the corresponding wave functions re- 
semble those of linear oscillators surrounding 
x=y=0 in the xy plane, falling off exponentially 
as the coordinates depart from these values, but 
are periodic with respect to z. This corresponds 
physically to the classical motion of the electrons, 
in which the z component is unaffected by the 
field, but the electrons spiral around the z axis, 
executing a periodic motion in the xy plane, 
which must be quantized in the quantum theory. 
For a given value of the z component of mo- 
mentum, this quantization leads to an energy 
2H(n+34), where nm is an integer, associated with 
the xy motion, in these units. In this case, the 
wave functions are changed in the first order by 
the presence of the magnetic field. It is then a 
complicated process to find the change in the 
energy of the whole system with the magnetic 
field. As the field changes, electrons have transi- 
tions from one energy level to another, and when 
the whole calculation is made, Landau’s formula 
for diamagnetism of free electrons is found. 

It is clear that the theories in these two cases 
are very different in nature. Now let us ask, what 
happens in the intermediate cases? If we let our 
box increase in size from atomic size, at what 
point must we begin to consider the first order 
effect of the field on the wave function? Up to 
this point we are allowed to use the atomic 
formula for diamagnetism, and the diamagnetism 
per electron will increase proportionally to the 
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square of the dimension of the box. We shall not 
set up and solve this problem, though it should 
not be impossibly hard to handle it. But we can 
easily find the qualitative criterion to apply. It 
certainly seems most probable that if the spacing 
of levels as determined by the magnetic term in 
the potential energy (namely 2//, in atomic 
units), is small compared to the spacing of the 
unperturbed levels (of the order of 1/N, in 
atomic units), then we may use the unperturbed 
wave functions, and we have the atomic formula 
for diamagnetism. On the other hand, if 2/7 is 
large compared with 1/N, we must find the new 
wave functions, treating the magnetic field as the 
principal term in the potential, and we shall get 
something much more like the free electron 
theory. 

It is instructive to consider the variation, not 
with N at fixed //, but with // at fixed N. For any 
size box, and small enough magnetic field, the 
whole box will act like a big diamagnetic atom, 
but as the magnetic field increases a point will be 
reached where this is no longer true. Without a 
complete solution we cannot say exactly how the 
energy will act as function of H. In the region 
where the atomic formula holds, the energy will 
increase quadratically with /7. When the formula 
breaks down it will presumably still increase, but 
much more slowly, so that the slope of the curve 
of energy against /7, which gives the magnetic 
moment, will not only not increase proportionally 
with /7, but may perhaps even decrease. As much 
larger fields are reached, the curve will approach 
another parabolic curve, with much smaller 
coefficient, corresponding to free electron diamag- 
netism. Physically, it is clear what is happening. 
At low fields, the Larmor precession is slow 
enough so that its frequency is negligible com- 
pared with the frequency of oscillation of an 
electron from one side of the box to another, its 
energy small compared to the energy difference 
between electrons. In particular, the term 
j/7*(x*+~y") represents the increased kinetic 
energy on account of the Larmor precession, and 
this is negligible. At high fields, however, this 
added kinetic energy becomes large compared 
with the energy already present, and the whole 
motion is profoundly affected by the magnetic 
field. It is affected in such a way that the energy 
does not increase nearly as fast as the atomic 
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picture would indicate. This occurs by having the 
various electrons move in orbits much smaller 
than the box as a whole, either in the spirals of 
free electrons, or surrounding the atomic nuclei in 
a real crystal, each orbit executing its own 
Larmor precession about its center. As a result, 
no part of the electron’s path acquires a great 
enough velocity from the precession to add 
greatly to the kinetic energy. 

The question now becomes, if N is of the 
order of (137)*, what is the order of magni- 
tude of the magnetic field necessary to destroy 
the highly diamagnetic state? In this case, 
the spacing of levels is of the order of magnitude 
of 1/N=4X10~’ atomic units. To get the maxi- 
mum value of x?+ yy’, we may assume the inter- 
atomic distance to be about five atomic units 
(about 2.5A), so that with a radius of the cell of 
the order of 137 (5)/2, we could have x+y’ up to 
about (137)? 25/4=1.2x10°. Then if we let 
i HT?(x*?+y") = 1/N, we have H = 3.6 X 10~-* atomic 
units = 1400 gauss. This very crude calculation, 
in other words, has given us a critical magnetic 
field of the order of magnitude of the fields 
actually observed to destroy superconductivity ; 
it is obvious that in such a rough calculation a 
factor of ten can be disregarded. 

We are finally led to this very significant 
result, then. If we assume large wave functions 
for electrons in a superconducting body, which 
become occupied at low temperature in the 
superconducting state, then the theory of diamag- 
netism as applied to them will predict that they 
should be perfectly diamagnetic, which London’s 
theory has shown to be essentially equivalent to 
superconductivity. The theory predicts, however, 
that this should hold only for low magnetic 
fields. And the order of magnitude of the limiting 
field calculated in this way agrees in a rough way 
with that actually found to destroy super- 
conductivity. 

Of course, it is obvious that the electrons will 
not all really have orbits of the same size. Some 
will be smaller than the size necessary to produce 
perfect diamagnetism, some bigger. We cannot 
expect the theory to lead to orbits just the right 
size, except by coincidence. But it will do no 
serious harm if they are somewhat too big, for 
diamagnetism can clearly not be carried beyond 


SLATER 


the point where the magnetic field within the 
crystal is completely cancelled by the induced 
currents. If the orbits were somewhat bigger 
than we have calculated, on the average, the 
effect would be to produce the transition at a 
lower critical magnetic field, more nearly the 
experimental situation. Also it is to be noted 
that the type of theory we have spoken of here 
would not lead to a sudden change of properties 
with increasing field, but instead to a gradual 
transition. We cannot expect to understand the 
sudden change except by combining these mag- 
netic considerations with a real long-scale cooper- 
ative theory, for it is only in this way that sharp 
transitions can be explained. This would have to 
be done in a more elaborate theory. 

Finally, to make the discussion more intelli- 
gible, we should point out, as London has done, 
the way in which the current appears in this 
form of theory. Eq. (2) for the velocity has a 
term —(e/mc)A, which is not present when the 
magnetic field is absent. This term appears in the 
presence of the field without any change in the 
wave function. Thus in our case of low fields, 
where the wave function is unchanged, there will 
be a term in the current, proportional to the 
magnetic field. In a uniform field, A circulates 
about the axis of the field, so that this additional 
current will do the same. The current thus 
produced is —(e?/mc)~*pA, a constant times A, 
which is London’s fundamental equation. It is 
then clear that the resulting current produces a 
magnetic moment of the sample as a whole. 
More complicated cases will not be discussed in 
detail, for London has fully treated the conse- 
quences of this type of current. As London has 
pointed out, a current produced in this way by 
the magnetic field is not subject to dissipation by 
interaction with the lattice, so that this con- 
duction is of essentially a different nature from 
ordinary conduction, and is not subject to 
resistance of the ordinary sort at all. 

The writer is indebted to Professor H. Grayson 
Smith for helpful correspondence, and to Pro- 
fessors E. Teller and J. H. Van Vleck for valuable 
conversations on the subject of this paper. He 
is also greatly indebted to the Institute for 
Advanced Study for the privilege of conducting 
these investigations in residence at Princeton. 
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The intensity and polarization of the light diffracted by supersonic waves in solids are calcu- 
lated by considering the photoelastic effect due to the strains created by the elastic waves. For 
natural incident light the diffracted light is partially polarized. In glasses and cubic crystals the 
diffracted light is partially depolarized if the incident light is polarized. The intensities are 
evaluated with the help of the theory of Raman and Nath and it is shown that this theory 
explains the measurements better than Brillouin’s approximation. The calculated intensity 
distributions for natural and polarized incident light agree with the observations of Schaefer and 
Bergmann on glasses, quartz and calcite. This agreement justifies Fues’ and Ludloff’s assump- 
tion that all forced vibrations of the same frequency oscillate with the same amplitude. 





CHAEFER and Bergmann! have shown that 

supersonic waves in crystals act as diffraction 
gratings for light. Their results justify the 
assumption that the piezoelectric oscillator ex- 
cites over a narrow frequency range all the 
standing waves which can exist in a crystal 
according to the theory of specific heats. Fues 
and Ludloff? have given a theory of the diffrac- 
tion pattern. They calculate the wave-lengths of 
the infinite number of progressing waves of a 
given frequency which can travel in an infinite 
crystal, and then consider the diffracted light 
as due to Bragg reflections on the wave fronts. 
Since the positions of the interference maxima 
are the same for standing and traveling waves 
this theory gives the locus of all diffraction 
spots produced by the finite number of standing 
waves in a finite crystal. 

In some diffraction patterns all spots appear 
to be of nearly equal intensity. This observation 
led Fues and Ludloff to conclude that the 
coupling between the different modes of vibration 
of a crystal results in an equipartition of energy 
for all sound waves of the same frequency. 
Since this conclusion, if correct, is of considerable 
theoretical importance, and since no theoretical 
proof of its validity has been given, it seems 
worth while to see whether it really is justified 
by the experimental evidence. Many of the 
published photographs of the diffraction pat- 
terns, particularly those taken with polarized 

1C. Schaefer and L. Bergmann, Naturwiss. 22, 685 
(1934). 


* E. Fues and H. Ludloff, Sitzungsber. d. preuss. Akad., 
Math. phys. KI. 14, 222 (1935). 
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light, reveal a systematic variation of the light 
intensities along the diffraction curves. Some 
parts of the calculated curves are not observed. 
A test of Fues and Ludloff’s hypothesis calls 
therefore for an investigation of the intensities 
of the interference maxima. We will show below 
that a large part® of the observed intensity 
variations can be accounted for by assuming 
that all waves oscillate with approximately the 
same amplitude. Hence the proposed principle 
of equipartition appears to be validated by the 
observations. 

The intensity of the diffracted light depends 
primarily on the periodic variations of the 
refractive index which are produced by the 
sound waves. The calculation of these index 
variations is a problem of photoelasticity. An 
elastic wave creates periodically varying strains 
which in turn introduce local periodic alterations 
of the optical index ellipsoid. These pulsations 
of the index ellipsoid determine the fluctuations 
of the index of refraction for light polarized in 
any direction. As was first shown by Brillouin‘ 
the angle of deviation of the diffracted light is 
given by Bragg’s law, but the intensities must 
be calculated by using the theories developed 
by Raman and Nath® and Estermann and 
~ 3 Some diffraction patterns, for instance those for glasses 
(C. Schaefer and L. Bergmann, Naturwiss. 23, 799 (1935)), 
show also intensity variations which apparently are due 
to the method of excitation of the sound waves. The waves 
which are directly transmitted from the piezo quartz to 
the glass or crystal are much stronger than all others. 

4L. Brillouin, ‘‘La diffraction de la Lumiére par des 
Ultra-sons,”’ Act. Sci. et Ind. (1933). 


5C. V. Raman and N. S. N. Nath, Proc. Ind. Acad. 
Sci. 2, 406 (1935). 
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224 HANS 
Wannier® for the Debye-Sears effect in liquids. 
Since these theories give the intensities as a 
function of the amplitude of the index variations 
and since their results are applicable to solids 
without any modifications we have to discuss 
here only the photoelastic problem. 

The first part of the calculation involves the 
determination of the wave-lengths and directions 
of oscillation of all sound waves of a given 
frequency which can travel in an infinite crystal. 
Fues and Ludloff have given the solution of this 
problem. The three differential equations of a 
sound wave in a crystal 





07u, Oru, 
ted Bp Pe (1) 
a yy Ox’ dy’ 
have the solutions 
u=a exp iL wt—(kr) | (2) 


provided the components of the amplitude 
vector satisfy the three linear homogeneous 
equations 


a,(k?Q,,— pw”) +a,k?Q,,+a-k°0,.=0, 
ark*Q,,+a,(k?Q,,— pw*) +a.k*Q0,.=0, (3) 
a,k?Q,,+a,k*Q,.+a.(k?Q..— pw”) =0. 
The wave-length \, of the sound wave is deter- 
mined by the condition that the determinant of 
Eqs. (3) must vanish. 
| R?Q.y— pw*bzy| =0. (4) 
The wave vector k has the length 27/A, and 


points in the direction of propagation. The Q,,’s 
are quadratic forms 
Ory =Qyr= DL diCrz', y'yAr' Ay’ (5) 
z’ y’ 
where @,, a,, a, are the direction cosines of k, 
and Cz:', y'y=Cix are the elastic constants of the 
crystal.’ To every direction of propagation there 
®R. Estermann and G. Wannier, Helv. Phys. Acta 9, 
337, 520 (1936). 


7 Using Voigt’s notation for the elastic constants the 
coefficients of the Q,,'s are given by the following array: 
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a,? Ay a? | ayaz 2a, aray 

Que Cn C66 C55 2C56 2¢15 216 

Qvy Cee C22 C44 2624 2c46 | 2626 

zz C55 C44 C33 2634 | 2¢35 2645 
Qy: C56 C24 C34 (Cos +C44)| (C4s+C36)| (Costas) 
zr C15 C46 C35 (C364+€45)| (Cist+Os5)| (C5614) 
On, C16 C26 C45 (Cos +C46)| (CreF ese) (Ci2+Ce66) 
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exist three solutions of Eq. (4). In an isotropic 
solid these correspond to one longitudinal and 
two transversal waves. In crystals the waves 
are usually neither longitudinal nor transversal, 
but the amplitude vectors of the three waves 
traveling in the same direction are always 
mutually perpendicular. 

The solutions k(a,, a,, a.) of Eq. (4) determine 
the so-called ‘‘form-frequency surface.’ Fues and 
Ludloff have shown that the diffraction pattern 
is a curve geometrically similar to the inter- 
section of this surface with a plane normal to 
the direction of the incident light. This means 
that only those waves which travel in directions 
normal to the light beam are effective in the 
diffraction. 

By introducing the solutions of Eq. (4) in 
Eqs. (3) one finds the direction of oscillation of 
each wave. The absolute value of the amplitude 
remains of course undetermined. In accordance 
with the proposed principle of equipartition of 
energy we assume that the amplitude has the 
same value for all directions of oscillation and 
propagation. 

After all possible sound waves in a crystal 
have thus been found, the next step is to calcu- 
late their photoelastic effects. Differentiation of 
Eq. (2) gives the strains due to the sound waves 


Ou, OU, 


(6) 








Zy=y2= 


ax dz ay 


Let us assume that the axes x, y, 2 have been 
chosen to coincide with the axes of the crystal’s 


optical index ellipsoid : 
x?/ny+y?/ne2?+22/n3?=1, 


where m, m2, m3 are the principal indices of 
refraction. The local strains will rotate and 
deform this ellipsoid and its equation takes the 
general form 


@11X* +22? +332? + 2do3v2 

+2a3;2x+2apxv=1. (7) 
The polarization constants a;, in the deformed 
state differ from those in the undeformed state 


by quantities which are to a first approximation 
linear functions of the local strains. Hence 
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aun—1/ me =purst Piyt piste t+ pity 
+ pisX.+Pis¥z, 
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The 36 constants pi,+p,; are Pockels’ elasto- 
optical constants.* They are known for a large 
number of glasses, where their number is reduced 
to two, for the cubic crystals NaCl, KCI and 
CaF. (3 constants) and for quartz and calcite 
(8 constants). 

The first three equations of (8) determine the 
fluctuations of the lengths of the axes of the 
index ellipsoid, the last three give the change of 
orientation of these axes. The variations of the 
indices of refraction of the two plane polarized 
components of a light beam are determined, of 
course, by the variations in lengths of the axes 
of the ellipse which is formed by the inter- 
section of the index ellipsoid with a plane normal 
to the direction of propagation of the beam. 

For a triclinic crystal these calculations would 
be very laborious. They are, however, fairly 
simple for crystals of the rhombic, rhombohedric, 
hexagonal and cubic systems provided the light 
is incident parallel to one of the crystallographic 
axes. If, for instance, the light enters in the x 
direction and oscillates in the y direction the 
amplitude of the variation of the index of 
refraction is 


(8) 


An = }n2*(do2—1/ 2”), (9) 


where (d22— 1/m,") is obtained by introducing in 
Eq. (8) the amplitudes of the strains given by 
Eq. (6). This value of An determines the in- 
tensity of the diffracted light component which 
has the same polarization as the incident light. 
Due to the periodic change of the orientation of 
the index ellipsoid the diffracted beam will also 
have a component oscillating in the z direction. 
If the crystal is naturally birefringent for light 
traveling in the given x direction this ‘‘de- 
polarizing’ component along z is very small and 
can be neglected. 

The situation is, however, entirely different if 
the light travels in the direction of an optical 

*F. Pockels, Lehrbuch der Kristalloptik (Leipzig, 1906) 
p. 460. For amorphous solids the p;; can be replaced by 


Neumann's strain-optical constants g=}upii, p= 3npro, 


Pus=3(Pii— pre). 
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axis or in any arbitrary direction through a 
cubic crystal or an amorphous solid.’ In this 
case the intersect of a plane normal to the light 
beam with the index ellipsoid is a circle for the 
undeformed state. The deformations change this 
circle to an ellipse whose axes have a fixed 
direction. For instance for light traveling in the 
x direction the angle @ between one axis of the 
ellipse and the y axis is given by 


tan 26 = 2d; ‘(A22— 33). (10) 


Hence one resolves the incident light into two 
components oscillating parallel to these axes. 
The amplitudes of their index variations are 


An = }n*[(de2— 1, n*) + (a33— 1 n*) 


+ ((@22—33)?+4a237)! }. (11) 


Consequently for plane polarized incident light 
the diffracted beam is usually partly depolarized, 
and for natural incident light the diffracted 
beam is partially polarized. 

As mentioned previously the relation between 
An and the intensity of the diffracted light has 
been investigated by Raman and Nath and 
Estermann and Wannier. If Am is large the 
relation is very complicated and higher order 
diffraction images appear. If An is very small 
only the first order is visible and its intensity is 
proportional to (Am)*. In the experiments of 
Schaefer and Bergmann only the first order is 
observed, but this fact is not sufficient justifica- 
tion for the use of Brillouin’s approximation 
I=c(An)*. According to Raman and Nath!® the 
best approximation for the intensity of the first 
order diffraction images due to standing super- 
sonic waves is 


I(v) =cf J(u sin y)dy, (12) 
( 


where J; is a Bessel function, v= 2rAnL/\ and 
L/d is the length of the optical path in the 


® The intensity ratio of the ‘‘depolarizing”’ and polarized 
components is proportional to d2;?/(d@22.—4a3;3)*. For bire- 
fringent crystals the denominator differs very little from 
(1/n22—1/n;2)?. Hence the ratio is proportional to the 
square of the small strains x,, y. etc. For cubic crystals, 
however, where ,;=”.=n; the denominator is propor- 
tional to the square of the strains and hence the above 
ratio is of the order of magnitude 1. 

™C, V. Raman and N. S. N. Nath, Proc. Ind. Acad. 
Sci. 3, 75 (1936). 
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crystal. For v<0.2 this relation is identical with 
Brillouin’s approximation. For v>2 the higher 
orders have an appreciable intensity. Since they 
do not appear in the experiments we are only 
interested in the range where v< 2. In this range 
I(v) increases continuously (a maximum is 
reached at about v=2.2). Hence we conclude 
that the observed intensities must be a monotonic 
function of An and that the intensity variations 
are analogous to the variations of An. 

At present only a qualitative verification of 
the theory is possible because no intensity 
measurements are available. We will show below 
that all intensity variations observed in the 
diffraction patterns of glasses, cubic crystals, 
quartz and calcite agree qualitatively with the 
variations of 1=2An/n’. The variation of this 
quantity can be calculated with the help of 
Eq. (9) or (11) from the elastic and elasto- 
optical constants of the solid. The absolute value 
of 7 is proportional to aw,/p, where a is the 
amplitude of the sound wave, w=2zyv its fre- 
quency and p the density of the solid. The data 
given below are calculated" with awy/p=10'. 


IsoTROPIC SOLIDS 


For isotropic solids the diffraction pattern 
consists of two concentric circles. The ratio of 
their radii is ki/ke=[3(1—20)/(1—c) ]!, where 
7 is Poisson’s ratio. Let x be the direction of the 
incident beam, y the direction of oscillation of 
the plane polarized light, and consider a diffrac- 
tion spot on the diameter which forms an angle 
¢ with the y axis. 

The inner circle is due to the longitudinal 
waves. The Eqs. (8), (10) and (11) furnish 0= ¢, 
ty=Pi1=2q/n, 12=pi2=2p/n, where 1; refers to 
the light component which oscillates in the 
direction @ and ig to the component normal 
thereto. 

The outer circle is a double solution since it 
corresponds to the two transversal sound waves. 
For those transversal waves which oscillate in 
the x direction we get 7;=i2=0. Hence they do 
not contribute to the diffraction pattern. The 
outer circle is produced exclusively by those 

In the experiments (pw?=10", a?=10-") awyvp is 
probably about 10, hence 7 is of the order of magnitude 
10-5 (see Table I and the figures). For a crystal 1 cm thick 


v=an*i/d is therefore approximately 1 and our assump- 
tion v <2 appears tenable. 


shear waves which oscillate in the yz plane." For 
these waves 0= 9+ 7/4, 1:=i2= pss=(q—p)/n. 
It is now a simple matter to find the intensity 
distributions for any experimental condition. 
If we denote with A, B, C the values of the 
intensity function (12) for the arguments 
v4=4rn*k,agL/rd, ve=4rn*kaplL/rX§ and g¢ 
=2nrn*koa(q—p)L/d, where k; and ke are the 
lengths of the wave vectors for the longitudinal 
and transversal waves and p and g are Neu- 
mann’s strain-optical constants, we have: 


For observations with crossed Nicols 

Inner ring J=}(A+B) sin? 2¢, 

Outer ring J=}3C cos? 2¢. 
For observations with parallel Nicols 

Inner ring J=A cos‘ g+B sin‘ ¢, 

Outer ring J=}3C(1+sin? 2¢). 
For observations with a single Nicol the results are the 
same whether it is inserted in the incident or transmitted 
beam 

Inner ring J=A cos? ¢+B sin? ¢, 

Outer ring J=C. 


For observations with natural light all spots on each ring 
have of course the same intensity. The intensity ratio 
between spots on the inner and outer circle is (A +B) /2C. 


The experimental results on glasses are in 
good agreement with the calculations. For glasses 
(q—p) is always much smaller than either g or p 
and it may even vanish. Hence the outer circle 
appears always much weaker than the inner 
one.'* The photographs made with crossed 
Nicols show clearly that the intensity vanishes 
for ¢=0° and 90° on the inner circle, and for 
g=+45° on the outer circle, in agreement with 
the above equations. For parallel Nicols the 
intensity variations are less pronounced but they 
follow the theoretical predictions. 


2 The discovery o diffraction patterns produced by 
transversal waves is due to E. Hiedemann and K. H. 
Hoesch, Zeits. f. Physik 98, 141 (1935). The statement of 
Fues and Ludloff that transversal waves should not pro- 
duce a diffraction pattern, since they create no density 
fluctuations, is of course incorrect. In solids a shear creates 
index variations without changing the density. On the 
other hand the diffraction patterns from the longitudinal 
waves are not solely due to density variations. The values 
of p and gq depend also on other effects, as was shown by 
the author, Physics 6, 179 (1935). 

13 (g—p) has the largest values for quartz glass and light 
crown glasses and is very small for the heaviest flints. All 
published photographs were made with light glasses. We 
suspect that it is very difficult to observe the outer ring 
if heavy glasses are used. 

4 C, Schaefer and L. Bergmann, Naturwiss. 23, 799 
(1935). 
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Recently Bergmann’ has measured the ratio 
A/B for a series of different glasses. His data 
show definitely that A/B is not proportional to 
(q/p)*, as Fues'® assumes. Fues’ result would be 
correct if Brillouin’s approximation were appli- 
cable. The fact that it is inadequate shows that 
the Raman-Nath theory is of importance not 
only for liquids but also for solids. The value of 
A/B depends on the amplitude of the soundwave 
and if p and g were known Bergmann’s data 
could be used to determine this amplitude. 


Cupic CRYSTALS 


The calculations have been carried out for 
NaCl, KCl and CaF: using the elastic constants 
of Voigt and the elasto-optical constants of 
Pockels.'® If the light travels in a direction x 
normal to a cube face the observed diffraction 
patterns consist of two rings, which are not 
circular but have the symmetry 4 mm (C,,). 
A third ring, a circle, which should be present 
according to the theory of Fues and Ludloff, 
does not appear. It can easily be shown that the 
intensity of this circle is zero, because it would 
be due to transversal waves vibrating in the x 
direction. The strains created by such a wave 
do not alter the cross section of the index 
ellipsoid normal to the x axis and hence 1;=7:2 
=(0. The vibrations which give rise to the inner 
ring are ‘“‘quasi-longitudinal,”’ i.e., their direction 
of oscillation forms a small angle with the 
direction of propagation. Similarly the outer ring 
is due to ‘‘quasi-transversal’’ waves oscillating 
in the yz plane. In Table I we give the quantities 
#, 71, i2, defined in the previous sections, as 
functions of the angle ¢ which determines the 
position of the diffractions spots on the rings. 
Due to symmetry conditions ¢ has to be varied 
only between 0 and 45°. The intensities of the 
diffracted light are given by the formulas: 
I(¢)=}(A+B) sin? 26 for crossed Nicols, J(¢) 
=A cos'#+B sin‘ @ for parallel Nicols, the 
Nicols being parallel to the crystal axes. For 





%L. Bergmann and E. Fues, Naturwiss. 24, 492 (1936). 
Although the strain-optical constants of the glasses used 
by Bergmann are not known, their values can be estimated 
by using the formula of H. Mueller, Physics 6, 179 (1935). 

* Except for KCI where the elastic constants have been 
corrected to satisfy Cauchy’s relation. The diffraction pat- 
tern of KCI offers a very simple method for the verification 
of this relation. 
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TABLE I. The orientation and amplitudes of vibration of the 
index ellipse due to supersonic waves in cubic crystals. 





Inner ring 


| NaCl KCl CaF: 








0 0 | 62.8; 81.6; 90 | 86.0)122.0) 90 | 55.8) 13.5 
13.4) 6 | 63.5) 81.0} 81 | 87.7;/118.1) 87 | 55.3) 15.4 
19.6} 10 | 65.2| 81.6} 76 | 89.7/118.8) 86 | 54.2) 17.4 
25.4) 15 | 66.5} 81.5} 71 | 91.8)121.2) &3 | 52.7 | 20.1 
31.7| 22 | 68.4/ 81.0) 64 | 96.3)126.0) 79 | 50.0} 24.0 
45 45 | 70.8| 81.2) 45 |100.6)133.4| 45 | 44.6 | 30.8 





























Outer ring 
0 45 | 9.5} 9.5) 45 | 34.4) 34.4) 45 | 12.7) 12.7 
13.4) 65 |17.4| 4.5] 35 1.2} 61.2) 17 | 13.4] 26.1 
19.6} 72 |19.9| 4.7] 30 9.0} 66.7) 12 | 16.5 | 32.1 
25.4] 77 | 21.6) 5.3} 25 | 13.5) 67.0} 8 | 20.2} 36.1 
31.7} 84 | 20.4} 8.6} 18 | 13.3) 63.3) 5 | 24.7} 38.5 
45 90 | 15.6) 15.6} O | 23.4) 23.4) O | 35.2 | 35.2 
































natural incident light the diffracted light is 
partially polarized and has the intensity (A+B). 
A and B are the values of the intensity function 
(12) for the arguments 


v4 = 7n*1,L/x, Vp=7Nn*igL/X. 


Bergmann" has published photographs of the 
diffraction patterns for all three crystals. They 
were made with natural light and show very 
little intensity variations. This agrees with the 
results in Table I because wherever 7; is small 72 
is large and vice versa, and hence the sum of the 
intensities of both components varies but little. 
The observations also agree with the theory 
insofar as the outer ring appears less intense 
than the inner one. No observations with polar- 
ized light have been published. They should 
show pronounced intensity variations. Owing to 
the fact that NaCl, KCl and CaF, belong to 
three different photoelastic groups'* these varia- 
tions must have a different character for the 
three crystals. Vice versa it will be possible to 
decide to which photoelestic group other.cubic 
crystals belong by studying the diffraction 
patterns with parallel and crossed Nicols. 


QUARTZ AND CALCITE 


Both crystals belong to the rhombohedric class. 
Hence the calculations involve 14 parameters 


7 L. Bergmann, Physik. Zeits. 37, 867 (1936). 
18 Hans Mueller, Phys. Rev. 47, 947 (1935). 
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Fic. 4. 


Fic. 1. Quartz, light passing in y direction. The arrows in the first quadrant give the directions of oscillation of the 
sound waves traveling normal to the y axis. The dotted vectors are the components of the amplitude vectors in the y 
direction. Second quadrant: the intensity distribution for natural incident light. Third quadrant: for polarized light 
oscillating in z direction. Fourth quadrant: for polarized light oscillating in x direction. 

Fic. 2. Quartz, light passing in x direction. Right side: directions of oscillation of the sound waves traveling normal 


to x axis. Left side: intensities for natural incident light. 


Fic. 3. Quartz, light traveling in —x direction. Right side: intensities for light polarized in z direction. Left side: for 


light polarized in y direction. 


Fic. 4. Calcite, light passing in x direction. Right side: intensities for polarized light oscillating in y direction. Left side: 


for light oscillating in z direction. 


(6 elastic constants and 8 elasto-optical con- 
stants). Since the calculations, as outlined, are 
based on well-known principles of classical 
crystal physics they are of little interest and can 
be omitted. We give therefore only the results 


for those cases where a comparison with pub- 
lished data is possible. 

For light passing through quartz in the 
direction of the optical axis the observed in- 
tensity distribution is practically uniform and 
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is not changed appreciably by using polarized 
light. While the theory predicts a noticeable 
variation for polarized light, it does not take 
into account the optical activity of quartz, and 
this smoothes out any intensity variation. 

For light traveling in the y direction the 
diffraction pattern for a rhombohedric crystal is 
symmetrical with respect to the x and z axes. 
Hence it is sufficient to give the results for one 
quadrant only (Fig. 1). If the incident light is 


plane polarized in either the x or z direction . 


the diffracted light has the same polarization. 
For natural incident light the diffracted light is 
partially polarized and its intensity is the sum 
of the intensities of the two components. The 
vectors in the first quadrant of Fig. 1 give the 
directions of oscillation of the supersonic waves. 
The inner ring is due to quasi-longitudinal waves, 
the outer rings are produced by quasi-transversal 
waves. The numbers in the second, third and 
fourth quadrants are the absolute values of 
3(t; +73), 13 =033—1/n3? (Eq. (9)) and 1,=4y; 
—1/n,*, respectively. Guided by the form of the 
intensity function (12) we have sketched the 
expected intensities for natural and for polarized 
light. 

Figures 2, 3 and 4 give the results for light 
traveling in the x direction through quartz and 
calcite. Since x is a polar axis the diffraction 
pattern changes to its mirror image if the light 
direction is reversed (Figs. 2 and 3). The patterns 
consist of two rings which have central sym- 
metry. Hence in all figures oniy half the pattern 
is sketched for each case. The theory of Fues and 
Ludloff predicts the existence of a third ring, 
an ellipse, which is due to transversal waves 
oscillating in the x direction. This ellipse has 
everywhere the intensity zero. 

When comparing these theoretical curves with 
the observations! one must take into account 


that in the experiments the patterns consist 
of a finite number of spots, corresponding to the 
finite number of standing waves in a finite 
crystal. It may therefore happen that no spots 
appear in places where the calculation predicts 
a large intensity. The results must be judged by 
the fact that strong spots appear only: where the 
calculated intensity is large and that no spots 
are visible where the theory gives a very small 
intensity. In this respect the agreement is very 
satisfactory indeed. All the peculiarities of the 
complicated intensity distributions agree in every 
detail with the published photographs. We 
believe that this is sufficient proof that both the 
theory and the proposed principle of equi- 
partition of energy are correct. A rigorous test, 
of course, involves intensity measurements. 

The agreement between theory and observa- 
tion may be considered a verification of Pockels’ 
values of the elasto-optical constants. Bergmann 
and Fues'® have pointed out that the intensities 
of the diffracted light might be used to determine 
these constants. This method is, however, only 
feasible after the intensity function (12) has 
been verified, or if the experiments are carried 
out with small enough sound amplitudes for 
which Brillouin’s approximation is valid. 

Since, as we have shown, the light diffracted 
by forced oscillations of solids is usually de- 
polarized, it is natural to expect that also the 
light diffracted by the standing waves repre- 
senting the temperature motion will be depolar- 
ized. This suggests a new explanation of the 
results of Krishnan’ on the light scattering in 
glasses, which would not involve his assumption 
of crystalline groupings. 


19R. S. Krishnan, Proc. Ind. Acad. Sci. 3, 211 (1936). 
The variation of the depolarization 1/p, with the chemical 
composition is similar to the behavior of the photoelastic 
constant (q—)). 
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Internal Friction in Solids 


I. Theory of Internal Friction in Reeds 


CLARENCE ZENER 
Wayman Crow Hall of Physics, Washington University, Si. Louis, Missourt 
(Received April 23, 1937) 


In a vibrating reed opposite sides have dilations of opposite signs. Thus when one side is 
heated the other is cooled. At low frequencies the vibrations are isothermal. At high frequencies 
they are adiabatic. At intermediate frequencies they are of a hybrid type accompanied by 
internal friction. In this paper this internal friction is calculated solely from thermodynamical 
considerations. It is predicted that the internal friction associated with this hybrid type of 








vibration is of a larger order of magnitude than that due to all other causes. 





$1. INTRODUCTION 


N spite of numerous experimental investiga- 
tions of the internal friction in solids, no 

satisfactory theoretical study has been given. 
Our ignorance as to the mechanism of internal 
friction is due partly to the fact that no one 
mechanism is responsible for the energy losses in 
all cases of vibrating solids. As an example of 
the complexity of the phenomena, when the 
strains are increased beyond a critical value the 
losses increase more rapidly than as the square 
of the strains.' 

In searching for possible mechanisms of in- 
ternal friction in solids, it is natural to seek 
suggestions from the much studied field of in- 
ternal friction in gases. Here sound waves are 
damped most strongly in bands whose periods of 
vibration are comparable to the relaxation times 
of the gas.* For example, sound waves in N» are 
damped most strongly for those periods of 
vibration which are comparable to the time re- 
quired for temperature equilibrium to be estab- 
lished between the vibrational and the trans- 
lational degrees of freedom of the Nz molecules. 
We are thus led to investigate types of thermal 
nonequilibria within a solid. 

The following possibilities present themselves. 
(1) A close analogy to the above mentioned case 
of Ne gas would arise from the unequal cooling 
during expansion, or the unequal heating during 
compression, of the Debye normal modes of 
different frequencies. Thermal equilibrium be- 


1See Voight, Ann. d. Physik 47, 671 (1892); Wegel and 


Walther, Physics 6, 141 (1935). 
2 P.S. H. Henry, Proc. Camb. Phil. Soc. 28, 249 (1932), 


tween the different normal vibrations is, how- 
ever, established so rapidly that damping would 
occur only for frequencies much higher than 
those at present available. (2) A lack of thermal 
equilibrium exists between the vibrating solid 
and the surrounding air. In an investigation on 
springs, Sayre* found that the partial lack of 
thermal equilibrium between a wire and the 
surrounding air gives rise to the dominant 
energy losses in certain cases. Since the time 
required for the establishment of temperature 
equilibrium between a wire and the air is com- 
paratively long, such losses are confined to very 
low frequencies. (3) We come finally to the lack 
of thermal equilibrium between various parts of 
the vibrating solid itself. In isotropic solids with 
a positive thermal expansion coefficient, a posi- 
tive (cubic) dilation lowers the temperature, a 
negative dilation raises the temperature. How- 
ever, just as in a gas, the time required for the 
establishment of thermal equilibrium between 
regions separated by a half wave-length is much 
longer than the period of vibration. A solid 
differs from a gas in that fluctuations in dilation, 
and hence also in temperature, may exist be- 
tween regions much closer together than a half 
wave-length. For example, the two sides of a 
reed vibrating transversely have dilations of 
opposite signs. Again, the dilation varies rapidly 
in the immediate vicinity of imperfections in the 
solid. 

The purpose of this paper is to investigate 
whether the local fluctuations in temperature 
within a vibrating solid may be of importance in 


3 Sayre, Rheology 3, 206 (1932). 
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INTERNAL 


internal friction. After defining the various yard- 
sticks of internal friction (§2), the effect of the 
temperature fluctuation across a vibrating reed 
upon its internal friction is calculated (§3). 
The results are discussed quantitatively in §4. 
It is predicted that over a wide frequency band 
the effect here discussed will be the predominant 
cause of internal friction. This thermodynamic 
effect disappears at low temperatures. 

A direct experimental check of this theory may 
be obtained by observing whether the internal 
friction of a reed has a maximum in the fre- 
quency range predicted by Eq. (11). 


§2. YARDSTICKS OF INTERNAL FRICTION 


The displacement vector U(r, ¢) in a vibrating 
solid is determined by a differential equation of 
the form 


°U/o?+LU=F +f, (1) 


and by a set of boundary conditions. Here the 
applied body force (per unit mass) is represented 
by F. The term —LU represents the force acting 
upon unit mass due to the elasticity of the solid. 
The elastic coefficients in the operator L are 
taken to be the isothermal coefficients. The 
forces, per unit mass, which arise from tempera- 
ture changes,‘ from viscosity, etc., are denoted 
by f. In particular, the surface forces due to the 
air are taken care of by a term in f which is 
zero everywhere except near the surface. 

We shall examine first the solutions of (1) 
when F is a periodic function of time. We elimi- 
nate time from this equation by the usual 
artifice of complex symbols. Using German 
characters to denote vectors which are functions 
of the coordinates, but not of time, we set 


F(r, t)=H(r)e'', 
f(r, t) =f(r)e‘*', 
U(r, 4) =U(r)e'*. 
Equation (1) now becomes 
(L—o*)U=F§4+F. (2) 
In general U and f are not in phase with each 
other. In fact, it is just this difference in phase 
between U and f which gives rise to damping. 
If we choose the origin of time so that U1 is real, 


f will be complex. Let f;, fe be its real and 


‘Love, The Mathematical Theory of Elasticity (Cam- 
bridge Press, 1920), p. 106. 
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imaginary parts, respectively, i.e., 

f=fitdfe. 
Further let lo be the solution of (2) when f is 
neglected. Since the force f has only a small 
effect upon the solution of (2), it may be calcu- 


lated assuming the displacement of the solid to 
be given by Ul. Then the ratio 


i | SUo- fedv | 
~ | SU LUledo| 


is a measure of the internal friction of a solid, the 
integration being over the entire solid. The 
definition (3) is analogous to the definition of the 
Q of an electrical circuit. Here, as in the electrical 
analogy, Q is in general a function of frequency. 

When w is nearly equal to one and to only 
one natural angular frequency, «a,, the form of 
the vector function Ul will be nearly identical to 
that of a vibration vector Ul, of the free un- 
damped oscillation. This vector satisfies the 
equation 





(3) 


(L aie w,”) Uy =0. 


The amplitude of U1 will depend upon the im- 
pressed frequency w/27. We shall take ll, to be 


normalized, i.e., 
f Up-Udo=1, 


u=Cl,, 


where C is a function of the impressed angular 
frequency w. The force f will then also be pro- 
portional to C. We shall denote by f, that force 
which is associated with the normalized func- 
tion U;. Then we may set 


f=Ch. 


and set 


We substitute these expressions into (2), multiply 
to the left by ll,, and integrate over the solid. 
We obtain 
F, 
C(w) — "Pa, 
(ox? —w?) + om 


F,= f Us Fao, 
and n) = fie -faado 


where 
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A plot of |C.|? against w has a sharp maximum 
at w=«a,. The width of this resonance curve at 
half maximum is a second measure of internal 
friction. Denoting this width by Aw;, we have 


Aw, = nx / wr. 
Since f Uy, Ludo = w,?, 


we have, setting w,=27v,, 
Av, /%,= ne/ we? = —"(y4). 


One favorite method of measuring internal 
friction is to observe the logarithmic decrement 
of free oscillation. In order to obtain the relation 
between this yardstick of internal friction, and 
the two previous yardsticks, Av;/», and Q-', we 
must solve (1) when F is zero. Taking the solid 
to be initially vibrating in the kth normal mode, 
we set 

U(r, t)=C.() Us (re, 
f(r, 1) =Cu(falnve™, 


Neglecting (d/dt) log C, in comparison to «,;, we 
obtain, after multiplying (1) to the left by Uy 
and integrating over the solid, 


dC;./dt= — (./2wx) Cy. 
Comparing the solution of this equation, 
Ci(t)=Cx(0) exp { — (4 /2wx)é}, 
with the definition of the logarithmic decre- 
ment, Ax,, 
C,(t) =C,.(0) exp { —Axrt}, 
we obtain 


Ag = nx/(2v,0%) = rAv,/ vy, = 7Q-"(r,). (4) 


Summary 


One yardstick of internal friction is defined 
by (3). For each type of applied force, torsional 
or tensile, Q is a continuous function of fre- 
quency. Two other yardsticks are defined, Av;,/ 
and A,. These have a meaning only with ref- 
erence to the natural modes of vibration. They 
are related to each other, and to the value of Q 
at the natural frequencies, by Eq. (4). 


§3. CALCULATION OF INTERNAL FRICTION 


The equation which governs the transverse 
vibrations in a reed may be written in a simple 
form, provided the wave-lengths are long com- 
pared to the thickness of the reed. Let the reed 
lie along the x axis, with its face normal to the 
y axis. Further let y(x, ¢) denote the displace- 
ment function of the reed with respect to its 
position of rest. Then y is governed by the well- 
known equation’ 





ay &M 
— = 
6t? = 6x? 


Here p is the mass per unit length, M(x, t)*is 
the bending moment, and f(x, ¢) is the normal 
component of the applied force per unit length. 
The bending moment may be calculated directly 
from the function y, and from a knowledge of 
the distribution of temperature across the reed. 
This is done as follows. 

We separate M into two parts, M@,; and M2. 
The first part is the moment which would arise 
from the bending of the reed if the temperature 
gradient across the reed were zero. The second 
part is the bending moment which arises from 
the variation of temperature across the reed. 
The first part is commonly written as 


M,=EI#6*y/dx’, 
where E is Young’s modulus, and 
I=ha?*/12. 


Here f is the width, and a the thickness, of 


the reed. 
If we let s denote the y coordinate inside the 


reed, with origin at the center of the reed, and 
T, the average temperature, then 


a/2 
M.=ah {. (T-To)ds. (5) 


Here Q= (6X 2/67) «, 


the suffix + denoting that the normal stresses 
across the xy and the zx plane are kept constant 
in the partial differentiation. 

In order to calculate My, explicitly, we must 
find the temperature fluctuation 77—T7» across 


5 Southwell, Theory of Elasticity (Oxford Press, 1936), 


pp. 172-174. 
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the reed. Now the time derivative 67/6 may be 
written as the sum of two terms. The first is due 
to the flow of heat by diffusion, and is given by 
D#T/és*, where D is the thermal diffusion con- 
stant. The second term is due to the generation 
and absorption of heat by the dilation. Since 
the stresses Y, and Z, are both zero,‘ the strains 
e,, and e,, are completely determined by ézz. 
The second part of M, may thus be written as 
Bée,./ dt, where 


B= (67 /éez2)Q, «- 


The suffix 7 has the same significance as before ; 
the suffix Q refers to an adiabatic change of eé::. 
Now the ez: in a reed is given by —sé*y/éx*. 
Since we need only consider the steady state of 
forced oscillation, we set 


y(x, th = Y(x)ei!. 
We thus obtain the following equation for T: 


6T &°T sy 
(ioe — sei!, (6) 
bx? 


él és? 


The boundary conditions for this equation are 
obtained by observing that the establishment of 
temperature equilibrium in the reed is due 
almost entirely to a flow of heat across the reed, 
and not to and from the air. Now a zero flow of 
heat across the surface of the reed implies that 
the temperature gradient is there zero. Our 
boundary condition is thus 


57 /és =0 at s= +a/2. (6a) 


That solution of Eq. (6) which satisfies the 
condition (6a) may readily be obtained as a 
trigonometric series. This series will automati- 
cally satisfy the boundary condition (6a) if each 
term satisfies this condition. Such a series is 
given by 

T=7To+2ig.(t) sin {(2k+1)zs/a}. (7) 

The functions g,(¢) are obtained by substitu- 

tion of this series into (6), multiplying by 


sin {(2k+1)xs/a}, and integrating across the 
reed. We obtain 


(iwB5? Y/5s*)s,e*** 





a= : 
tw + Me 


* Reference 5, p. 161. 


Here 


a/2 
= (2/a) [s sin {(2k+1)ms/a}ds. (8) 


and ue = {(2k+1)x/a}2D. 


As our final step in obtaining Me, we substitute 
T from (7) into (5). Setting 


M2(x, t) =Me(x)ei*. 


and separating Qt. into its real and imaginary 
parts, we obtain 








sy w? 
RM = taBad—2, Sk’, 
Ox? w+? 
SY wpe 
SMe = 3 aBad——>;; Sy. 
Ox? w*+ yy? 


The Q of the reed is now, by definition, 
3 5° 
o=3—m /R—M. 
Ox? Ox? 


This may be written explicitly as 


WUE 





(aB/E)2x : ~(6sx*/ a) 
we Mk 
Q= ” . (9) 
1+ (a8/E)2, (6s,?/a) 








w+ py? 


From (8) we obtain 
6s,2/a = 960-4(2k +1). 


For k=0, 1, 2 the right member has the values 
0.986, 0.012, 0.0016. Hence very little error is 
made in replacing 6s,?/a by unity when k=0, by 
zero for all other values of k. 

In the appendix we find that 


aB/E=3(1—20)(C,—C,.)/C., (10) 


where a is Poisson’s ratio. Since the right member 
of (10) is always less than 0.01, we make only a 
slight error by neglecting the second term in the 
denominator of (9). We finally obtain as a very 
good approximation 
1—20 C,—C, wp 
On! = . ° . (1 1) 
3 Cy, w*+p? 


where u=(nr/a)*D, (12) 














and where the suffix th is a reminder that the 
right side of (11) gives only that part of Q"' 
which is due to the thermodynamical effects 
above discussed. 


§4. QUANTITATIVE DISCUSSION 


That part of the internal friction which is due 
to the fluctuation of temperature across the reed 
is given by Eq. (11). Considered as a function 
of the angular frequency, w, Qin~! has a maximum 
at w=uy, where yw" is the relaxation time for the 
establishment of temperature equilibrium across 
the reed, and is given by (12). When wuz, 
the vibration proceeds isothermally, when w>», 
it proceeds adiabatically. In the transitional 
region between isothermal and adiabatic vibra- 
tion, w~y, stress and strain are no longer in 
phase. The hysteresis loop caused by this phase 
shift gives rise to a so-called ‘internal friction.” 

The maximum value of Q,,,~' is given in Table I 
for several metals. The last column gives the 
thickness of the reed, dio00, for which the maxi- 
mum of Qi,7' occurs at a frequency of 1000 
cycles sec.~! (expressed in cm). 

The actual Q' of a reed will be equal to the 
sum of the Q:,7' given by Eq. (11), and the Q™! 
which arises from all other causes of internal 
friction. The measured Q-' of a reed will also 
contain a contribution resulting from energy 
losses at the supports of the reed, and from 
acoustical losses. The very careful experiments of 
Wegel and Walther! indicate that the Q-' of 
metals measured by nearly all previous investi- 
gators consisted principally of terms arising from 
apparatus losses. They found that the Q' of a 
metal was a structure sensitive property. Thus 
(see Table II of reference 1) they obtained values 
of Q, at 10,000 cycles per second, ranging from 
9000 to 52,000 for aluminum, from 500 to 10,000 
for copper, from 3800 to 40,000 for steel. These 
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TABLE I. Values of Qu! for various metals at 20°C and the 
thickness (a) of the reed for which the maximum 
value of Qu occurs at 1000 cycles per sec. 








| ; | 

| Max. of 
Metal | (Cp —C vr) /C *y* o | Veh '*« 108 | 1000 X 102 
WwW 0.006 10.17 | 0.66 3.5 
Pl | .020 387 .76 2.0 
Au | .038 | 42 SI 4.3 
Pb .067 | .45 1.0 2.0 
Ni | 021 | 31 1.3 1.5 
Cu 028 34 1.4 4.2 
Ag | 040 38 1.6 5.1 
Sn 040 | .33 2.3 2.5 
Zn 052 | 33 3.0 2.5 
Cd | (060 | 30 4.0 2.7 





* Eucken, Handbuch der Experimental Physik Vol. 8, p. 211. 


values were obtained for the longitudinal vibra- 
tions in cylindrical rods, in which the thermo- 
dynamical damping discussed in this paper was 
not present. If the same materials had been used 
in the form of a reed, the damping due to causes 
other than that here discussed would probably 
have been of the same order of magnitude. 
Comparing the minimum values of Q-' found by 
Wegel and Walther for, say, copper and alumi- 
num, 10-* and 0.210, respectively, with the 
maximum values of Q,,~! in Table I, we find that 
samples may be found in which Q,,~! is at least 
10 times as large as the Q-' due to all other 
causes over a broad frequency band. 

The formula (11) may be checked both by a 
variation of frequency, and by a variation of 
temperature. Temperature has a two-fold effect 
upon Qi, '. (1) A lowering of the temperature 
displaces the maximum value of Q,,,x~! to higher 
frequencies by increasing the diffusion constant 
D. (2) From the empirical formula’ 


(C,—C,)/C,=const XTC, 


we see that a lowering of temperature decreases 
the maximum of Qy,7'. 


APPENDIX 


The left member of Eq. (10) may be written as 


éT ) () / (2) 
6€rx/ 0,4 6T — 6€r2z/ 7, x- 
Here Young’s modulus for constant temperature, /, has 


been written explicitly as (6X,/ée::)7,,. A standard 
transformation in partial differentiation reduces (a-1) to 











(a-1) 





( 7) (a — 
- “s: | (a-2) 
b€zz Q.n\ 6T X19 %- 


At this stage it is convenient to replace the strain 
derivatives by more familiar forms. The temperature 








7 Eucken, Handbuch der Experimental Physik Vol. 8, p. 
209. 
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change caused by an adiabatic stretching is equal to 
(67 /5V)e5V, where 6V is the change in volume accom- 
panying the strain. 


Now Cuy = Cez = Cre 
when Y,=Z,=0. 
Hence 6V/V =ereteyy tee = (1 —20)e,2, 


andso _—«(8T'/8ezz)9, = (1 —20)(8T/é log V)o. 


The second factor in (a-2) may obviously be written as 
(6 log V/AT)». Hence (a-2) reduces to 


1—20/aT =) 
POP PEA pl (a-3) 
3 \aV/e\aT7/,. 


This expression may be written in a more illuminating 
form. If only two of the four variables x;, x2, x3, x4 are 
independent, then the following identity is true: 


(OX1/OXe)r, (OX3/OX2) 2, 


(Ax) /OXe2), 3 (Ox3/AX2) ry 


Replacing x), X2, Xs, x; by V, 7, Q, p, respectively, we find 
that (a-3) becomes 


3(1—2¢)(Cp— Cy) /Cp. 
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Collector Theory for Ions with Maxwellian and Drift Velocities 
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For a gaseous discharge in which the ions have a drift velocity superimposed on a Maxwellian 
distribution, the Mott-Smith and Langmuir collector theory deals only with collectors having 
a high ratio of sheath to collector diameters. The present paper removes this restriction, but 
points out that except when there is negligible sheath distortion due to low drift velocity or to 
low collector potential the theory gives only approximate results. It is also shown that for 
ratios of drift to random current density as low as seven, the space potential is not indicated by 
a break on the semi-logarithmic plot of the collector characteristic. 


N electrical discharge in a gas is conveniently 
studied by the use of a collector or probe 
connected to a suitable auxiliary circuit. Mott- 
Smith and Langmuir! have shown that if the 
logarithm of the collector current be plotted 
against the potential applied to it, the resulting 
‘characteristic’ is a line which departs from 
linearity at the space potential. This holds for a 
Maxwellian distribution of the ions (or electrons) 
of the discharge; but when there is a small drift 
velocity superimposed on the Maxwellian distri- 
bution the characteristic is modified as shown in 
their paper. Their results refer only to the case 
where there is a high ratio of sheath® to collector 
diameter. The present paper deals with sheaths 
of all sizes. 
The basic assumptions of this collector theory 
1H. M. Mott-Smith and I. Langmuir, Phys. Rev. 28, 
727 (1926). 
*The sheath boundary may be briefly defined as the 


surface beyond which the collector potential exerts no force 
on the ions or electrons of the discharge. 


are discussed by Mott-Smith and Langmuir.! 
Special attention is directed to the two assump- 
tions (1) that the gas pressure is so low that 
collisions between ions or electrons and gas 
molecules in the sheath have a negligible effect on 
the collector current, and (2) that there is no 
reflection of ions or electrons at the collector 
surface. 

Because of the drift velocity, the cross section 
of the space charge sheath around a cylindrical 
collector (with its axis at right angles to the 
direction of the drift) is distorted from the 
circular shape. But obviously it still must have 
bilateral symmetry about the direction of the 
drift, which is therefore taken as the coordinate 
axis. The length of the collector is assumed to be 
so great that end effects may be neglected. 

Without the restriction imposed by Mott- 
Smith and Langmuir that the sheath is circular 
and by methods analogous to theirs, it may be 
shown that, as a first approximation, 
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where 7 is the current to the collector, r and / are 
the radius and exposed length, respectively, of 
the cylindrical collector, J, is the random current 
density corresponding to the Maxwellian distri- 
bution, s is the circumference of the sheath 
around the collector, a is Iz/24/7I, (Ja is the 
drift current density), » is eV/kT (e is the 
electronic charge, k is Boltzmann’s constant, V 
is the potential of the collector with reference 
to the space potential, and 7 is the tempera- 
ture corresponding to the Maxwellian distri- 
bution), o is (b/r)?—1, 7 is (b cos ¢g/r)*—1, x is 
(b/r)? cos g sin g and ¢ is y—9@. b and @ are the 
coordinates of points on the circumference of the 
sheath; and the normal at the point 6 makes the 
angle y with the coordinate axis. See Fig. 1. 
Equation (1) is approximate instead of exact 
because in its development the angular mo- 
mentum of an ion at the sheath surface is equated 
to its angular momentum on arrival at the 
collector surface ; but this equality does not hold 
for a noncircular sheath since the force on the 
ion due to the collector potential is noncentral 
(i.e., it is not directed always to the collector 
axis). The exact solution of this problem involves 
the determination of the shape of the sheath and 
the distribution of the force-field within it, a 
problem which is not dealt with in this paper. 
However, the sign of the error can be deduced by 
introducing the plausible assumption that for 
retarding potentials on the collector (n negative) 
the sheath shape is such that ¢ is positive (as in 
Fig. 1) and that for accelerating potentials 
(n positive) ¢ is negative. Eq. (1) is equivalent to 
the assertion that ions will reach the collector if 
they arrive at the sheath boundary traveling in a 
certain direction (or within a certain range of 
directions) and within a certain range of ve- 
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y?+2ax cos ~+2ay sin y)dydxdy, (1) 





locities. Owing to the sheath distortion assumed 
above, the ions which will reach the collector are 
those having a direction making an angle with 
the coordinate axis greater than if the sheath was 
circular; and since the distribution function 
shows that there are fewer of such ions it follows 
that the current given by Eq. (1) is too large 
whether the potential on the collector is retarding 
or accelerating. 

For a small sheath, (b/r=1), Eq. (1) becomes 
exact, since the sheath is now circular. The 
equation reduces to 


2°" °*” 
gaff xe eeonnrands, (2) 
Tv0 0, v(—») 


where 3 is written for i/2rrlI,. This further 


reduces to 
3=e7@/[ (1 +a?) Io(a?/2)+071;(a?/2) ] 
for 7=0, (2a) 


5 =e (1 +02) Io(a2/2)Ip(t) —a2Io(a2/2)1,(t) 
+2(1-+a2)3-(—1)?I,(a2/2)Iop(t) 
1 


—a?S-(—1)?I,(a2/2){ Tep-2(t) + Tepsa(t)} J 
1 


for 7=0, (2b) 
where t=2aV¥(—7n) and J,(x) is the modified 
Bessel function of the first kind and the pth order. 

Without any restriction as to sheath size, but 
considering the limiting case where the sheath is 
a circle of radius b, Eq. (1) reduces to 


ff 


2 
x|— Erf {[(x?+n)/o]!+<a sin 6} 


xe (-a@ cos 6)2 


v(—) 


2 
ern Erf {[(x?+7)/o ]}—a@ sin 0} Janae, (3) 
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COLLECTOR THEORY 


ohare Erf (1) = i] ev'dy. 
0 
For a very large sheath (b/r=«), Eq. (1) 
reduces to 
4 co 
ae f x(x2-+n)!e-*Io(2ax)dx, (4) 


T 0, v(—n) 


which is equivalent (changing ~ to =) to 
Eq. (46)* of Mott-Smith and Langmuir whose 
basic equation referred to a circular sheath; but 
it should be observed that Eq. (4) is approxi- 
mate, not exact, for noncircular sheaths—in 
disagreement with the statement by Mott-Smith 
and Langmuir that ‘‘the current for very large 
sheaths must be independent of the actual shape 
of the sheath.”"* While they reached this con- 
clusion by an alternative method of calculating 
the collector current, this method also involved 
the angular momentum of an ion, and is inaccu- 
rate for the same reason as Eq. (4). 

Since the error in Eq. (4) caused by the 
noncircularity of the sheath must approach zero 
as the sheath becomes less distorted, it is 
justifiable to use it when a is small; but for large 
values of a when the sheath must certainly be 
greatly distorted (unless it is small, because of a 
low value of 7) Eq. (4), or any equations such as 
Eqs. (MS 54) to (MS 57) developed from its 
equivalent Eq. (MS 46), should not be used 
until it is shown that their error is negligible. 

For negative values of n, Mott-Smith and 
Langmuir have reduced their Eq. (46) to Eq. 
(47). It may further be shown that Eq. (2b) is 
algebraically equivalent to Eq. (MS 47). When 
a/v (—n) exceeds unity, Eq. (2b) is suitable for 
computation; for low values of the ratio, Eq. 
(MS 47) is better.® 

It was found that computations of Eq. (3) for 
b/r=v2 and 10.05 gave the same collector current 
as obtained from Eq. (2b), (b/r=1) or its 
equivalent Eq. (MS 47), (b/r=«). Thus the 
collector current is independent of the sheath 
size for the restricted cases where sheath dis- 


3 It will be shown below that i7,, may properly be changed 
to 7 in Eq. (MS 46) et seq. 

* Reference 1, p. 752. 

5 Present t: ables of J,(x) are very limited. More extensive 
— will soon be available. Report B.A.A.S. (1935), 
p. 304. 
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tortion is negligible, i.e., when @ or 7 are small. 
Mott-Smith and Langmuir have shown this to be 
true for three simple types of velocity dis- 
tributions. *® 

For positive values of n, the solution of Eqs. (3) 
and (4) depends on a knowledge of the size of the 
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Fic. 2. 03/0n as a function of a, 


sheath which is not available. Nevertheless, the 
collector current must lie between the values 
given by Eqs. (2a) and (4). The latter may be 
reduced to two equivalent forms, 


wo (2p+1)! ptt 
5 wor er (- 1 yen“) J n43/2(t) 
v (p!)4 a 
+(— Z ) ‘Jn(0| n=0, (Sa) 
V ‘n 


2p+1)! 
jnere@ (2 )3 F(—syent a Lis 
a (p!)24> 





V/n\? : 
x (~) J pssio(t) +e™™*?[ (1 +”) Io(a?/2) Jo(t) 
Qa 
+a2Io(a?/2)Jo(t)+2(1 +02) 5-p(a2/2) Jap () 
1 
+-a2DIp(a2/2) { Jep-2(t) + Jeps2(t)} 1120, (5b) 
1 


where J,(x) is the Bessel function of the first 
kind and the pth order, and t= 2ay 7. As a and 7 
become large, these series converge very slowly 
and the computation becomes more laborious 
than a graphic integration of Eq. (4). 


* Reference 1, p. 751. 











238 A. H. 
When a is zero or very small, the graph of the 


collector current or its logarithm against collector 
voltage (i.e., 7 a constant) indicates clearly the 


0.5- _ 


logd)| 92 -——— "Looe 


154 %L 














O 7? #2 


Fic. 3. Log 3 as a function of 7. 


space potential. But it should be observed that as 
a increases, the value of 03/0n (at » equals zero) 
quickly decreases, (Fig. 2) and therefore the 
curve of 3 or its logarithm shows no distinctive 
change at this point for values of a as low as 
two. (Fig. 3). Thus this method of determining 
the space potential cannot be applied in these 
cases. It should be emphasized that this does not 
preclude a break at the space potential caused by 
factors specifically excluded by the basic as- 
sumptions of this theory, e.g., reflection of ions 
when there is a retarding potential on the 
collector. 

The equation for 03/dn can be given in two 
equivalent forms and the limiting forms at 
n equals zero are included for completeness. 


93/dn =e" *"?[ (a? /2) Io(t) 


423°(—1)?I,(a2/2)Io,(t)] forn=0, (6a) 
1 





o (2p)! a 4 
03/dn=e7>. ( ) T,(t) 
0 (p!)?4? \y/(—n) 


for n=0, (6b) 


where t=2a\/(—n). 


03/dn =e7*" 21 y(a2/2) forn=0, (6c) 


HEATLEY 


0 log 3/dn=1/[1+0?{1+J;(a?/2)/To(a?/2)} J 
forn=0. (6d) 


The limit of Eqs. (2) or (4) for n equals zero, as 
@ increases, is 2a/ V7, so that the collector 
current can be expressed in terms of the drift 
current instead of the random current. 


1 nl, Vr 2a 
=—-j=—-——-=1 (for 7=0). (7) 
2rlTa Ta 2a Va 





The exact values are 1.282 for a=1, 1.062 for 
a=2, 1.028 for a=3 (values of 1/2rrlI, from 
Eq. (2a)); so that knowing the drift current 
density and the collector dimensions we can 
calculate the minimum value of collector current 
at the space potential regardless of a. 

Attention should be drawn to an improper use 
of this collector theory by Bramhall,’ who used a 
probe in a copper arc. The space potential was 
determined by a break in the semi-logarithmic 
plot of the probe characteristic, and the probe 
current density was there taken to be /,, the 
random current density, which is true only when 
there is no drift current. The drift current 
density, Ja, was calculated from the arc area and 
current, giving J,/J, roughly 100, or a equals 28. 
But this high value of @ is inconsistent with a 
break in the characteristic at space potential. 
Also the probe current calculated from the probe 
dimensions and the drift current density, Eq. (7), 
should have a minimum value of 0.4 ampere, 
whereas the observed value was 0.04 ampere. 
Further, the part of the theory used by Bramhall 
in Fig. 9 is based on the Mott-Smith and 
Langmuir Eq. (54) which is restricted to large 
values of a, with »/—~a. The value of 7 in his 
experiments certainly lay between zero and —25, 
so that @ should not have exceeded 5, a value 
much too small to warrant the use of Eq. 
(MS 54)—quite apart from any discussion in this 


paper as to the validity of that equation. 


*E.H. Bramhall, Phil. Mag. 13, 682 (1932). 
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A Survey of Radioactivity Produced by High Energy Neutron Bombardment 


M. L. Poo.,* J. M. Cork anp R. L. THORNTON 
Department of Physics, University of Michigan, Ann Arbor, Michigan 
(Received July 3, 1937) 


LARGE number of the known stable ele- the periodic table. In addition, reactions of the 

ments have been bombarded by neutrons of type where a proton or an alpha-particle is 
energies ranging up to 20 Mev. The transmuta- ejected are observed. For bombarding neu- 
tion reaction of the type involving the ejection of — trons of low energy these reactions are observed 
two neutrons is apparently evident with varying only for relatively light elements, but for very 
degrees of intensity in nearly all the elements of energetic neutrons such reactions are evidently 
~ * Elizabeth Clay Howald Scholar. quite common in elements of high atomic number. 


TABLE I. Radioactivity produced by very high energy neutron bombardment. 


| 
At Element || At. Element | 
No. |bombarded | Period, intensity, sign, assignment Other work No. |bombarded | Period, intensity, sign, assignment Other work 
6 Cc 20 m, w, +, C 2.4d, ww, -, YY 
7 N 0.5m, ww, +, N® 40 Zr | 10 m, s, 
. Oo 2.1m, 1%, +, O 2.1 m! 5 h, Ww, , a= 
9 F 108 m, w, +, F'’ Chem. | 44 hh, w, — a 
12 | Meg 15 h, ws, —-, Na* 41 | Cb 7.3 m, u } 
13 Al 10 m, vs, —, Meg? 3.8 d, Ww, | 
15 h, vs, —. Na* Chem. 42 | Mo 17. mm, 5, =, |} 21 m‘, 17 m? 
14 | Si 6 m, ww, +, Si? 5 d, w% 
11 m, ww, +, 44 Ru 24m « 
15 P 3 m, vs, +, PP 2.5 m? 3.6 h, rT 
2.5 h, s,s —-, Sim 45 Rh 4 m, s -, 
16 | Ss 26 m, wm, +, Ss 1.1 h, ‘ -, 
14.0« od, 5s -, p= 46 Pd ig m, F —-, Pd 
17 Cl 33 mm, rs, +, CB! Chem. 12.5 h, ri - Pd 
14 «od, s =-, P# 47 Ag 25.5 m, s Ag!®** Chem. 24 m* 2! 
19 K 7.5 m, s,s +, K% 13 4d, «x —, Ag Chem. 
4 m Ss. oo, 48 Cd 33 m, s, +, | 
1.8 h, w, —-, Af 3 h, wv, —, Cd's 3.3 hé 
20 Ca 4.5m, rw, +, Ca? 53 h, ww, —, Cd 
21 | Se 4 h, vs, + Sc#* } 49 In 1.1 m, 5s =, 1m?! 
= * a. *& Sc# 54 m, s —, In Chem. 
22 Ti 1.7 h, vs, -—, Se 4 h, vs, —, In Chem, 
28 Oh s, —-, Se 2 mo s, —, In Chem. 
23 \ | 4 m s, —, V8 Chem. 50 Sn 47m, .- 
1.8 d, vw, 51 Sb 15.4 m, i‘ t+, Sbize 13m?! 17 m* 
24 Cr 4m, es, -, V*® 2.3 d, w, -, Sb | 
7 Be is 52 Te 1ih, vs, - 60 m*? 
25 Mn 3.6m, ts, —- V 30 06Udd,Cliw, 
2.5 h, s, —-, Mn 53 l 26 m, S, , bP Chem. 
26 Fe 2.55 h, vs, —-, Mn 56 Ba 2.5m Ss, 
27 Co 2.5 h, s, —-, Mn** Chem. | 11 m* 85 m, w, , Bas? 
28 Ni 2 h, ww, | 2.7 h' 57 La 22h, w 
6 d ww, 11 m® 58 | Ce 40 m, t 
29 Cu 10 m, vs, —-, Cu 10.5 m? # 3 | 59 P 3m, +, Prive | 
12.5 d, ws, +, Cu Chem. | 20 h, w, , Priv | 
30 Zn 6 m vs, —, Cus | 6 m* 60 Nd 22h wy - | 
40 m vs, +, Zn Chem. 38 m?, 60 m* 3 } 9 ih Ow OK pri 
12.5 h vs, 2, Cu Chem. 64 | Gd 19 h, w - 
31 Ga 20 m, vs, —-, Gave 20 -m?, 5 m! | 66 | Dy 2.5 h, vw, -, | 
| 55 mm, os, +, Ga®* Chem. 60 m! 73 Ta 91h, ww, | 14 m? 
1.7 h, s. +. 75 Re 18h, $s, —, Res 
22 h, w, —-, Ga || 77 Ir iS h, s —-, Ir” 
32 Ge 1.3 h, 5S =, 78 Pt 1.8 h, s = 
20 h, w’, —, Ger 3 d, ve 
33 | As 1.1 d, vs, —, <As?* Chem. 79 | Au 17 m, w@, 
13 +d, ww, | 2.5d, w, » Aus | 
34 | Se 1 h, vs, —, Se Chem. | 56 m* 80 Hg | 45 m, . =, 43 m* 
35 Br 7 m, es, , Bris 3.5 m?, 5 m# 81 | Tl 5 m, s, » Tree 4.1 m* 
| i8 m,_ 7s, Br*® Chem. 18 m* 25 50 m, rw, Tre 
4 h, ‘ , Br*® Chem. 5 h', 24 h® 82 Pb 5 m, vy, = 
37 | Rb 11 m, ts, -, 3 &. w’, - 
22. = h, S, - 90 Th ee s 
38 Sr | 18 m, Soo, 1.4 h, s, 
| 3 h, s, +, Sr Chem. | 92 | U | 6 m ts, —, 
39 | \ 11 m, 5, = } 4 h, s -, 
2h « 13 h, s, —, Eka Os 
6.5 h, iw, = | | 





' Chang, Goldhaber and Sagane, Nature 138, 962 (1937). 
2 Bothe and Gentner, Naturwiss. 25, 90, 126, 191 (1937). 
5’ Heyn, Physica 4, 160 (1937). 

‘Heyn, Nature 138, 723, 842 (1937). 

§ Johnson and Hamblin, Nature 138, 504 (1936). 








240 IMPORTANT NOTICE 


These neutrons of high energy are obtained by 
the previously reported method of bombarding 
lithium in the cyclotron with 6.3 Mev deuterons.' 

The results are summarized in Table I. The 
assignment of the periods is tentative and is based 
upon evidence from the sign of the emitted beta- 
particle, the chemical separations and known 
periods from other sources. Detailed work is 
necessary in many cases to make identification 
positive. Of the 113 periods listed in the table 
only about a fourth can also be obtained by 
slow neutron bombardment. Bismuth was the 


1 Pool, Cork and Thornton, Phys. Rev. 51, 890 (1937). 


only element tried that gave no measurable 
radioactivity. 

The authors are very grateful for help from 
various sources. Professor Quill of the Ohio State 
University supplied very pure samples of several 
of the more rare elements. Professor Hopkins of 
the University of Illinois loaned the dysprosium, 
previously used for atomic weight measurements. 
Mr. D. W. Stewart, Mr. E. Rosenbaum and Miss 
G. Mueller made the chemical separations. The 
aid of Mr. B. R. Curtis in connection with the 
cloud chamber observations is also gratefully 
acknowledged. This work was made possible by 
a grant from the Horace H. Rackham fund. 
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VOLUME 52 


LETTERS TO THE EDITOR 


Prompt publication of brief reports of important discoveries in physics may be secured by 
addressing them to this department. Closing dates for this department are, for the first issue of the 
month, the eighteenth of the preceding month, for the second issue, the third of the month. Because of 
the late closing dates for the section no proof can be shown to authors. The Board of Editors does 
not hold itself responsible for the opinions expressed by the correspondents. 


Communications should not in general exceed 600 words in length. 


On the Values of Fundamental Atomic Constants 


A recent article by von Friesen,! with the above title, 
seems to call for certain comments. In the first place 
von Friesen writes his adopted values in the form x+t, 
where 2¢ indicates ‘the narrowest region within which one 
is sure to find the true value.’”’ He also argues that the 
concept of probable error can be applied only to accidental 
errors. 

In my article on the general physical constants,? I gave 
reasons why it is preferable to publish the value of a 
physical constant with its estimated probable error, rather 
than with an estimated ‘‘limit of error.’’ The situation is 
essentially as follows. When a person states that he is 
“sure” that the value of a physical constant lies within a 
certain region, he does not really mean this. One can 
never be absolutely sure. What one has in mind is that it 
seems reasonable to bet some very high odds, such as 100 
to 1, or 1000 to 1, that the value in question lies within 
the stated limits. Now the concept of ‘‘probable error” 
can equally well be applied in any such situation, since 
it merely defines a region for which the odds are even that 
the true value lies within it. It is entirely unnecessary to 
base the estimated probable error merely on accidental 
errors. In fact one of my main efforts during the past ten 
years has been to emphasize the necessity of considering 
also systematic errors in any published estimate of prob- 
able error. Hence when I write xr for a physical quantity, 
I mean merely that, in the light of all the facts available 
to me, it appears an even bet that the true value lies 
within an interval 27, centered on x. 

In considering experimental values of physical constants, 
it is not unreasonable to assume a normal distribution of 
errors, since in general actual distributions found in prac- 
tice seem to approximate the normal error curve more 
closely than any other convenient mathematical distribu- 
tion. Now for a normal distribution there is one chance in 
100 of getting an error greater than 3.82r (where r is 
probable error), and 1 in 1000 of exceeding 4.90r. Hence 
if a writer chooses to give what he terms a “‘limit of error,” 
it is necessary merely to divide this result by, let us say, 
4 or 5, to get a corresponding estimate of probable error. 
It is obvious that the reverse process is equally possible. 
It would, however, be very advantageous to have a uniform 
procedure, and mainly for historical reasons I have advo- 
cated, and still advocate, the publication of values of 
constants with an estimate of the region of the ‘‘even bet”’ 
(i.e., probable error), rather than of the region correspond- 
ing to other arbitrarily adopted odds. 


The experimental data given by von Friesen for each of 
the constants e, h and e/m appear very consistent, but a 
fundamental discrepancy, which he fails to mention, exists 
between his finally adopted values of these three constants. 
These values are e = (4.800+0.005) x 10~ e.s.u., h = (6.610 
+ 0.015) X 10°? erg-sec., e/m = (1.7585 + 0.002) x 107 
e.m.u., where his uncertainties, as noted, are intended to 
represent ‘‘limits of error.”” Now these three adopted values 
do not satisfy the Bohr formula for the Rydberg constant, a 
formula which von Friesen accepts as correct. In fact, 
with his adopted values of e and h, one gets, from this 
formula, e/m=1.766, a value far outside his stated limit 
of error. 

The very disconcerting discrepancy that exists between 
the directly measured values of e, h/e, and e/m has already 
been emphasized.* The experimental evidence that has 
since appeared has served only to sharpen the inconsistency 
in question. I have discussed this situation with many 
persons and it is the present consensus of opinion that the 
“grating value” of e is substantially correct (I gave 
4.8029+0.0005 for this, in 1936), and that the Bohr 
formula for the Rydberg constant should be at least very 
closely correct. When one substitutes in this formula the 
value of e just quoted, and von Friesen’s adopted value of 
e/m (1.7585), which is certainly close to the present best 
observed value, the resulting value of h/e is 1.3796 x 107? 
e.s.u., and this is greater than any directly observed 
value. The recent beautiful work on h/e by DuMond and 
Bollman‘ brings into even greater prominence the serious 
discrepancy between the precise directly observed values 
of h/e, and the value calculated indirectly from e and e/m. 

In spite of the excellence of the recent experimental 
work on h/e, of which no serious criticism has yet been 
voiced, I have, in common with many others, reluctantly 
been forced to the conclusion that all of the present experi- 
mental values of h/e are low, and that the true value will 
eventually be found to be in the neighborhood of that just 
calculated. With e=4.8029 this value requires that 
h=6.626 X 107?’ erg-sec., and that 1/a=137.044, in close 
agréement with Eddington’s predicted value of 137. It 
is, however, only fair to admit that, until a reasonable 
source of error has been suggested for the present experi- 
mental values of h/e, the true values of # and of a remain 
very uncertain. 


RAYMOND T. BIRGE 
University of California, 
Berkeley, California, 
July 13, 1937 


1 Sten von Friesen, Proc. Roy. Soc. A160, 424 (1937). 
2R. T. Birge, Rev. Mod. Phys. 1, 1 (1929). 

3R. T. Birge, Nature 137, 187 (1936). 

4J. DuMond and V. Bollman, Phys. Rev. 51, 400 (1937). 
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On the Capture of Thermal Neutrons by Deuterons 


Recent experiments! on the radiative capture of thermal 
neutrons by deuterons indicate as an upper limit for the 
cross section 3 X 10~*° cm?. The calculations for this process 
are readily carried through with the results of a recent 
paper? on the elastic scattering of neutrons by deuterons. 
The notation, coordinate system, and numerical values 
used here are the same as those used in reference 2. 

The initial state (including the exchange wave) anti- 
svmmetric in the neutrons (particles 1 and 2) is 


Wt = (1/V2) [x(ris) ol 723) S(123) — x(r23) bo(r13).S(213) J; 
x(r) =1+(A/r)(1—e-®"); — o(r) = (a3/m) te~@"; 


where the S’s are the quartet and doublet spin functions 
given in Eq. (19) of reference 2. We have (in nuclear units) 
a =3.236, e9.=5.701, A= —0.916 for the quartet state, and 

= —0.381 for the doublet state. The final 7% bound states 
are 


viy°=uR4 tvR’44; Ry=(1/v20(+—-—+)-(-4+4)]; 

R_y=(1/v2)[(+-—-)-(-+-)]; 

Ry’ =(1/9/6)[(+—+)+(-++)-2(4+4+—-)]; 
R’_4=(1//6)[2(— — +) -(—+ -—) -(+ -——) J; 


the space functions u and v are, respectively, symmetric 
and antisymmetric in the neutrons, The initial quartet and 
doublet states can be written 


vai =(1/V2)I-Sq(123); vai = (1/202) /31+Ry—I-Ry'J; 
I* = x(risz)Go0(r23) +x(r23)o(713)- 


The orthogonality condition requires that \/3 (u,J*) 
— (v,J~) =0; also (u,J~) = (v,J*) =0. 

At thermal energies, the transition occurs under the 
influence of the magnetic dipole G=g,(@1:+02)+2)@3. 
The mean transition probability is given in terms of 

G= 4D 12! Ym", Gea!) |2+ | (Ym, Ged a) (71, 
m ryz 
and the inverse mean life of a thermal neutron before 
capture is 


(1/7) =n(m./m,)3!2(W,5eh /6rm ,2c?)G?; 


here, » is the number of deuterons per cc of absorber, 1, 
is the energy in nuclear units (12.2 m,c?) given up to the 
photon, and G? is in nuclear units. With the help of the 
orthogonality condition, it can be shown that 


2) 
i 


G? = (1/18)(gn—gp)?{2] (0,07) 2+ | (el a7) | 


THE EDITOR 


We take for u the normalized function of the form 
e*(ris*res*@ri2) with 4=2.604 and o=0.8. To estimate p, 
which is probably small, we write it as v= (Kyu/2)(ris—res)u, 
where K is a numerical factor. The calculations of Rarita 
and Present® indicate that K =0.013; although this value 
certainly will not be exact for our case, it serves to give an 
order of magnitude. 

The integrals (v,J~) can be estimated; with g, = —4.0 
and gp=5.7 we obtain (1/7)—50 sec.-' for DO (n=6.7 
x 10 deuterons per cc). This estimate is probably an upper 
limit to the inverse mean life. For thermal neutrons (mean 
velocity 250,000 cm/sec.), this corresponds toa cross section 
for capture of 0.3 10-%° cm?. This is well within the ob- 
served! upper limit of 310°* cm?, and indicates that 
the capture process is likely to be too improbable to be 
observed experimentally. 

I am indebted to Professor G. Breit for valuable discus- 
sion of the properties of the spin transitions. These calcu- 
lations arose through discussion with Professor Philip M. 
Morse, whom I wish to thank. 


_— 
\ 


. I. SCHIFF 


Massachusetts Institute of Technology, 
Cambridge, Massachusetts, 
June 7, 1937. 


1 Kikuchi, Aoki and Takeda, Tokyo Institute of Physical and 
Chemical Research 31, 195 (1937). 

2 Schiff, Phys. Rev. 52, 149 (1937). 

3 Morse, Fisk and Schiff, Phys. Rev. 50, 748 (1936). 

4 Fisk, Schiff and Shockley, Phys. Rev. 50, 1090 and 1191 (1936). 

5 Rarita and Present, Phys. Rev. 51, 788 (1937). 





Erratum: Some Lattice Sums Involved in the Calculation 
of Elastic Constants 


(Phys. Rev. 50, 99 (1936)) 


In our letter of May 26, 1936 entitled ‘‘Some Lattice 
Sums Involved in the Calculation of Elastic Constants” 
an error occurred in the calculation of the electrostatic 
part of Ci. for the CsCl type lattice from Cy; and Made- 
lung’s constant. The contribution to C;; remains unchanged 


A = (e?/8*) KX 2.1253 


whereas the revised value of Cie is 
B) = — (e?/§*) X 2.0803. 


M. GOEPPERT- MAYER 
The Johns Hopkins University, 
Baltimore, Maryland. 
ALBERT MAY 
The Catholic University, 
Washington, D. C., 
June 3, 1937. 














we? 





a | nA) ~~ r= 


a = 


orm! 
te v, 
'e2)U, 
arita 
value 
e an 


and 


tion 


tice 
its” 
atic 
ide- 
ged 











a 





AUGUST 1, 1937 


PHYSICAL 


REVIEW VOLUME 52 


Proceedings of the American Physical Society 


MINUTES OF THE MADISON, WISCONSIN MEETING, JUNE 


HE 214th regular meeting of the American 

Physical Society was held at Madison, 
Wisconsin on Tuesday and Wednesday, June 22 
and 23, 1937 at the University of Wisconsin. All 
sessions were held in the physical laboratory 
building, Sterling Hall. There was one session for 
contributed papers on Tuesday morning and a 
symposium on Tuesday afternoon. On Wednes- 
day morning there were two parallel sessions for 
contributed papers. The presiding officers were 
H. M. Randall, President of the Society, and 
John R. Roebuck. The visiting members of the 
Society were housed in Chadbourne Hall. The 
attendance at the meeting was about one hundred 
and fifty. 

A symposium on ‘‘Generation and Studies of 
High Frequency Currents of Centimeter Range”’ 
was held on Tuesday afternoon at two o'clock in 
Sterling Hall with H. M. Randall presiding. The 
invited papers were as follows: (1) The Production 
and Absorption of Electromagnetic Waves Ilaving 
Length from 2 cm to 6 mm by Neil H. Williams, 
University of Michigan; (2) Some New Experi- 
mental Methods Applicable to Extremely THigh 
Frequencies by G. C. Southworth, Bell Telephone 
Laboratories Inc.; (3) The Magnetron as a Tigh 
Frequency Generator by G. R. Kilgore, RCA 
Manufacturing Company; and (4) The Negative 
Grid Tube as a High Frequency Generator by A. L. 
Samuel, Bell Telephone Laboratories Inc. The 
attendance at this symposium was about one 
hundred and thirty-five. 

The local committee had arranged for a boat 
ride on Lake Mendota, a visit to the United 
States Forest Products Laboratory and a picnic 
on Observatory Hill. On Tuesday afternoon Mrs. 
C. E. Mendenhall served tea to those in attend- 
ance at the meeting. 

The dinner was held in Tripp Commons, 
Memorial Union at seven o'clock on Tuesday 
evening. President Randall presided and called 
upon President Dykstra of the University of 
Wisconsin, John T. Tate and J. H. Van Vleck. 


22-23, 1937 


There were one hundred and sixty-seven guests 
at the dinner. 

Meeting of the Council. At its meeting held on 
Tuesday, June 22, 1937 at twelve-thirty o'clock 
the deaths of one fellow (Frederic E. Ives) and 
two members (Kenneth Hartley and Archer 
Hoyt) were reported. Three candidates were 
elected to fellowship, nine candidates were trans- 
ferred from membership to fellowship and fifty- 
three candidates were elected to membership. 
Elected to fellowship: Felix Bloch, G. Gamow and 
Harry J. White. Transferred from membership to 
fellowship: Sidney W. Barnes, Preston R. Bassett, 
Richard A. Beth, Emma P. Carr, Carl T. Chase, 
Arthur E. Haas, Milton S. Plesset, Frederick 
Seitz and Alfred Wolf. Elected to membership: 
Philip Abelson, Reina Albagli, Kyozo Ariyama, 
Yardley Beers, Alva H. Bennett, Walter Burg, 
Edward C. Campbell, John S. Campbell, R. H. 
Cole, Richard C. Davis, Marc de Hemptinne, 
Gerhard Dessauer, J. F. Eichelberger, Milton E. 
Gardner, Malcolm W. Gay, Bernard Goldberg, 
M. Goldhaber, Sterling Gorrill, Archie C. Grant, 
D. V. Guthrie, Allen V. Hershey, Theodore 
Holstein, Tadao Horie, Juro Horiuti, William 
Huppert, David C. Kalbfell, Irving Katz, T. J. 
Keary, Joseph M. Keller, Arthur F. Kip, 
Gertrud Kornfeld, Hoff Lu, Richard C. 
McCurdy, Austin C. McTigue, Robert Marshak, 
James F. Marvin, Ralph D. Myers, Atherton 
Noyes, Jr., E. H. Plesset, Alexander Rusterholz, 
Robert K. Saxe, W. E. Shoupp, Paul L. Smith, 
H. S. Sommers, Jr., F. A. Steele, John J. Turin, 
George M. Volkoff, Vera A. Walchuk, Katharine 
Way, John U. White, James R. Wilson, Robert 
W. Wilson and Stanley W. Woodard. 

The regular scientific program of the Society 
consisted of thirty-six contributed papers of 
which numbers 1, 2, 5, 16, 22, 24, 25 and 27 were 
read by title. The abstracts of these papers are 
given in the following pages. An Author Index 
will be found at the end. 

\W. L. SEVERINGHAUS, Secretary 
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ABSTRACTS 


1. Acoustical Detection of Purely Mechanical Vibrations 
in Quartz Plates. W. H. PIELEMEIER, Pennsylvania Siate 
College—Correlation of extensive results obtained from 
Y-cut quartz plates with those obtained from X-cut and 
other plates leads to the conclusion that certain thickness 
vibrations may produce a considerable acoustical effect 
while their electrical effect may be absent or difficult to 
detect by ordinary methods. In order to be maintained 
such vibrations must be mechanically coupled with one of 
the piezoelectric modes of the plate having nearly the 
same frequency. The latter may be a shear or a longitudinal 
vibration. Obviously thickness vibrations are most effective 
in producing sound waves emanating from the largest face 
of the plate. If these are purely mechanical an electrical 
engineer would probably not suspect their existence. A 
simple method to obtain their frequency is to measure the 
wave-length that they produce in a gas in which the 
supersonic velocity is known. As the most convenient gas 
is air very careful velocity measurements were made with 
known frequencies in air at barometric pressure, at constant 
temperature and over a range of humidities. Two anoma- 
lous humidity regions exhibiting dispersion were dis- 
covered. These partly account for the rather large disagree- 
ments amongst the velocity measurements made by many 
reliable investigators. 


2. Supersonic Dispersion in Air. W. H. PIELEMEIER, 
Pennsylvania State College-—The above cited anomalous 
humidity regions were found at 30°C and a frequency of 
528.4 kc/sec. Scattered measurements were also made at 
other temperatures and frequencies. Knudsen’s!' curve 
relating critical absorption frequency and HO concentra- 
tion in oxygen was extrapolated to this frequency. One of 
the above humidity regions was found at 45 percent of 
the extrapolated critical H2O concentration for oxygen at 
528.4 kc/sec. For lower frequencies Knudsen! reported 

‘approximately half as much H,0 concentration for air as 
for O2. Sinnes and Roseveare? show experimentally that 
in O2 a velocity dispersion accompanies an absorption 
peak as expected from theory. The observed velocity 
shift in this region fits that calculated for the O, concen- 
tration in air. The shift in the other observed anomalous 
region fits that for approximately the CO. concentration 
in air reported by Reid.* The location of this region is in 
harmony with the measurements of other investigators. 

O. Knudsen and L. Obert, J. Acous. Soc. Am. 7, 249 (1936). 


ry. 
2L. S. Sinnes and W. E. Roseveare, J. Chem. Phys. 4, 427 (1936). 
*C. D. Reid, Phys. Rev. 35, 814 (1930). 


3. Alternating Current Impedance of Nitella. H. J. 
Curtis AND K. S. CoL_e, Columbia University.—The fresh 
water plant Nitella has single cells 10 to 20 cm long and 
about 0.5 mm in diameter. A single cell may be placed in 
various electrolytes between two electrodes parallel to the 
cell axis and the alternating current impedance measured 
at frequencies from 30 to 2,500,000 cycles per second. The 


data indicate that the thin cellulose envelope has a specific 
resistance of about 1000 ohm cm which is nearly inde- 
pendent of the conductivity of the external electrolyte. 
Inside of this cellulose is the physiological membrane 
which is found to be virtually nonconducting and to have 
a capacity of 0.9 to 1.0uf/cm* at 5000 cycles with a phase 
angle of 80°. The specific resistance of the sap, which 
nearly fills the interior, may be calculated from the 
measurements on the living cells, but such values disagree 
sharply with the 60 ohm cm obtained on extracted sap, 
The difference may be due to the presence, in the living 
cell, of the chloroplasts which seem to have a complicated 
electrical structure. 


4. A Thermo-Stromuhr for Measuring Blood Flow. 
J. F. HerRIcK AND E. J. BALDEs, Divisions of Experimental 
Medicine and Biophysics, The Mayo Foundation, Rochester, 
Minnesota.—The physiological processes of bodily tissues 
depend upon an adequate blood supply. An accurate 
method of measuring blood flow to a given region or organ 
offers a means of studying some of these physiologic 
processes. Also, the heat-regulatory mechanism and the 
blood-pressure regulatory mechanism depend, to a large 
extent, on blood flow. To obtain a method which measures 
the flow of blood without the disturbing factor of anesthesia 
and without interfering with the normal relationships in 
the intact dog is the ultimate goal of any investigator in 
this field. In 1928, Rein': 2 described an ingenious indirect 
method for measuring blood flow in the anesthetized dog. 
We have been using this method for several years and 
have applied it to the intact animal. The purpose of the 
present paper is to report an analysis of physical principles 
involved in this method. We consider the following: 
(1) Certain criticisms of Rein’s description of the nature 
of heat transfer; (2) discrepancies of the method when 
measuring small flows; (3) limitations of the method; 
(4) a modified thermostromuhr; (5) dependence of the 
method on the character of the flow. 

1H. Rein, Zeits. f. Biologie 87, 394-418 (1928). 


2H. Rein, Abderhalden Handbuch der biol. arbeit. 8, 693-716 (1928- 
35). 


5. Thin-Film Lubrication of Non-planar Surfaces of 
Finite Width. SELBy M. SKINNER, Columbia University.— 
The classical treatment of thin film lubrication by Sommer- 
feld is restricted to surfaces of infinite width, thus neg- 
lecting escape of the lubricant along the lateral edges of 
the bearing. This leakage reduces materially the total 
load which can be supported by the bearing. The plane 
bearing of finite width has been treated by Michell and 
others, leading to the development of the Michell thrust 
bearing. In practice, however, the bearing surface may 
be curved. The theory is here extended to two general 
classes of curved bearing surfaces of finite width. A general 
method of solution is given, and the exact solutions for 
several cases are developed. The effect of side leakage, 
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the total load which can be supported, the frictional 
resistance, and the total quantity of lubricant required 
are determined. The theory for sector-shaped surfaces is 
also extended to a case in which the dependence of film 
thickness on distance from the center of rotation may be 


treated. 


6. Determination of Fiber to Void Ratio of Wood Pulp 
Paper by Electrical Methods. E. W. GREENFIELD, Ana- 
conda Wire & Cable Co., Hastings-on-Hudson, New York.— 
Application of the method of mixtures has been attempted 
for determining, by electrical means, the ratio of fiber to 
voids in a number of commercial wood pulp cable papers. 
This problem has its important bearing on the paper 
industries’ partial fraction measurements as well as on the 
oil to paper ratios of impregnated paper high-voltage 
cables. Separate measurements, under uniform conditions, 
of the dielectric constants of dry paper, oil and impregnated 
paper yield sufficient experimental data to enable the 
calculation of fiber to oil ratio as well as the dielectric 
constant of the fiber itself. The principal difficulty in 
using this method is the necessity of an assumed geometric 
distribution of the cellulose fibers and the voids, and this 
is of course unknown. Previous attempts* to use this 
method assumed, for simplicity of calculation, a two-layer 
series dielectric. The present paper gives results using four 
different distributions of fiber and void: series layers, 
parallel layers, series-parallel layers, and cylinders of voids 
in a medium of solid cellulose perpendicular to the electric 
field. Correlation of the values obtained for each dielectric 
distribution with experimental extraction and theoretical 
density determinations yields interesting data on each 
paper studied. 


* J. B. Whitehead, Trans. A. I. E. E. 2, 667 (1933). 


7. Dynamic Characteristic Curves of Glow-discharge 
Tubes. HERBERT J: REICH AND WALLACE A. Depp, 
University of Illinois.—The dynamic current-voltage curves 
of glow-discharge tubes are observed by means of a 
cathode-ray oscillograph. The technique differs from that 
ordinarily used in that the manner in which the current 
varies with time is under control. This is accomplished 
by the use of a vacuum tube to limit the current passed 
by the discharge tube. The rate at which the current rises 
and falls, the frequency of repetition of the current cycle, 
and the interval between cycles can be varied at will by 
changing the waveform of the voltage applied to the grid 
of the control tube. The marked departure of many of the 
characteristic curves from the form commonly assumed is 
explainable on the basis of the time taken for ionization 
and deionization of the gas. 


8. High Pressure Arc Phenomena. C. G. Suits, General 
Electric Company.—A comprehensive investigation of the 
properties of the electric arc in the high pressure range 
has been partially completed. Several pressure chambers 
and some new measurement methods allow observations 
of total arc voltage e as a function of current 7 up to 3600 
atmospheres; e, electric gradient E (volts cm™'), current 
density J (amp. cm~*) assumed constant over the arc cross- 


section, and light output up to 220 atm. In gases of 99 
percent purity the measurements extend, in N, from 
1—1200 atm., He from .01—200 atm., A from 1-100 atm., 
and He from 1-200 atm. for Cu, W, and C electrodes. 
In all gases e, E, and J increase with pressure; at constant 
pressure e, E, and J increase with gas in the order Hg, A, 
No, He, He. The pressure effect is such that e increases 
approximately 2 times, E 3 times, and J 15 times when p 
increases 100 times. Since (m?/N)~(I/E)* for each gas, 
the gas temperature can be calculated from the Saha 
equation for an assumed ionization potential. At 1 atm. 
and 10 amp., the following temperatures, °K, are obtained: 
A, 6500; He, 5900; Hg, 5400; Ne, 6100 (measured by sound 
velocity); and Ne at 100 atm., 7100. The dependence of 
arc temperature on current and arc length is known to 
be small from sound velocity measurements. The arc 
temperature is thus relatively constant over a large range 
of experimental conditions. The interpretation of the 
measurements in terms of conduction and convection 
heat loss from cylinders will be treated in a paper now in 
preparation. Because the arc temperature is relatively 
constant, a generalization which predicts the trends with 
pressure and gas is: The arc properties E and I are the same 
in various gases at the pressure at which the conduction and 
convection heat loss is the same. Because the temperature 
is not perfectly constant, some anomalies occur. The 
measurements of J, and especially E, are subject to 
considerable uncertainty due to experimental error and 
lack of reproducibility of experimental conditions, and are 
to be regarded as tentative in absolute magnitude but 
correct in trend. Initial data have been obtained with a 
new method of simultaneously measuring e, J, and E as 


f(t) with a relatively high accuracy. 


9. Photoelectric Sensitization of Aluminum. Louis P. 
THEIN, S.M., St. Louis University. (Introduced by J. J. 
Brady.)—It is well known that many metal surfaces 
become more sensitive photoelectrically after exposure to 
a hydrogen glow discharge. In the present work, it is 
shown that no sensitization occurs if the aluminum target 
is made the anode of the discharge. The increase in photo- 
current, with the target as cathode, is found to be de- 
pendent on the time of the glow discharge and the pressure 
of the hydrogen. If the target is not outgassed, a rapid 
decay in photo-current is noted after sensitization, because 
of the diffusion to the surface of gas contained in the body 
of the metal. Results indicate that this sensitization is 
due mainly to a ‘clean up” of the surface of the oxide- 
coated aluminum, and the upper limit of this type of 
sensitization is fixed by the yield of pure aluminum. 
Another type of sensitization occurs when small amounts 
of dry air are admitted in contact with freshly distilled 
aluminum. The sensitivity here is found to be as much 
as 6 or 7 times as high as that of pure aluminum or as 
much as 800 times that of an untreated piece of aluminum. 
The current-voltage data from freshly distilled aluminum 
yield a curve which fits well upon the theoretical curve of 
the DuBridge theory. The curves from the surfaces 
sensitized with air show no agreement with the theory. 
The threshold for pure aluminum is at 2900A. 
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10. Temperature Effects in Photoelectric Emission. R. 
J. CAsHMAN, Northwestern University.—Fowler’s simple 
photoelectric theory gives for the spectral distribution 
function I= CT*g[(hvy—hvo)/(RkT) ]. For certain values of » 
the effect of the J term is much more pronounced for 
emission at different temperatures than the ¢ term, a 
situation unlike that in Richardson's equation for thermi- 
onic emission. At v= vo, [= Czx?/12T*. All published data 
on clean metals show that the variation of J with T is 
smaller than that predicted by a 7? law, the value of the 
exponent changing from about 1 to 1.6. Although one 
must not overlook the possibilities of a transmission 
probability which would modify the theory it seems at 
present that the apparent departure from a 7? law can be 
adequately accounted for by introducing a small positive 
temperature coefficient of the work function. Let hyo and 
hvo+Aw be the work functions at 7» and T, respectively. 
The currents at Avy=hyvo will be, according to Fowler’s 
theory, 


Io= Cr?/12T??, I=CT*9(Aw/kT), 


where ¢ is a universal function of the argument. Values 
for the coefficient Aw/(T— 7 >) from 3 to 10 10~* ev/deg. 
will account for the apparent departure of existing data. 
A positive temperature coefficient also predicts that the 
current-frequency curves for higher temperatures will 
cross those for lower temperatures for »>>vo, an experi- 
mental fact which caused considerable controversy when 
Fowler’s theory was proposed. 


11. Quantum Mechanical Calculation of the Lattice 
Energy of NaCl. RotF LANpDsHorF, University of Minne- 
sota.—Starting from a wave function in the form of a 
determinant of single-electron wave functions, the lattice 
energy of the NaCl crystal, consisting mainly of the electro- 
static and the exchange energy, is calculated numerically. 
For single-electron wave functions we take the orbitals 
at the respective ions, which have been calculated by 
Fock and Hartree.!:? These orbitals take into account 
the exchange interaction between the electrons in a single 
ion. This gives a considerable improvement over the calcu- 
lation? based on orbitals of the original Hartree type in 
which this exchange is neglected.‘ An attempt to calculate 
the polarization energy along the lines of Schroedinger's 
second order perturbation theory yielded values much too 
large. Therefore only the van der Waals part of the second 
order energy was included in the calculation. The results 
are: lattice energy 182 kcal./mole, lattice distance 2.78A 
and compressibility 4.35 -10~" bar7!. 


1V. Fock and Mary J. Petrashen, Zeits. d. Sowjetunion 6, 368 (1934). 
2D. R. Hartree and W. Hartree, Proc. Roy. Soc. A156, 45 (1936). 
3R. Landshoff, Zeits. f. Physik 102, 201 (1936). 

4D. R. Hartree, Proc. Roy. Soc. A141, 282 (1933). 


12. A Theory of Liquid Structure. JosepH Hirscu- 
FELDER, DAVID STEVENSON AND HENRY EyRING, Princeton 
University.—A simple model of the liquid is used to extend 
the equation of state previously obtained and to treat the 
process of fusion, viscous flow, and binary liquid systems. 
Our equation of state which applies to dense liquids has 
been fitted on to Happel’s modification of van der Waals’ 
equation to give a single equation applicable over the 


entire range from gas to liquid. A liquid differs from a solid 
in that the surplus volume in one part of the liquid becomes 
available in another part without an activation energy 
appreciable as compared to kT. This communal sharing of 
volume gives rise to an entropy of fusion R modified of 
course if there are other structural changes. Other entropy 
changes arise from expansion, changes of librations into 
free rotations and from polymerization. Double molecules 
held together by van der Waals forces are considered 
quantitatively and used in the explanation of viscous 
flow and deviations of the equation of state at the critical 
point. An explicit expression is given for the osmotic 
pressure of a binary liquid mixture. ‘‘Holes” are used to 
complete the analogy between critical phenomena for a 
one-component system and critical solution phenomena 
of binary liquids. In binary liquids the presence of a 
lower critical solution temperature above which two phases 
exist results from hydrogen (or analogous) bonds or bridges 
between unlike molecules which prevent free rotation. 
The critical mixing point coincides with the onset of free 
rotations which disrupt these bonds. 


13. On the Magnetic Susceptibilities of Ti, V, and Cr 
Alums. J. H. VAN VLECK, Harvard University.—Lipson 
and Beevers’ x-ray measurements on the alums seemingly 
indicate a field around the paramagnetic ion of trigonal, in 
fact nearly cubic symmetry.! With such a model, however, 
the excited states of Cr*** cannot have the gyromagnetic 
ratio g=2 untformly revealed by the Zeeman measure- 
ments of Spedding and Nutting.* Also it is then practically 
impossible to understand how the alums of Ti and V can 
both obey Curie’s law with approximately the spin-only 
value of the susceptibility. The dilemma is solved by 
using Jahn and Teller’s neat observation that with orbital 
degeneracy the equilibrium position is ‘‘off-center,” so 
that the symmetry is lowered and this degeneracy lifted.‘ 
Thus one can have a rhombic splitting of the order 108 cm™ 
demanded by the susceptibility data and still retain the 
higher x-ray symmetry. The clusters about a given ion 
“resonate” through different rhombic arrangements and 
the average distribution revealed by x-rays can be cubic 
although instantaneously the field is only rhombic. 

1 Proc. Roy. Soc. 148A, 664 (1935). 

2 Spedding and Nutting, J. Chem. Phys. 3, 369 (1935). 


3Cf. Siegert, Physica 3, 85 (1936). : 
4 Jahn and Teller, Phys. Rev. 49, 874 (1936): Proc. Roy. Soc. in press. 


14. Conductivity of Monovalent Metals. J. BARDEEN, 
Harvard University—The conductivity of monovalent 
metals is computed from the Bloch theory under the 
assumption that the wave functions of the electrons are 
nearly the same as those of free electrons throughout the 
major part of the volume. The perturbation potential 
resulting from the Debye elastic waves, which produce 
transitions between the electronic states, is the sum of two 
terms: (1) the change in the total potential of the ions, 
which are assumed to move rigidly with the elastic waves, 
and (2) the change in the potential of the self-consistent 
field of the valence electrons. The second part tends to 
compensate the first. Scattering of the electrons through 
angles greater than 2 sin~! 2~! results from the ‘‘Umklapp- 
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prozesse”” of Peierls. It is shown that the probability of 
these transitions joins smoothly with the probability of 
transitions of the ordinary type, so that the probability is 
a continuous function of the angle of deflection, and tran- 
sitions through all angles are possible. Comparison with 
experiment is made through Bethe’s interaction constant C, 
which is a measure of the average scattering power of the 
elastic waves. The table gives the theoretical and experi- 
mental values of C/t, where ¢ is the Fermi energy. 

Na K Cs Rb Cu Ag Au 


C/t (theor.) 0.77 0.77 0.80 0.82 0.80 0.83 0.90 
Cit exp.) 0.77-1.04  0.87-1.04 13 16 1.32 1.21 1.30 


15. The Gamma-Ray Spectrum of B'. P. GERALD 
KRUGER AND G. K. GREEN, University of Illinois —The 
gamma-rays from beryllium bombarded with deuterons 
have been analyzed by the examination of the Compton 
electrons ejected from a thin mica foil. A set of 1200 
expansion chamber photographs yielded 480 acceptable 
tracks which were grouped and analyzed by the method 
of Richardson and Kurie.! The spectrum consists of six 
lines at 0.42, 1.15, 1.44, 2.17, 2.86 and 3.20 Mev+0.10 Mev. 
Bonner and Brubaker? have investigated the neutron 
spectrum of this reaction and found excited levels of the 
B” nucleus at 0.55, 2.15 and 3.45 Mev+0.20 Mev. The 
set of gamma-ray lines represents all possible transitions 
between these levels and the ground state. Energy level 
values which best fit the gamma-ray spectrum are 0.5, 2.1 
and 3.3 Mev, which is in good agreement with the results 
of Bonner and Brubaker. 


1 Richardson and Kurie, Phys. Rev. 50, 999 (1936). 
? Bonner and Brubaker, Phys. Rev. 50, 308 (1936). 


Paper No. 16 will be read by title. 


16. Energy Loss of High Energy Beta-Rays in Lead. 
J. J. Turin AND H. R. CRANE, University of Michigan.— 
With the beta-rays from Li’, we have continued our cloud 
chamber measurements! of the loss of energy of electrons 
in passing through lead, and have extended the data up 
to 11 Mev. A preliminary measurement of 415 tracks 
indicates the following losses in a } mm lead absorber. 


INCIDENT ENERGY AVERAGE LOSS 


4to 6 Mev 1.82 Mev 
6to 8 Mev 2.49 Mev 
8 to 11 Mev 2.70 Mev 


These values, like our values for the lower energies, are 
roughly 50 percent greater than predicted theoretically 
for } mm lead. Because of nuclear scattering in the lead 
the actual length of path of the electrons is expected to 
be appreciably greater than the thickness of the lead. A 
path length-thickness ratio of 1.5 might not be unreason- 
ably large, and would bring the experimental values into 
fair agreement with theory. 


1 Abstract, Washington Meeting, 1937. 


17. The Disintegration of Be by Protons and Deuterons. 
J. H. Wittiams, R. O. Haxsy ano W. G. SHEPHERD, 
University of Minnesota.—The yield curves for Be under 
proton and deuteron bombardment have been observed 
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between 100 and 250 kv. Numbers vs. range curves for 
the various deuteron disintegration products are being 
investigated. 


18. The Gamma-Rays from B and Be Under Proton 
Bombardment and from Li Under Deuteron Bombardment. 
W. G. SHEPHERD, R. O. Haxsy anp J. H. WILLIAMs, 
University of Minnesota.—Boron under proton bombard- 
ment emits a hard gamma-ray. The resonance observed by 
Bothe and Gentner at 180 kv has been verified. No gamma- 
rays harder than background x-rays from the accelerating 
tube have been observed from Be under bombardment 
with 200 kv protons. The gamma-ray previously reported 
from Li under deuteron bombardment has been found from 
absorption measurement in lead to have an energy of 
400+25 kv. This energy agrees well with the observed 
difference in energy between the associated proton groups. 


19. Delayed Alpha-Particles from Li’ Bombarded by 
Deuterons. RK. B. RoBerts AND L. R. Harstap, Depart- 
ment of Terrestrial Magnetism, Carnegie Institution of 
Washington, Anb L. H. RuMBAuGH, Bartol Research Foun- 
dation of the Franklin Inststute-—The delayed alpha- 
particles emitted by Li’ after bombardment with deuterons 
have been investigated, using a thin target (70 kv) de- 
posited on a wheel which rotated continuously in the 
vacuum during bombardment. The alpha-particles counted 
were those emitted when the wheel had rotated 90° from 
the point of bombardment. In this manner it was possible 
to obtain numbers of delayed alpha-particles sufficient for 
accurate counting without any background of other heavy- 
charged particles. The excitation-curve of the delayed 
alpha-particles follows exactly that of the beta-particles 
in the voltage-range measured (550 to 950 kv) and shows 
the same break at 770 kv. The range-number curve of the 
delayed alpha-particles has been measured from 0.45 to 
3.25 cm and shows a smooth, rapidly falling characteristic, 
with no evidence of any distinct groups of particles. If the 
logarithm of the number of alpha-particles observed at a 
given range is plotted against the corresponding energy, 
a straight-line relation holds over a factor of four in the 
energy. 


20. The Range of Protons in Aluminum and in Air. D. 
B. Parkinson, R. G. Hers, J. C. Bettamy, C. M. 
Hupson, University of Wisconsin.—With the use of the two 
million volt generator developed at this laboratory the 
range of protons in air and in aluminum has been measured 
as a function of proton energy up to about 2 Mev. The 
range in air data are in good agreement with the theoretical 
values of Mano at high energies but diverge considerably 
at energies below 0.7 Mev. The ratio of the range in air to 
the range in aluminum has been found to increase from a 
value of approximately 1000 at 200 kv to a value of 1550 
at 1200 kv. From 1200 kv up to the maximum voltage 
available the ratio is shown to remain nearly constant. 


21. On Fluctuations in Size of Multiplicative Showers. 
W. H. Furry, Harvard University —Recent calculations 
of Carlson and Oppenheimer and of Bhabha and Heitler 
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have made it evident that many features of cosmic-ray 
absorption and of shower production may be accounted 
for by assuming the validity of the existing radiation 
theory up to energies enormously higher than those at 
which a failure of the theory was formerly suspected. 
Being based essentially on calculations of the mean 
numbers of secondary photons and electrons produced 
under given conditions, these calculations need in some 
cases to be supplemented by a consideration of the fluctua- 
tions around these mean values. For example, such con- 
siderations are of importance in trying to determine to 
what extent the observed occasional production of large 
showers from fairly thin layers of lead (~1 cm) can be 
accounted for by the multiplication hypothesis. Bhabha 
and Heitler suggest, on apparently inadequate grounds, 
that the probability of appearance of m particles is given 
by the Poisson law, P(n)=(m"/n!)e-, where m is the 
mean number. Detailed consideration of some drastically 
simplified but still presumably apposite cases has indi- 
cated that the Poisson law does not hold, and that the 
actual distribution is essentially of the type of P(mn) 
=m1(1—m)""!, The latter law gives definitely greater 
probabilities for large showers. 


22. The Hard Component of Cosmic Radiation. ARTHUR 
BRAMLEY, Washington, D. C—The experiments indicate 
that the particle responsible for the hard component is 
extremely penetrating.! Since its ionization is nearly 
normal, the radiation losses must be abnormally low for 
an electron of that energy. The small cross section for 
radiation can arise either (1) because the particle has a 
greater mass than an electron, or because the electron has 
its charge distributed over a region with dimensions ~10~" 
cm, or (2) because the particle, if an electron, has a spin 
greater than }.? The radiation losses from an electron with 
spin greater than } are considerably reduced in the case 
that its rest mass can be neglected in comparison with the 
mass associated with its kinetic energy. An extrapolation 
of the Fermi interaction to an electron of this character 
would lead us to expect that the maximum interaction 
would occur at an energy lower than 137 mc*. It is im- 
possible to predict what the strength of this interaction 
may be. It might turn out that the maximum strength 
of the interaction was such that all the low energy electrons 
with spin greater than 4 would be absorbed into the nuclei 
of the medium they were traversing. 


1 Street and Stevenson, Abstract 40, Bulletin, Vol. 12, No. 2: Ander- 
son, Science News, November, 1936. 
2 Dirac, Proc. Roy. Soc. July (1936). 


23. The Scattering of Neutrons by Iron. R. F. BACHER, 
Cornell University —The scattering of rhodium resonance 
neutrons by Fe has been studied by using thin and thick 
iron scatterers above a detector on a paraffin cylinder. 
It has been found that the albedo effect contributes greatly 
to the scattering. In order to take this into account small 
thick detectors were used to determine the number of 
neutrons passing in each direction through the interface. 
For 5.4 cm Fe the fraction of neutrons reflected was 0.40 
while for 0.6 cm Fe the fraction reflected was 0.20. For 
the thick iron this reflection gives a ratio of absorption to 


scattering cross section o4/o,=0.22. From the measure- 
ments on the thin plate o,=1110* cm?. 


24. On the Scattering of Neutrons by Magnetic Dipoles, 
Otto HALPERN AND M. H. Jounson, New York University, 
—In establishing the theoretical basis for experiments 
previously suggested by the authors (to appear in the 
Physical Review) we have made a more detailed investiga- 
tion of the scattering of neutrons by magnetic dipoles, 
In these calculations the atomic dipoles were treated 
quantum-mechanically leading to significant differences 
from previously suggested formulae. In general, in para- 
magnetic as well as ferromagnetic substances the magnetic 
scattering cross sections are increased because of collisions 
of the second kind whereby transitions of the atom are 
induced either among the different magnetic sublevels or 
to neighboring spectroscopic levels. Polarization of the 
neutron beam may occur not only because of interference 
between nuclear and magnetic scattering, but also because 
of the magnetic scattering alone if transitions among the 
magnetic sublevels are possible. The latter type may assist 
or diminish the former depending upon the phase change 
produced in the nuclear scattering (real or virtual level of 
the system nucleus plus neutron). Other changes in the 
polarization effects can be produced by spin dependent 
forces and the presence of isotopes. The additional transi- 
tions here discussed tend to diminish polarization effects 
in ferromagnetic bodies. 


25. Simple Derivation of the Formula for the Total 
Scattering of X-Rays from a General Crystal. G. G. 
Harvey, Massachusetts Institute of Technology.—For the 
case of a general triclinic crystal having any number of 
atoms in the unit cell there is derived a formula for the 
intensity of total scattering of x-rays in any direction. In 
those directions satisfying the Laue equations the formula 
reduces to the usual one while in other directions the 
formula gives the intensity of the diffuse scattering. The 
derivation is purely classical; each electron in the various 
atoms is assumed to scatter according to the J. J. Thomson 
formula and the amplitude of the resultant scattered wave 
is the vector sum of the amplitudes scattered by the indi- 
vidual electrons, the sum being taken over the entire 
crystal. The observed intensity is obtained by averaging 
over the orbital motion of the electrons and the thermal 
vibration of the atoms. No assumption is made as to the 
nature of either of these motions. This procedure leads 
to the total intensity (coherent +incoherent scattering) and 
from the nature of the resulting equation the incoherent 
part may be identified. As is well known, such a derivation 
by classical methods leads to the same result as a quantum- 
mechanical treatment except for corrections due to rela- 
tivity, etc. Since these occur only in the incoherent part 
of the scattering they may be easily added. 


26. The Reflection Coefficient of Mercury. R. C. Mason, 
Westinghouse Electric & Manxfacturing Company.—Two 
new methods of measuring the rate of evaporation of 
liquid mercury show that the rate may be small compared 
to the kinetic theory calculated maximum rate, even 
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though the mercury surface may appear clean and bright 
to the eye; this result may be interpreted as the mercury 
atoms having a large reflection coefficient. The first method 
uses a modified Chattock micromanometer to measure the 
change in pressure on a mercury pool when it is suddenly 
exposed to a nearby liquid air cooled condensing surface, 
and also to indicate the subsequent evaporation rate. From 
the two, the reflection coefficient may be calculated, inde- 
pendent of the calibration of the instrument, the tempera- 
ture of the mercury surface, or the vapor pressure of 
mercury. Values of reflection coefficient from 0.93 to 
over 0.99 were obtained in this way. The second method 
employs an ionization gauge to measure the density of 
vapor between the evaporating mercury pool and the 
condensing surface. When the temperature of the mercury 
is measured by a thermocouple, the rate of evaporation 
may be found. Corresponding reflection coefficients from 
0 to almost 1 have been observed. 


27. The Infrared Absorption Spectra and Approximate 
Force Constants of Propene and Allene. Lyman G. 
BoNNER* AND ROBERT HorstTaDTER, Princeton University. 
—The present report marks the beginning of a systematic 
survey of the C=C force constant as it appears in various 
organic compounds. The infrared absorption spectra of 
gaseous propene and allene have been obtained with a 
rocksalt prism spectrometer in the region 1-15.54. Runs 
were taken with a 15 cm cell and under various pressure 
conditions ranging from 35 to 700 mm. Our measurements 
show bands in propene at 6211, 4386, 3021, 2309, 2008, 
1815, 1634, 1435, 1183, 984, and 906 cm™ and in allene 
at 6289, 4525, 3086, 2392, 1961, 1678, 1381, 1143, 1033, and 
840 cm™!. Approximate force constants have been calcu- 
lated by the method of rigid groups, treating propene as an 
asymmetric triatomic molecule and allene as a symmetric 
linear-triatomic. The results of these calculations give the 
double bond force constant as 10.0 and 9.45 X 10° dynes/cm, 
respectively, in the two cases. For propene the calculations 
also furnish a value for the C—C force constant, in this 
case 3.8 in the above units. 


* National Research Fellow. 


28. Index of Refraction of Methane in the Infrared. 
R. ROLLEFSON AND R. J. HAvENs, University of Wisconsin. 
—The apparatus which was built to measure the index of 
refraction of HCI in the near infrared! has been improved 
so that it is now possible to make measurements out to 
15u. This improved apparatus has been used to measure 
the index of refraction of methane from 1p to 15u. The 
variation of the index in the neighborhood of the 3.3. 
and 7.74 bands shows that the ratio of the intensities of 
these bands is approximately 2.3. The overtone bands in 
the vicinity of 2.34 contribute a noticeable but small 
amount to the index of refraction. No quantitative estimate 
of their intensity can be made, however, since several 
overtone bands occur in a narrow region of the spectrum 
where the rock salt monochromator has its smallest 
dispersion. 


1 Phys. Rev. 48, 779 (1935). 





29. The Products of Dissociation of Ethylene by Elec- 
tron Impact. Jonn T. Tate, A. HusTRULID AND P. Kuscu, 
University of Minnesota.—The dissociation of ethylene by 
electron impact has been investigated with a mass spectro- 
graph. The ions which have been identified, their relative 
intensities at an electron energy of 75 volts and their 
appearance potentials are tabulated. It was not possible 


























Ion INT. A.P. (VOLTs) Ion INT. A.P. (voLts) 
CeHat | 100 10.80 +0.05 CH* 2.5 22.9+0.5 
C2Hst 57.2 14.1 +0.1 c* 1.7 24.6+0.5 
CoH §1.3 13.4 +0.2 Ht 0.13 22.44+1.5 
CeH* 8.8 19.2 +1.0 Ht 0.5 26.2+1.5 
C2* 2.7 26.4 +1.0 28.2+1.5 
CH,«* 0.06 — CoHat*! 0.3 — 
CHs* 0.6 — CeH3**| 0.3 36.0 +-1.0 
CH:2+ 5.2 19.2 +0.3 | CzH** 0.006 — 











to identify the doubly ionized ions in every case, nor to 
determine their appearance potentials because of coinci- 
dences between these peaks and those due: to singly 
ionized ions. The peaks CH,* and H,* have satellites 
whose appearance potentials are higher than those due to 
the main peak. These peaks may be accounted for by the 
assumption that two processes are responsible for the 
formation of these ions, with one of which a considerable 
amount of kinetic energy is associated. 


30. The First Spark Spectrum of Tin: Sn II. W. W. 
McCormick AND R. A. SAWYER, University of Michigan.— 
The low vapor pressure of tin makes the excitation of the 
higher terms of its spark spectrum difficult. Earlier 
investigators, notably Lang! and Green and Loring,? have 
been able to establish with certainty only a few of the 
lowest terms, with not more than two terms in any series. 
Thus, even the value of the ionization potential has been 
only approximate. The spectrum has been remeasured 
throughout the whole photographic region from 800A to 
10,000A by using a hollow cathode discharge and long 
exposures. It has been possible to extend all the known 
series. In addition, the F-G series has been discovered, 
and five members found. The close agreement of the G 
terms with the Rydberg formula permits the determination 
of the ionization potential of Sn II as approximately 
118,010 cm™, a change of about 300 cm™ from the previous 
estimate. In all, about 80 new lines have been classified, 
determining about 25 new terms. 


1 Phys. Rev. 35, 445 (1930). 
2 Phys. Rev. 30, 574 (1927). 


31. Spectral Series in Neutral Tungsten, WI, and 
Limitations Upon the Possibility of Determining Spectro- 
scopic Ionization Potentials. O. Laporte, University of 
Michigan, AND J. E. Mack, University of Wisconsin.— 
The identification of 5d6s7s "Dios; *Dos and 5d*6s8s 7D, ? 
leads to the series limit value W I 5d‘6s? 5D» (normal state) 
—W II 5d‘6s *D,=7.84 volts; but probably the lowest 
level of W II is 5d* ®S, some tenths of a volt below *Dj, 
leading to a tentative value of 7.6+0.2 volts for the ioni- 
zation potential. Among the complex spectra of atoms 
heavier than silver, series have been found only in Sa, Eu, 
and W. It seems quite likely that they can never be 
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identified among the configurations involving partly filled 
d-shells (n>4) or f-shells except near the ends of the 
periods and near the very middle, i.e., with d°(®S)nl, 
f7(8S)nl, d4*D, d°*D, f° 7F, or f§7F, alone or with one or 
two added s-electrons. 


32. Collisions of the Second Kind and Sensitized 
Fluorescence of Tin and Mercury Atoms. J. G. WINANS 
AND R. M. WiLiiams, University of Wisconsin.—Several 
tin lines have been observed in a low voltage Tesla dis- 
charge and in sensitized fluorescance. The discharge was 
produced in a fused quartz tube containing mercury and 
tin, and heated by a Bunsen burner. Tin lines were emitted 
from a region locally heated to about 900°C with a blow 
torch. In comparison with the arc spectrum of Sn, the 
following Sn lines in this discharge were enhanced over 
neighboring lines: 3262, 3034, 2840, and 2430. All enhanced 
lines except 3034 originate from Sn levels nearly equal in 
energy to Hg levels. Sensitized fluorescence of Sn was 
obtained by heating a drop of tin in the tube with a 
hydrogen-air blow torch and illuminating with light from 
a Hanovia SC-2537 tube. Mercury pressure was regulated 
with a Bunsen burner. The Sn lines observed are listed 
below with estimated intensities in parentheses. 4524 (2), 
3801 (3), 3331 (4), 3262 (10), 3175 (4), 3034 (10), 3009 (2), 
2863 (3), 2840 (10), 2706 (10), 2661 (4), 2547 (2), 2430 (4). 
All strong Sn lines excepting again 3034 arise from levels 
with low energy discrepancy with Hg 2%P2, 23P;, or 23Po. 
The average thermal energy available for excitation was 
0.101 volt. The pressure of Sn vapor was less than 5.6 x 10-5 
mm of mercury. 


33. The Perpendicular Vibration Bands of NH;. E. F. 
BARKER, University of Michigan.—The two parallel vibra- 
tions of NHs are well known both from infrared and from 
Raman observations. They yield bands at 3u (»:) and at 
10u (v3). The intense band at 6u corresponds to one of the 
perpendicular vibrations (). Its structure has been 
observed in detail, and is found to correspond exactly 
with the theoretically predicted pattern, both as to 
locations and as to intensities of the lines. The center is 
at 1626 cm™. The position of the other fundamental! (v2) 
has not previously been determined. By means of two 
combination bands, one at 2.24 (v2+v3) and the other at 
4.0u (ve—v3) the characteristic structure of which can be 
recognized, it is now possible to determine this band 
exactly. Its center is at 3407 cm~. The fundamental itself 
is weak, and is difficult to observe because of the intense 
parallel band » which overlies it. A band has also been 
found corresponding to the Raman line observed in 
gaseous ammonia at 3219 cm”. This is interpreted as the 
parallel component of 21. 


34. X-Ray Spectroscopic Data in Regard to the Elec- 
tronic Energy Bands in Potassium and Sodium Chloride. 
JosEPH VALASEK, University of Minnesota.—The K beta 
lines of chlorine in the chlorides of sodium and potassium 
have been measured. Long exposures were given to record 
the weaker lines and an attempt has been made to fit the 
group into an energy band scheme of the usual type. The 
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principal line offers little difficulty and gives the binding 
energy of the Cl~ 3p electrons. The longer wave-length 
satellites may come from the Na* 2p and the Cl~ 3s levels, 
though the numerical agreement with published calcula- 
tions is not particularly good. The first two satellites on 
the short wave-length side indicate energy levels at 
elevations above Cl~ 3p which agree roughly with the 
wave-lengths of the F and U bands in the colored crystal, 
The other short wave-length satellites are probably due to 
double ionization. 


35. The Second Order Null Result of the Michelson- 
Morley-Miller Experiment. W. B. CARTMEL, Université 
de Montréal.—In Lorentz’s triangle the two rays from a 
point P meet again at the same point P on the plate. In 
Silberstein’s triangle! the two rays from the point P meet 
again at a point P’ in the ether, at a distance /v*/c? beyond 
the second position of P, and there is therefore no 2°/¢ 
difference of phase between the two wave fronts that 
intersect at the point P’. This justifies Lorentz’s theorem. 
The wave front reflected at the point where ray BP’ meets 
the plate is parallel to the wave front in arm A that 
passes through P’, but there is a third order difference in 
position. The third order term is due to the use of a fixed 
source instead of a terrestrial source. The same v°/c? effect 
comes in if we use an inclined ray from a terrestrial source, 
in which case the experiment is not ideal. A fringe shift is 
indicated by the ray BP’ in Silberstein’s triangle meeting 
the plate at a distance /v*/c* from the point P’, but this is 
almost annulled. Lengthening arm B would cause thé@ray 
to move further up the plate and increase the fringe shift. 
Neither arm is actually lengthened but there is an increase 
in path length in arm A relatively to arm B, and this 
moves the end point of the ray down the plate so that the 
ravs PBP and PAP meet at the plate as in Lorentz’s 
triangle. The }v?/c? term in Silberstein’s equation comes 
from the virtual rotation of the 45° plate which moves 
the ray up the plate, and the virtual change in length of 
arm brings it back again, giving us a v*/c? null result, 
together with a v*/c? fringe shift. 

1L. Silberstein, The Theory of Relativity (Macmillan, London, 1914), 


p. 89. 
2H. A. Lorentz, The Theory of Electrons (Stechert, New York, 1916), 


p. 181. 


36. Is the Null Result Inherent in the Interferometer or 
in the Motion? W. B. CarTMEL, Université de Montréal.— 
Let us consider the motion of the observer and of the 
source separately, as was done by Voigt.! We shall take 
the motion of the observer to be along a tangent to a 
great circle on one of the concentric spherical wave 
surfaces emanating from a point source S. The ray at 
right angles to the motion meets the observer at the point 
where the tangent meets the radius, the observer's motion 
beginning at the point of intersection of the secant and 
the tangent. The source, moving with the same speed as 
the observer, finds itself at a point S’, at the end of the 
longer diagonal of a parallelogram, at the instant of time 
when the ray meets the observer. The two sides of the 
parallelogram give us the two positions of the apparent 
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ray joining source and observer. Measuring from S’ along 
the apparent ray to the wave surface, we shall find a 
distance /(1+2°/c?+ {zv*/ct+---), and from the same point, 
along the apparent ray in the direction of the motion, a 
distance /(1+2°/c?+Ov'/ct+---). To the second order our 
wave surfaces are circles, a result similar to Voigt's.' This 
is on axes fixed in the ether. On axes moving with the 
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earth the radius to the wave surfaces is given by the 
latter expression in both directions, which is identical with 
a result found with the interferometer,? but inherent in 
the motion. 


'W. Voigt, Géttinger Nachrichten, 1-21, 41 (1887). 
2W. B. Cartmel, Phys. Rev. 49, 647, 649 (1936). 
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Proceedings of the American Physical Society 


MINUTES OF THE DENVER MEETING, JUNE 25 AND 26, 1937 


HE 215th regular meeting of the American Physical Society was held in the 
Y. W. C. A. auditorium at Denver, Colorado on Friday and Saturday, 


June 25 and 26, 1937. 


Morning sessions were devoted to symposia, and the afternoons to the pres- 


entation of the twenty-six contributed papers. Papers 5, 6, 7, 


were read by title. 


11, 17, 22 and 26 


The symposium of Friday morning, held jointly with the Astronomical 
Society of the Pacific and the Section on Astronomy (D) of the A.A.A.S., was 
concerned with Astrophysical Problems of the Ionosphere. Speakers were: 


N. E. BrapBury, Stanford University 


A. G. McNIsu, Carnegie Institution of Washington 

J. H. DELLINGER, National Bureau of Standards 

R. S. RicHARDson, Mount Wilson Observatory 

On Saturday morning a symposium on Cosmic Physics and High Altitude 
Effects was conducted as a joint session with the Section on Physics (B) of the 


A.A.A.S. The speakers were: 


Joyce C. STEARNS, University of Denver 
TuHoMAs H. JOHNSON, Bartol Research Foundation 
Hurp C. WILLETT, Massachusetts Institute of Technology 


J. C. StREEtT, Harvard University 


Maximum attendance at the sessions ranged from 60 to 75 persons. 
Abstracts of the contributed papers are given in the following pages. An 


Author Index will be found at the end. 


PAUL KIRKPATRICK, Local Secretary for the Pacific Coast 


ABSTRACTS 


1. High-Pressure Ionization Currents at High and Low 
Temperatures. JAMES W, BROXON AND GEORGE T. MERI- 
DETH, University of Colorado.—The investigation of weak 
gamma-ray ionization currents in air, discussed in an 
earlier paper,! has been extended to nearly 200 atmospheres. 
Measurements have also been made in the neighborhood 
of 96°C and —76°C. Under no conditions have saturation 
currents been obtained at the highest gradients employed. 
At room temperature, the ionization-pressure curves appear 
to pass through maxima within the new pressure range. 
At 96°C the high-gradient ionization currents continue to 
increase with pressure at the highest pressures. At — 76°C, 
the ionization-pressure curves have decided maxima in the 
neighborhood of 60 atmospheres. At the new temperatures 
the negative ionization currents continue to exceed the 
positive under the same conditions. 
1James W. Broxon and George T. Merideth, Phys. Rev. 49, 415 


(1936) 


2. Preliminary Report on Recombination of Ions in Air 
at High Pressures. GEORGE T. MERIDETH AND JAMES W. 
Broxon, University of Colorado.—In conjunction with the 
measurements of ionization currents induced by weak 


gamma-rays in air at high pressures (see preceding ab- 
stract), determinations of the charge density of ions of one 
sign have been made also. Analysis of the growth curves 
obtained from these data by means of the customary 
equation, dn/dt=q—an*, and also the equation suggested 
by the experience of Power,! du/dt =q—n, has been begun. 

At present it appears that the data conform more closely 
to the latter equation, although there are indications that 


the equation proposed by Schweidler? would represent the. 


results still more closely. 

The values of the ordinary recombination coefficient, a, 
computed by a method of approximations are in fair agree- 
ment with those determined by Lea* by a somewhat similar 


method. 


1A. D. Power, J. Frank. Inst. 196, 327 (1923). 
+ _ Akad. Wiss. Wien. Ber. 127 (2a), 953 (1918). 
. Lea. Proc. Camb. Phil. Soc. 30, 80 (1933). 


3. The Recombination of Ions in Pure Oxygen as a 
Function of Pressure and Temperature. M. E. GARDNER, 
University of California. (Introduced by Leonard B. Loeb.)— 
The coefficient of recombination, a, for the pure oxygen 
(no free electrons) showed a to be a constant independent 
of the age of the ion from 10-? sec. to 1 sec. The value of a 
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for pure oxygen at room temperature and atmospheric 
pressure was (2.0+0.1) X10~*. The value of a as a function 
of pressure and temperature was in agreement with the 
theoretical values of J. J. Thomson (molecular weight of 
jons 64, mean free path 3 that for molecules) and com- 
pletely incompatible with the theory of Langevin. The 
pressure variation was in good agreement from 10 cm to 
76 cm pressure. Below 10 cm the high diffusion rate and the 
presence of free electrons vitiated the results obtained. The 
temperature variation was in good agreement from —40°C 
to 100°C. At —78°C the experimental values deviated 
from the theoretical value but could be made to agree if 
it were assumed that the molecular weight of the ions 
increased to 96. These experiments show that initial and 
preferential recombination is occurring to some extent even 
at 0.1 second. This indicates diffusion coefficient for the 
ions from a paired configuration of the order of 100 times 
the normal coefficient. A similar conclusion was drawn by 


Loeb.! 
1 Loeb, Phys. Rev. 51, June 15 (1937). 


4. Ionization in Cosmic Ray Tracks. MERLE A. STARR, 
University of California. (Introduced by Robert B. Brode.)— 
According to the theory of Bethe and Heitler, the ionization 
produced by electrons should be a function of energy with 
a minimum at 10° ev and having a value at 10° and 10° ev 
twice as great as the minimum. An attempt has been made 
to observe such a function by counting drops in diffuse 
tracks about one second old, photographed in a counter 
controlled cloud chamber. Measurements show that on the 
average, particles of near 5 X 103 Hp do not ionize as heayily 
as those of lower and of higher energies, but tracks above 
the limit of energy measurement, 210° Hp, show a wide 
fluctuation of from 20 to 60 drops per cm path. A few 
straight tracks with approximately twice the average 
ionization have been observed in small showers. These may 
be produced by very high energy electrons or by particles 
of greater mass. Since the low drop count has not been 
traced to faulty expansion of the cloud chamber, it appears 
likely that such tracks were produced by electrons, and the 
most dense by protons of high energy. A more detailed 
study of recombination of ions will make it possible to 
determine whether the effect is real. 


5. The Townsend Coefficient in Pure Nitrogen. Woo - 
FORD E. Bows, University of California. (Introduced by 
L. B. Loeb.)—An investigation of the effect of cathode 
material on 8, the second Townsend coefficient of ionization, 
has led to surprising results with Pt and Na cathodes. The 
values of a, the first Townsend coefficient of ionization, 
obtained in an outgassed, mercury free chamber were 20 
percent less and 5 percent greater for Pt and Na cathodes, 
respectively, than values obtained by Townsend in the 
presence of Hg vapor. For the Pt cathode, and X/p< 400, 
the values of 8/p were larger than those found by previous 
investigators using mercury coated surfaces. The values of 
8/p rose sharply from zero at X/p=65 until a plateau was 
reached extending from X/p=140 to X/p=240 where 
8=0.05. The curve then rose into the Townsend curve at 


about X/p=400. For the Na cathode, the 8/p curve lay 
entirely below the Pt curve, starting at an X/p=140 and 
rising slowly to a less pronounced plateau at an X/p~325. 
For higher X/p the curve essentially parallels the Pt 
curve. Plots of 8/a as a function of X/p showed a sharp 
peak in each curve, possibly due to photoelectric phe- 
nomena in the low X/p range, followed by a gradual rise, 
resulting from secondary emission due to positive ion 
bombardment. 


6. The Volta Potential between Barium and Magnesium. 
An Experimental Test of the Relation between Work 
Functions and Volta Potential. Paut A. ANDERSON, State 
College of Washington.—Recent photoelectric determina- 
tions of the work functions of barium! and of magnesium? 
in which the technique of preparation of the metal surfaces 
has been similar to that used by the author in measure- 
ments of contact differences of potential’ have suggested 
the possibility of checking the Sommerfeld-Eckart relation 
under unusually favorable experimental conditions. A first 
measurement on fractionally and multiply distilled sur- 
faces of Ba and Mg deposited on glass at room temperature 
has yielded the value 1.08 v for the contact difference of 
potential between these metals. The difference of 1.08 ev 
between the work functions predicted by the Sommerfeld- 
Eckart relation agrees to within 0.01 ev with the results of 
Jamison and Cashman, ¢pa=2.51-2.52 ev, and Cashman 
and Huxford, ¢mg=3.60 ev. While the exactness of this 
agreement is, no doubt, fortuitous to some degree it in- 
dicates that the results of independent photoelectric and 
contact potential measurements which are obtained under 
adequate experimental conditions may be used inter- 
changeably in work function calculations. 

1 Jamison and Cashman, Phys. Rev. 50, 624 (1936). 

?Cashman and Huxford, Phys. Rev. 48, 734 (1935); Mann and 


DuBridge, Phys. Rev. 51, 120 (1937). 
3P. A. Anderson, Phys. Rev. 47, 958 (1935); 320 (1936). 


7. Some Applications of Spectroscopy to Agriculture. 
STANLEY S. BALLARD, University of Hawait.—A satis- 
factory technic for the qualitative analysis of various agri- 
cultural specimens has been developed. Although developed 
primarily for the analysis of soils, fertilizers and plant 
materials, the technic doubtless has a much wider field of 
application. Samples to be analyzed are burned in a carbon 
or copper arc, and their spectra are produced and photo- 
graphed by a large quartz spectrograph. The photographic 
plates may be analyzed rapidly to establish the presence 
or absence in the sample of some fifty of the elements. 
Features of the technic concern the care exercised in the 
preparation of electrodes and samples to prevent the inad- 
vertent introduction of any impurities. The procedure 
developed is at present being applied with success to the 
analysis of various commercial fertilizers for the presence 
of the rarer metallic elements, the so-called less essential 
plant nutrients. This program is being carried on in the 
spectroscopic laboratory of the Experiment Station of the 
Hawaiian Sugar Planters’ Association with the assistance 
of P. E. Chu and P. L. Gow, Assistant Chemists at the 
Experiment Station. An article describing the experi- 
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mental procedure and some of its applications is being pre- 
pared for publication in an appropriate journal. 


8. The Design and Performance of Quantity Heads for 
the Air-Driven Ultracentrifuge. RaLpH W. G. WYCKOFF 
AND J. B. LaGspin, Rockefeller Institute for Medical Re- 
search, Princeton, N. J.—The ultracentrifugal sedimenta- 
tion of antibodies and the similar isolation of virus proteins 
have demonstrated that many biologically important sub- 
stances too unstable for chemical purification can be pre- 
pared by physical procedures based on the ultracentrifuge. 
The need that has accordingly arisen for handling com- 
paratively large volumes of liquid has led to the design of 
rotors holding 100 to 200 cc. Studies have been made to 
determine the maximum speeds at which such rotors of 
several shapes and materials can be operated and to ascer- 
tain the variation with tube angle of the efficiency of 
sedimentation in ultracentrifugal fields. The information 
thus gained has been utilized in the construction of light 
metal alloy heads that can be employed for quantity 
centrifugation at fields up to 250,000 to 300,000 times 
gravity. These will be described and a discussion will be 
given of their performance when operated by the current 
design of air-turbine. 


9. The Theory of Optical Activity. E. U. Conpon, 
WILLIAM ALTAR AND HENRY EyRING, Princeton University. 
—It is shown that a single electron moving quantum- 
mechanically in a field of suitable dissymmetry suffices to 
make a medium containing such molecules show optical 
activity. This is in striking contrast to the models studied 
by Born, Kuhn and others in which the rotatory dispersion 
is related to the hypothetical existence of coupled oscil- 
lators in the molecule. Here the absorption bands are 
associated with one-electron jumps in the molecule, the 
rotatory power arising from the fact that the electrons 
move in a dissymmetric field. 

It turns out that to account for the presence of such a 
field one merely has to consider the presence of electro- 
static charges in the vicinity of the optically active electron, 
in accordance with standard dipole data. This is confirmed 
by calculations of the rotatory dispersion in specific ex- 
amples, using the following expression for the potential 
energy function: 

V=}(kix?+hoy?+h32") +Axysz, 


where the constants k:, k2, k; and A may be calculated from 
the dipole moments. The numerical agreement with the 
experimental curves is very satisfactory. 


10. Luminescence and Color Excited by Radium in Zinc 
Borate Glasses Which Contain Manganese. Byron E. 
Coun, University of Denver, AND S. C. LIND, University of 
Minnesota.—A series of synthetic zinc borate glasses were 
made up to contain known concentrations of manganese 
between zero and five percent. These glasses were exposed 
to radium. 

The thermoluminescence of the samples was determined. 
Manganese was found to act as an activator; the optimum 
concentration was at 0.05 percent manganese. The lu- 
minescence emission was in the form of a band with a 
maximum around 6000A. 


The change in absorption of light due to the exposure 
of such glasses to radium was determined quantitatively 
for both the visible and ultraviolet regions. The violet color 
developed in these glasses by exposure to radium was found 
to be due to a preferential increase in the absorption for 
wave-lengths longer than 5000A. Exposure to radium pro- 
duced an increased absorption in the ultraviolet region, 
The change in absorption depended both upon the wave- 
length and the concentration of manganese. At 2537A the 
greatest change in absorption was at 0.05 percent man- 
ganese and appeared related to the thermoluminescence 
emission. 


11. The Structure of the Arc Spectrum of Tungsten, WI. 
J. E. Mack, University of Wisconsin, AND OTTo Laporte, 
University of Michigan.—The analysis of the spectrum of 
WI, begun by one of us,! has been brought to a certain stage 
of completion by the classification of all stronger and of 
many of the weaker lines into a diagram of 42 even and 195 
odd levels. Although for the latter no quantum number 
other than J can be and should be assigned, this is possible 
in numerous cases for the even levels under either one of 
the following conditions: (a) An extreme J value identifies 
a level independently of coupling; (b) disturbing terms are 
absent. A check is obtained on the completeness of the 
level diagram found in this work by counting the levels of 
a definite J value and comparing these numbers with the 
theoretically expected ones. 


1Q. Laporte, Naturwiss. 13, 627 (1925). 


12. The Preparation of Auroral Afterglow Tubes. 
JoserH KapvLan, University of California at Los Angeles.— 
The failure of Cario and Stille to reproduce some of the 
results obtained in our auroral afterglow experiments has 
led to a repetition of some of our former studies, and in 
particular to a more detailed study of the preparation of 
the tubes which show these glows. A series of spectrograms 
is shown which shows the cleanup of impurities during the 
preparation of several tubes. These afterglow spectra 
illustrate clearly three distinct, successive stages of the 
afterglow as the N2 becomes purer, namely, the cyanogen 
stage; the cyanogen-nitrogen-molecule-ion stage; and the 
afterglow in pure nitrogen, which may be called the auroral 
stage. Following the auroral stage the tube cleans up the 
nitrogen itself, and a series of spectrograms of the afterglow 
is obtained which illustrates the remarkable variation in 
the auroral afterglow with pressure. In the cyanogen stage 
under certain conditions the afterglow and discharge are 
so distinct that an objective proof of the accuracy of our 
technique for photographing the afterglow has been 
obtained. 


13. The Frequency of Cosmic-Ray Showers Produced in 
Different Metals. J. C. STeEARNs, University of Denver, 
AND D. K. Froman, MacDonald College, McGill University. 
—A study of the frequency of shower production in lead, 
tin, copper, iron, zinc, and aluminium is being made. Three 
Geiger counters arranged in the form of a triangle and 
connected to a circuit which records triple coincidences are 
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being used to detect showers originating in blocks equal in 
mass and cross-sectional area. The counter voltage and 
temperature is kept constant. The number of coincidences 
was taken with shower producing blocks used above the 
counters in the following order: Al, air, X, X, air, Al, etc. 
X is any element except Al. The ratio (X-air) to (Al-air) 
was determined and from this the showers per atom (NV) for 
each element determined. N varies approximately as the 
square of the atomic number. 


14. The Vertical Cosmic-Ray Intensity up to 43.5 mm Hg. 
Tuomas H. Jounson, Bartol Research Foundation of the 
Franklin Institute —A balloon flight on May 21 carried a 
double coincidence counter apparatus with radio trans- 
mitter to a height corresponding to barometric pressure 
43.5 mm and down again. The radio signals reporting coin- 
cidences, barometric height and temperature were distinct 
throughout the entire flight to the ceiling and down to 
within a mile of sea level, a total time of two hours and 
forty-one minutes. Signals were received from a fire lookout 
tower of the Pennsylvania Department of Forests where 
interference noise is at a low level. Records of the signals 
were made automatically on photographic film and 
manually, from the audible sounds, on a_ telegraphic 
register. Details of the results will be ready at the time of 
presentation. 


15. The Effects of Time and Meteorological Factors on 
the Intensities of Cosmic-Ray Primaries and Showers. 
Darot K. Froman, MacDonald College, McGill University, 
AND J. C. STEARNS, University of Denver—The hourly 
counting rate of a set of triple-coincidence Geiger-Miiller 
counters has been observed for about 3000 hours in count- 
ing about 190,000 showers from lead, and for about 1500 
hours in counting about 160,000 vertical primary rays. The 
counting rates, Y, have been fitted separately by the 
least-square method, to an equation of the form 


Y=A, sin (27/24)t: +A2 cos (27/24)t: +A; sin (27/24)te 
+A,cos (27/24)t.+Asp+AeT +A;w+AsH+Aon, 


where the symbols have the following significance: ¢,, local 
solar hour; fz, local sidereal hour; p, atmospheric pressure 
in cm of Hg; T, atmospheric temperature in °C; w, at- 
mospheric humidity in g per cu. meter; H, horizontal 
component of the earth’s magnetic field in gammas; n, 
serial number of the observation. The following table 
gives the partial regression coefficients, expressed as a 
percentage of mean counting rate, and their probable 
errors. The values marked with an asterisk differ sig- 
nificantly from zero. 





For SHOWERS For PRIMARIES 
A +3.8 +2.5 +3.1 +3.0 
Az +0.2 +2.5 +2.1 +2.4 
As —3.2 +2.7 —5.1 +3.1 
Aa —-1.3 42.2 —3.9 +2.3 
As *-5.45 +0.44 *—173 +0.56 
Ae *+0.83 +0.10 *4+0.29 +0.088 
Ar —0.068 +0.13 *—0.60 +0.12 
As +0.018 +0.011 +-0.0049 +0.014 
Ag * —0.033 +.0.0025 +-0.0014 +0.0030 











nn ee ve 


16. Alpha-Particle Counting and Geologic Ages. RoBLEY 
D. Evans AND CLARK GoopMAN, Massachusetts Institute 
of Technology—The complete theory of alpha-particle 
counting for thin and thick sources has been developed and 
experimentally confirmed by the method of internal 
standardization.! The uncertainty in the correction for 
internal absorption of alpha-rays within the source is large 
in the case of thick sources but becomes negligible for a 
thin source having a thickness of the order of one air-cm. 
For thin sources the alpha-ray counting rate becomes a 
direct measure of the rate of production of helium. Repre- 
sentative portions of geologic samples, ground to an aver- 
age particle size of only a few microns, are temporarily 
suspended in ethyl alcohol and evaporated in an atmos- 
phere of radioactive-free nitrogen ontoa previously weighed 
aluminium disc. The alpha-ray emission of the resulting 
uniform compact deposit is then determined with a photo- 
graphic recording vacuum-tube electrometer. The counting 
rate for ordinary rock sources is from 0.3 to 4.0 alphas per 
mg per hour. The large effective area (150 cm?) of the 
ionization chamber allows up to 200 mg of sample to be 
used. The helium content (determined by the direct-fusion 
method?) divided by the rate of production of helium gives 
a direct measure of the geologic age that is independent of 
the decay constants of the radioactive series. Age deter- 
minations on several rocks have been made. 


1G. D. Finney and R. D. Evans, Phys. Rev. 48, 503-511 (1935). 
2R. D. Evans, R. S. I. 6, 99-112 (1935); R. D. Evans and C. Good- 
man, Phys. Rev. 51, 595 (1937). 


17. Focusing X-Ray Ionization Spectrometer. S. T. 
STEPHENSON, State College of Washington.—The ionization 
method is here applied to the curved crystal x-ray spec- 
trograph. Focusing x-ray spectrographs of the type 
developed by Cauchois and others are being used in several 
laboratories. The general method involves transmission 
through a curved crystal and registration on a photographic 
plate placed on the focal circle. In the present investiga- 
tion, an optical spectroscope is used as a base. The curved 
crystal holder, having a radius of curvature of 2 feet, is 
mounted in place of the collimator 1 foot from the central 
axis of the spectroscope. A slit is mounted in place of the 
telescope at a distance of one foot from the central axis and 
thus is capable of rotation in the focal circle. The ionization 
chamber is mounted behind the slit. The slit is moved in 
small angular steps through the region to be investigated 
and the ionization currents are recorded tor each slit 
position. Tests on the Mo Kajae doublet indicate better 
intensity than that obtainable with the usual type Bragg 
spectrometer for a given resolving power. The mica crystal 
used .has given line widths which are about four times 
greater than those obtained with a double crystal spec- 
trometer. 


18. Liquid vs. Vapor Temperature. Epwarp M. LITTLE, 
Montana State University.—It is usually assumed that when 
a liquid and vapor are in equilibrium, their temperatures 
are the same. This paper proposes to show they are not, if 
temperature is defined as proportional to the average 
kinetic energy of translation of the molecules, and not by 
its effect on a thermometer. There are two opposing things 
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that tend to give the vapor a different temperature: (1) 
only the faster molecules can penetrate the meniscus, (2) 
the surface tension forces reduce the kinetic energy of the 
molecules vaporizing. These raise and lower the tempera- 
ture respectively. Assuming a Maxwell distribution of 
velocities in the liquid and a definite potential difference 
(or molecular work function) between vapor and liquid, the 
average kinetic energy of the molecules before and after 
they leave the liquid can be found. A thermometer will 
never detect this temperature difference; it must be tested 
by methods (such as spectroscopic) which do not change 
the molecular energy appreciably. We show that vapor 
temperature may be 2/3 the liquid temperature. 


19. Electron Asymmetry in the Atoms of Zinc Crystals. 
G. E. M. Jauncey ano E. M. McNatt, Washington Uni- 
versity.—The diffuse scattering of x-rays from single crys- 
tals of zinc at room temperature has been measured at 
scattering angles ¢ from 15° to 40° and at orientation angles 
y of 14° and 90°. Using our S values and Miller’s F values 
obtained from the reflections of Mo Ka x-rays from 
powdered zinc, we have been able to calculate the true 
atomic structure factors (from which the effect of thermal 
vibration has been removed) for orientation angles y=0° 
and y=90°. When these f values are plotted against 
(sin ¢/2)/A, two curves—one for Yy=0° and the other for 
¥ =90°—are obtained. The two curves coincide for values 
of (sin ¢/2)/d greater than 0.6, with the fork occurring at 
this place. The difference of the f values is due to electron 
asymmetry and gives a measure of this asymmetry. The 
method of diffuse scattering is unusually powerful in this 
type of problem. 


20. The Use of Twin Sources in Experimental Studies 
of Thermal Neutrons. G. J. THIESSEN AND E, L. HARRING- 
TON, University of Saskatchewan.—If using but a single 
radon-beryllium source in the central portion of a body of a 
hydrogenous material, the plan generally followed, one 
obtains thermal neutron radiation which varies greatly with 
the distance from the source. This variation makes it diffi- 
cult to obtain consistent results whatever the detector used. 
By employing two such sources placed at the optimum dis- 
tance apart the authors were able to obtain a region of 
nearly uniform neutronic radiation, the scheme being 
analogous to that employed in magnetism to obtain a uni- 
form field through the use of Helmholtz coils. Certain ex- 
perimental studies, using such a region, have been carried 
out. 


21. A Deuteron Source for Nuclear Research. N. E. 
BRADBURY AND F. BLocu.—A modification of the usual low 
voltage arc in deuterium for the production of deuterons is 
described which appears to have several advantages over 
the ordinary types. A relatively high deuteron yield is ob- 
tained by using pressures of 0.1 mm to 0.4 mm and an 
auxiliary cathode as described by Luhr and Lamar. To 
avoid excessive gas consumption and high pumping speeds, 
an electrostatic focusing system is incorporated in the arc 
which permits currents of the order of 0.4 ma to pass 
through an aperture of 1 mm*. The arc chamber is water 


cooled. The arc is easy to start and stable in operation with 
a gas consumption of 20 cc/hour under ordinary operating 
conditions. The total power required for operation of the 
arc is 250 watts which may be supplied at high potential 
by means of an insulation transformer. 


22. The Effect of Containing Tubes on Ultrasonic 
Velocities in Benzene. W. H. Hutswit, Jr. anv B. J. 
SPENCE, Northwestern University —Field and Boyle! have 
shown that for frequencies up to 110 kilocycles the meas- 
ured velocity of sound in a liquid is a function of the fre- 
quency. A radial resonance phenomenon associated with 
the containing tube was shown by Field? to furnish an 
explanation. 

In carrying this investigation to higher frequencies two 
interferometers, having tubes of 1 inch and 1} inches, were 
employed at frequencies from 400 to 700 kilocycles using 
toluene free C.P. benzene as the liquid. At these frequencies 
it was found that the measured velocity of sound was not a 
constant but passed through definite maxima and minima, 
with a maximum variation of about 5 percent. The change 
was cyclic and occurred about every 80 kilocycles with the 
1-inch tube and every 50 kilocycles with the 1}-inch tube. 
The locations of the maxima are in agreement with Field’s 
theory if an “effective” diameter somewhat smaller than 
the real diameter of the tube is employed in calculations. 


1 Field and Boyle, Can. J. Research 6, 192 (1932). 
? Field, Can. J. Research 5, 131 (1931). 


23. A Multiple Camera for Lightning Studies. F. J. 
WORKMAN AND R. E. Houzer, University of New Mexico.— 
An improved lightning camera designed to obtain rela- 
tively complete photographic records of the flashes in a 
single storm will be described and exhibited. The instrument 
consists of three rotating drum units and one still camera 
unit mounted in a single case in such a way as to provide 
rapid film changing. The camera is driven by a constant 
speed six volt motor and film changing on all units is ac- 
complished in about two seconds while the drums are in 
motion. Standard moving picture film is placed in maga- 
zines within the rotating drums in such a way that thirty 
to forty pictures may be taken without reloading the 
magazines. The only manual operation necessary in taking 
a picture and preparing for the next picture consists of clos- 
ing a single electrical contact. Two of the drums rotate 
about vertical axes and one about a horizontal axis. A 
simple and very satisfactory method has been developed for 
analyzing complicated discharges through photographs 
taken in this way. 


24. Fringe Systems Produced by Passage of X-Rays 
Through Plane Slits. A. E. Smick AND PAvuL KiIRK- 
PATRICK, Stanford University—X-rays emerging from a 
plane slit system such as that formed by parallel glass plates 
in contact diverge in a fringe system having maxima and 
minima parallel to the slit plane, as in ordinary slit diffrac- 
tion. The principal features of these patterns can not be 
explained by diffraction, however, as the width and separa- 
tion of fringes is too great. The role of multiple total re- 
flection has been investigated and been shown to be chiefly 
responsible for the observed effects. 





wee Gee 


| with 
‘ating 
of the 
ential 


sonic 


have 
neas- 
e fre- 
with 
h an 


; two 
were 
using 
ncies 
not a 
ima, 
ange 
h the 
tube. 
ield’s 
than 
ns. 


c0.— 
rela- 
ina 
ment 
mera 
vide 
stant 
$ ac- 
e in 
aga- 
lirty 
the 
king 
clos- 
tate 
5. A 
1 for 
iphs 


Rays 
IRK- 
na 
ates 
and 
rac- 
t be 
ara- 
| re- 
efly 





AMERICAN PHYSICAL SOCIETY 257 


25. The Production of Ions in the Auroral Glow. J. 
KapLaNn, University of California at Los Angeles.—Studies 
of the discharges which produce the auroral afterglow, as 
well as of the afterglows, are brought together in an at- 
tempt to construct a hypothesis regarding the production of 
ions in these glows. The answer to this problem will have an 
important bearing on the production and decay of ions in 
the earth’s upper atmosphere. The hypothesis is based 
chiefly on the observation that at high pressures the v’=1 
level of the initial electronic state of the Goldstein-Kaplan 
bands (G-K level) is enhanced at the expense of metastable 
molecules in the A*Z state. There exists almost an exact 
two to one ratio between the energies of these states. Colli- 
sions between two molecules in the G-K state, or between 
one in the G-K and one in the A®Z state, involve enough 
energy to yield N2*. Such properties of the glow as the 
violent enhancement of the green members of the first- 
positive bands and the intensity distribution in the second- 
positive system are ascribed to collisions bet ween molecule- 
ions and metastable molecules or normal molecules. This 
hypothesis leaves us with many predictions regarding the 
variation of intensity in auroral spectra with pressure as 


well as predictions of hitherto unobserved bands in auroral 
afterglows. These will be studied. 


26. A New Charcoal Trap for Oil Vapors. Pau A. 
ANDERSON, Siate College of Washington.—The limitation of 
preliminary outgassing temperatures to 500°C in glass- 
contained charcoal traps heated by external furnaces and 
the non-uniform heating with rapid element deterioration 
characteristic of immersion heating with wire-wound units 
have been avoided by making the charcoal mass act as its 
own heating unit in the manner of the granular carbon re- 
sistance furnace. The charcoal is packed in a reentry tube 
between graphite rods which cap molybdenum current lead 
wires welded to a conventional tungsten-in-Pyrex press. A 
charcoal column 2.5 cm in diameter and 10 cm long is 
brought to incandescence (800—900°C) in a few minutes by 
currents which do not overload 60 mil tungsten leads. The 
prolonged preliminary outgassing periods required in con- 
ventional traps for adequate clean-up are reduced from 
days to hours and the vacuum attainable with the charcoal 
hot is improved markedly. 
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